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Preface to the Second Edition 

The objective of this book remains the same as that stated in the first edition: 
to present a comprehensive perspective of biomechanics from the stand point 
of bioengineering, physiology, and medical science, and to develop mechanics 
through a sequence of problems and examples. My three-volume set of Bio
mechanics has been completed. They are entitled: Biomechanics: Mechanical 
Properties of Living Tissues; Biodynamics: Circulation; and Biomechanics: 
Motion, Flow, Stress, and Growth; and this is the first volume. The mechanics 
prerequisite for all three volumes remains at the level of my book A First 
Course in Continuum Mechanics (3rd edition, Prentice-Hall, Inc., 1993). 

In the decade of the 1980s the field of Biomechanics expanded tremen
dously. New advances have been made in all fronts. Those that affect the basic 
understanding of the mechanical properties of living tissues are described in 
detail in this revision. The references are brought up to date. Among the new 
topics added are the following: the coagulation of blood, thrombus formation 
and dissolution, cellular mechanics, deformability of passive leukocytes, me
chanics of the endothelial cells in a continuum, news about new types of 
collagen, new methods of testing mechanical properties of soft tissues, the 
relationship between continuum mechanics and the structure and ultrastruc
ture of tissues, the cross-bridge theory of muscle contraction, experimental 
evidences for sliding elements in muscle cells, the constitutive equation of 
myocardium, the residual stresses in organs, the constitutive equations of soft 
tissues based on their zero-stress states, the constitutive equation of the 
individual layers of a multilayered tissue such as the blood vessel wall, the 
influence of stress and strain on the remodeling of living tissues, the tensorial 
Wolff's law, the triphasic theory of cartilage, tissue engineering, and a perspec
tive of biomechanics of the future. And, in keeping with our tradition of 
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Vlll Preface to the Second Edition 

emphasizing problem-formulation and problem-solving as a means to learn 
a subject, many new problems are added. 

For this edition, I wish to record my thanks to Drs. Mohan D. Deshpande, 
J.P. du Plessis, L.J.M.G. Dortmans, A.A.F. van de Ven, A.A.H.J. Sauren, 
and R. Ponnalagar Samy for sending me errata and discussions. To Professors 
Aydin Tozeren, Richard Skalak, Shu Chien, Geert Schmid-Schonbein, John 
Pinto, Andrew McCulloch, Robert Nerem, Van Mow, Michael Lai, and Savio 
Woo, I am grateful for frequent discussions and advices. I have enjoyed 
working with my former students, Drs. Paul Zupkas, Shu Qian Liu, Ghassan 
Kassab, Jianbo Zhou, Jack Debes, and Hai Chao Han, and Visiting Professors 
Qi Lian Yu, Jia Ping Xie, Rui Fang Yang, ShanXi Deng, and Jun Tomioka 
whose results are referred to here. To them, and to Perne Whaley who has 
collaborated with me over twenty years on manuscript preparation, I am very 
grateful. 

La Jolla, California Yuan-Cheng Fung 



Preface to the First Edition 

The motivation for writing a series of books on biomechanics is to bring this 
rapidly developing subject to students of bioengineering, physiology, and 
mechanics. In the last decade biomechanics has become a recognized disci
pline offered in virtually all universities. Yet there is no adequate textbook 
for instruction; neither is there a treatise with sufficiently broad coverage. A 
few books bearing the title of biomechanics are too elementary, others are 
too specialized. I have long felt a need for a set of books that will inform 
students of the physiological and medical applications of biomechanics, and 
at the same time develop their training in mechanics. We cannot assume that 
all students come to biomechanics already fully trained in fluid and solid 
mechanics; their knowledge in these subjects has to be developed as the 
course proceeds. The scheme adopted in the present series is as follows. First, 
some basic training in mechanics, to a level about equivalent to the first 
seven chapters of the author's A First Course in Continuum Mechanics 
(Prentice-Hall, Inc. 1977), is assumed. We then present some essential parts 
of biomechanics from the point of view of bioengineering, physiology, and 
medical applications. In the meantime, mechanics is developed through a 
sequence of problems and examples. The main text reads like physiology, 
while the exercises are planned like a mechanics textbook. The instructor may 
fill a dual role: teaching an essential branch of life science, and gradually 
developing the student's knowledge in mechanics. 

To strike a balance between biological and physical topics in a single 
course is not easy. Biology contains a great deal of descriptive material, 
whereas mechanics aims at quantitative analysis. The need to unify these 
topics sometimes renders the text nonuniform in style, stressing a mathemati
cal detail here and describing an anatomy there. This nonuniformity is more 
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x Preface to the First Edition 

pronounced at the beginning, when the necessary background material has 
to be introduced. 

A special word needs to be said about the exercises. Students of mechanics 
thrive on exercises. We must constantly try to formulate and solve problems. 
Only through such practice can we make biomechanics a living subject. I do 
not wish to present this book as a collection of solved problems. I wish to 
present it as a way of thinking about problems. I wish to illustrate the use 
of mechanics as a simple, quantitative tool. For this reason many problems 
for solution are proposed in the text; some are used as a vehicle to inform 
the readers of some published results, others are intended to lead the reader 
to new paths of investigation. I followed this philosophy even at the very 
beginning by presenting some problems and solutions in the Introductory 
Chapter 1. I think colleagues who use this as a textbook would appreciate 
this, because then they can assign some problems to the students after the 
first lecture. 

With our limited objective, this book does not claim to be a compendium 
or handbook of current information on the selected topics, nor a review of 
literature. For those purposes a much larger volume will be needed. In this 
volume we develop only a few topics that seem related and important. A 
comprehensive bibliography is not provided; the list of references is limited 
to items quoted in the text. Though the author can be accused of quoting 
papers and people familiar to him, he apologizes for this personal limitation 
and hopes that he can be forgiven because it is only natural that an author 
should talk more about his own views than the views of others. I have tried, 
however, never to forget mentioning the existence of other points of view. 

Biomechanics is a young subject. Our understanding of the subject is yet 
imperfect. Many needed pieces of information have not yet been obtained; 
many potentially important applications have not yet been made. There are 
many weaknesses in our present position. For example, the soft tissue 
mechanics developed in Chapter 7, based on the concept of quasilinear 
viscoelasticity and pseudo-elasticity, may someday be replaced by constitu
tive equations that are fully nonlinear but not too complex. The blood vessel 
mechanics developed in Chapter 8 is based on a two-dimensional average. 
Our discussion of the muscle mechanics in Chapter 9-11 points out the 
deficiency in our present knowledge on this subject. 

I wish to express my thanks to many authors and publishers who permitted 
me to quote their publications and reproduce their figures and data in this 
book. I wish to mention especially Professors Sidney Sobin, Evan Evans, 
Harry Goldsmith, Jen-shih Lee, Wally Frasher, Richard Skalak, Andrew 
Somlyo, Salvatore Sutera, Andrus Viidik, Joel Price, Savio Woo, and 
Benjamin Zweifach who supplied original photographs for reproduction. 

This book grew out of my lecture notes used at the University of California, 
San Diego over the past ten years. To the students of these classes I am 
grateful for discussions. Much of the results presented here are the work of 
my colleagues, friends, and former students. Professors Sidney Sobin, 
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Benjamin Zweifach, Marcos Intaglietta, Arnost and Kitty Fronek, Wally 
Frasher, Paul Johnson, and Savio Woo provided the initial and continued 
collaboration with me on this subject. Drs. Jen-shi Lee, Pin Tong, Frank Yin, 
John Pinto, Evan Evans, Yoram Lanir, Hyland Chen, Michael Yen, Donald 
Vawter, Geert Schmid-Schoenbein, Peter Chen, Larry Malcom, Joel Price, 
Nadine Sidrick, Paul Sobin, Winston Tsang, and Paul Zupkas contributed 
much of the material presented here. The contribution of Paul Patitucci to 
the numerical handling of data must be especially acknowledged. Dr. Yuji 
Matsuzaki contributed much to my understanding of flow separation and 
stability. Professor Zhuong Feng-Yuan read the proofs and made many 
useful suggestions. Eugene Mead kept the laboratory going. Rose Cataldi 
and Virginia Stephens typed the manuscript. To all of them I am thankful. 

Finally, I wish to thank the editorial and production staffs of Springer
Verlag for their care and cooperation in producing this book. 

La Jolla, California Yuan-Cheng Fung 
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CHAPTER 1 

Introduction: A Sketch of the History and 
Scope of the Field 

1.1 What Is Biomechanics? 

Biomechanics is mechanics applied to biology. The word "mechanics" was 
used by Galileo as a subtitle to his book Two New Sciences* (1638) to describe 
force, motion, and strength of materials. Through the years its meaning has 
been extended to cover the study of the motions of all kinds of particles and 
continua, including quanta, atoms, molecules, gases, liquids, solids, struc
tures, stars, and galaxies. In a generalized sense it is applied to the analysis 
of any dynamic system. Thus thermodynamics, heat and mass transfer, 
cybernetics, computing methods, etc., are considered proper provinces of 
mechanics. The biological world is a part of the physical world around us and 
naturally is an object of inquiry in mechanics. 

Biomechanics seeks to understand the mechanics of living systems. It is a 
modern subject with ancient roots and covers a very wide territory. In this 
book we concentrate on physiological and medical applications, which consti
tute the majority of recent work in this field. The motivation for research in 
this area comes from the realization that biology can no more be understood 
without biomechanics than an airplane can without aerodynamics. For an 
airplane, mechanics enables us to design its structure and predict its perfor
mance. For an organism, biomechanics helps us to understand its normal 
function, predict changes due to alterations, and propose methods of artifi
cial intervention. Thus diagnosis, surgery, and prosthesis are closely asso
ciated with biomechanics. 

* The full title is: Discorsi e Dimostrazioni Matematiche, intorno it due nuoue Scienze Attenenti 
alia Mecanica & i Movimenti Locali, del Signor Galileo Galilei Linceo. 



2 I Introduction: A Sketch of the History and Scope of the Field 

1.2 Historical Background 

To explain what our field is like, it is useful to consider its historical back
ground. 

The earliest books containing the concepts of biomechanics were probably 
the Greek classic On the Parts of Animals by Aristotle (384-322 B.C.), and the 
Chinese book, Nei Jing (r*J~, or Internal Classic) written by anonymous 
authors in the Warring Period (472-221 B.C.). Aristotle presents a comprehen
sive description of the anatomy and function of internal organs. His analysis 
of the peristaltic motion of the ureter in carrying urine from the kidney to the 
bladder is remarkably accurate. But he mistook the heart as a respiratory 
organ, probably because in his dissection of corpses of war a day or two after 
the battles, he never saw blood in the heart. Nei Jing discusses the concept of 
circulation in man and in the universe. It states that "the blood vessels are 
where blood is retained" (in the chapter IP}z ~ fpj ~ Jiili) and that "all blood in 
the vessels originates from the heart" (in the chapter Ii !Ii 1: Si: R1i). In ~ ftj 1:=. 
~tfH· 1\, it says that "the blood and chi circulate without stopping. In 50 
steps, they return to the starting point. Yin succeeds Yang, and vice versa, like 
a circle without an end." It recognizes harmony or disharmony between man 
and his environment as the causes of health and diseases, and on that basis 
discusses the details of accupuncture and pulse wave diagnosis. 

Modern development of mechanics, however, received its impetus from 
engineering. Biomechanics was initiated along with the development of 
mechanics. The following are early contributors to biomechanics: 

Galileo Galilei (1564-1642) 
William Harvey (1578-1658) 
Rene Descartes (1596-1650) 
Giovanni Alfonso Borelli (1608-1679) 
Robert Boyle (1627-1691) 
Robert Hooke (1635-1703) 
Isaac Newton (1642-1727) 
Leonhard Euler (1707-1783) 
Thomas Young (1773-1829) 
Jean Poiseuille (1797-1869) 
Herrmann von Helmholtz (1821-1894) 
Adolf Fick (1829-1901) 
Diederik Johannes Korteweg (1848-1941) 
Horace Lamb (1849-1934) 
Otto Frank (1865-1944) 
Balthasar van der Pol (1889-1959) 

A brief account of the contributions of these people may be of interest. 
William Harvey, of course, is credited with the discovery of blood circulation. 
He made this discovery in 1615. Without a microscope, he never saw the 
capillary blood vessels. This should make us appreciate his conviction in 
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logical reasoning even more deeply today because, without the capability of 
seeing the passage from the arteries to the veins, the discovery of circulation 
must be regarded as "theoretical." The actual discovery of capillaries was 
made by Marcello Malpighi (1628-1694) in 1661,45 years after Harvey made 
the capillaries a logical necessity. 

Galileo was 14 years older than William Harvey, and was a student of 
medicine before he became famous as a physicist. He discovered the constancy 
of the period of a pendulum, and used the pendulum to measure the pulse rate 
of people, expressing the results quantitatively in terms of the length of a 
pendulum synchronous with the beat. He invented the thermoscope, and was 
also the first one to design a microscope in the modern sense in 1609, although 
rudimentary microscopes were first made by J. Janssen and his son Zacharias 
in 1590. 

Young Galileo's fame was so great and his lectures at Padua so popular 
that his influence on biomechanics went far beyond his personal contribu
tions mentioned above. According to Singer (History, p. 237), William Harvey 
should be regarded as a disciple of Galileo. Harvey studied at Padua. (1598-
1601) while Galileo was active there. By 1615 Harvey had formed the concept 
of circulation of blood. He published his demonstration in 1628. The essential 
part of his demonstration is the result not of mere observation but of the 
application of Galileo's principle of measurement He showed first that the 
blood can only leave the ventricle of the heart in one direction. Then he 
measured the capacity of the heart, and found it to be about two ounces.* The 
beart beats 72 times a minute, so that in one hour it throws into the system 
2 x 72 x 60 ounces = 8640 ounces = 540 pounds = 234 kg! Where can all 
this blood come from? Where can it all go? He concludes that the existence 
of circulation is a necessary condition for the function of the heart. 

Another colleague of Galileo, Santorio Santo rio (1561-1636), a professor 
of medicine at Padua, used Galileo's method of measurement and philosophy 
to compare the weight of the human body at different times and in different 
circumstances. He found that the body loses weight by mere exposure, a 
process which he assigned to "insensible perspiration." His experiments laid 
the foundation of the modern study of "metabolism." (See Singer, History, 
p.236.) 

The physical discoveries of Galileo and the demonstrations of Santo rio 
and of Harvey gave a great impetus to the attempt to explain vital processes 
in terms of mechanics. Galileo showed that mathematics was the essential 
key to science, without which nature could not be properly understood. 
This outlook inspired Descartes, a great mathematician, to work on physi
ology. In a work published posthumously (1662 and 1664), he proposed a 
physiological theory upon mechanical grounds. According to Singer, this 
work is the first important modern book devoted to the subject of physiology. 

* We know today that the resting cardiac output is very close to one total blood volume per 
minute in nearly all mammals. 
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Descartes did not have any extensive practical knowledge of physiology. 
On theoretical grounds he set forth a very complicated model of animal 
structure, including the function of nerves. Subsequent investigations failed 
to confirm many of his findings. These errors of fact caused the loss of con
fidence in Descartes' approach-a lesson that should be kept in mind by 
all theoreticians. 

Other attempts a little less ambitious than Descartes's were more suc
cessful. Giovanni Alfonso Borelli (1608-1679) was an eminent Italian 
mathematician and astronomer, and a friend of Galileo and Malpighi. His 
On Motion of Animals (De Motu Animalium) (1680) is the classic of what is 
variously called the "iatrophysical" or "iatromathematical" school, ux:r:pos, 
Gr., physician. He was successful in clarifying muscular movement and 
body dynamics. He treated the flight of birds and the swimming of fish, as 
well as the movements of the heart and of the intestines. 

Robert Boyle studied the lung and discussed the function of air in water 
with respect to fish respiration. Robert Hooke gave us Hooke's law in 
mechanics and the word "cell" in biology to designate the elementary entities 
of life. His famous book Micrographia (1664) has been reprinted by Dover 
Publications, New York (1960). 

Newton was seven years younger than Hooke. Newton did not write about 
biomechanics, but his calculus, his laws of motion, and his constitutive equa
tion for a viscous fluid are the foundation of biomechanics. Leonhard Euler 
generalized Newton's laws of motion to a partial differential equation for a 
continuum. Euler wrote the first definitive paper on the propagation of pulse 
waves in arteries in 1775. He was unable to solve these equations, however, 
and the solution would have to wait for the arrival of George Friedrich 
Bernhard Riemann (1826-1866). 

Thomas Young studied the formation of human voice, identified it as 
vibrations, connected it with the elasticity of materials, gave us the legacy of 
Young's modulus, then developed the wave theory of light, and a theory 
of color vision, as well as the solution to a practical problem of astigmatism 
of lenses. Poiseuille improved the mercury manometer to measure the blood 
pressure in the aorta of the dog. Then he set out to determine the pres
sure-flow relationship of pipe flow. He understood the significance ofturbu
lences on this relationship, and decided to use micropipettes in his experiments 
in order to be assured that the flow was laminar. His results, publised in 1843, 
were so precise that they played a decisive role in establishing the no-slip 
condition as the proper boundary condition between a viscous fluid and a solid 
wall. His empirical relationship, now known as Poiseuille's law, is used exten
sively in cardiology. 

To von Helmholtz (Fig. 1.2: 1) might go the title "Father of Bioenginering." 
He was professor of physiology and pathology at Konigsberg, professor of 
anatomy and physiology at Bonn, professor of physiology at Heidelberg, and 
finally professor of physics in Berlin (1871). He wrote his paper on the "law 
of conservation of energy" in barracks while he was in military service fresh 
out of medical school. His contributions ranged over optics, acoustics, 
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Figure 1.2: 1 Portrait of Hermann von Helmholtz. From the frontispiece to Wissen
schaftliche Abhandlungen von Helmholtz. Leipzig, Johann Ambrosius Barth, 1895. Photo 
by Giacomo Brogi in 1891. 

thermodynamics, electrodynamics, physiology, and medicine. He discovered 
the focusing mechanism of the eye and, following Young, formulated 'the 
trichromatic theory of color vision. He invented the phakoscope to study the 
changes in the lens, the ophthalmoscope to view the retina, the ophthalmometer 
for measurement of eye dimensions, and the stereoscope with interpupillary 
distance adjustments for stereo vision. He studied the mechanism of hearing 
and invented the Helmholtz resonator. His theory of the permanence of 
vorticity lies at the very foundation of modern fluid mechanics. His book 
Sensations of Tone is popular even today. He was the first to determine the 
velocity of the nerve pulse, giving the rate 30 mis, and to show that the heat 
released by muscular contraction is an important source of animal heat. 

The other names on the list are equally familiar to engineers. The physi
ologist Fick was the author of Fick's law of mass transfer. The hydrodyna
micists Korteweg (1878) and Lamb (1898) wrote beautiful papers on wave 
propagation in blood vessels. Frank worked out a hydrodynamic theory of 
circulation. Van der Pol (1929) wrote about the modeling of the heart with 
nonlinear oscillators, and was able to simulate the heart with four Van der 
Pol oscillators to produce a realistic looking electrocardiograph. 
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This list perhaps suffices to show that there were, and of course are, 
people who would be equally happy to work on living subjects as well as 
inanimate objects. Indeed, what a scientist picks up and works on may 
depend a great deal on chance, and the biological world is so rich a field 
that one should not permit the opportunities there to slip by unnoticed. 
The following example about Thomas Young may be of interest to those 
who like to ponder about the threads of development in scientific thought. 
When he tried to understand the human voice, Thomas Young turned to 
the mechanics of vibrations. Let us quote Young himself (from his "Reply 
to the Edinburgh Reviewers" (1804), see Works, ed. Peacock, Vol. i, pp 192-
215): 

When I took a degree in physic at Gottingen, it was n~cessary, besides 
publishing a medical dissertation, to deliver a lecture upon some subject 
connected with medical studies, and I choose for this Formation of the 
Human Voice, ... When I began the outline of an essay on the human voice, 
I found myself at a loss for a perfect conception of what sound was, and 
during the three years that I passed at Emmanuel College, Cambridge, I 
collected all the information relating to it that I could procure from books, 
and I made a variety of original experiments on sounds of all kinds, and on 
the motions of fluids in general. In the course of these inquiries I learned to 
my surprise how much further our neighbours on the Continent were ad
vanced in the investigation of the motions of sounding bodies and of elastic 
fluids than any of our countrymen. And in making some experiments on 
the production of sounds, I was so forcibly impressed with the resemblance 
of the phenomena that I saw to those of the colours ofthin plates, with which 
I was already acquainted, that I began to suspect the existence of a closer 
analogy between them than I could before have easily believed." 

This led to his 'Principle oflnterferences" (1801) which earned him lasting 
fame in the theory of light. How refreshing are these remarks! How often 
do we encounter the situation "at a loss for a perfect conception of what 
... was." How often do we leave some vague notions untouched! 

1.3 What's in a Name? 

Biomechanics is mechanics applied to biology. We have explained in Sec. 1.1 
that the word "mechanics" has been identified with the analysis of any 
dynamic system. To people who call themselves workers in applied mechan
ics, the field includes the following topics: 

Stress and strain distribution in materials 
Constitutive equations which describe the mechanical properties of 

materials 
Strength of materials, yielding, creep, plastic flow, crack propagation, 

fracture, fatigue failure of materials; stress corrosion 
Dislocation theory, theory of metals, ceramics 
Composite materials 
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Flow of fluids: gas, water, blood, and other tissue fluids 
Heat transfer, temperature distribution, thermal stress 
Mass transfer, diffusion, transport through membranes 
Motion of charged particles, plasma, ions in solution 
Mechanisms, structures 
Stability of mechanical systems 
Control of mechanical systems 
Dynamics, vibrations, wave propagation 
Shock waves, and waves of finite amplitude 
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It is difficult to find anything living that does not involve some of these 
problems. 

On the other hand, how did the word biology come about? The term 
biology was first used in 1801 by Lamarck in his Hydrogeologie (see Merz, 
History, p. 217). Huxley, in his Lecture on the Study of Biology [South Kensing
ton (Dec. 1876), reprinted in American Addresses, 1886, p. 129J gave the 
following account of the early history of the word: 

About the same time it occurred to Gottfried Reinhold Treviranus (1776-
1837) of Bremen, that all those sciences which deal with living matter are 
essentially and fundamentally one, and ought to be treated as a whole; and 
in the year 1802 he published the first volume of what he also called Biologie. 
Treviranus's great merit lies in this, that he worked out his idea, and wrote 
the very remarkable book to which I refer. It consists of six volumes, and 
occupied its author for twenty years-from 1802 to 1822. That is the origin 
of the term "biology"; and that is how it has come about that all clear thinkers 
and lovers of consistent nomenclature have substituted for the old confusing 
name of "natural history," which has conveyed so many meanings, the term 
"biology," which denotes the whole of the sciences which deal with living 
things, whether they be animals or whether they be plants. 

In the present volume, we address our attention particularly to continuum 
mechanics in physiology. By physiology we mean the science dealing with 
the normal functions ofliving things or their organs. Originally the term had 
a much more broad meaning. William Gilbert (1546-1603), personal physi
cian to Queen Elizabeth, wrote a book (1600) called On the Magnet and on 
Magnetic Bodies and Concerning the Great Magnet, the Earth, a New Physi
ology, which was the first major original contribution to science published 
in England (Singer, History, p. 188). It earned the admiration of Francis 
Bacon and of Galileo. Note the last word in the title, "physiology." The 
word physiologia was, in fact, originally applied to the material working 
of the world as a whole, and not to the individual organism. 

1.4 Mechanics in Physiology 

In Sec. 1.2 we listed a slate of giants in applied mechanics. We can equally 
well list a slate of giants in physiology who clarified biomechanics. For 
example, following William Harvey (1578-1658), we have 



8 1 Introduction: A Sketch of the History and Scope of the Field 

Marcello Malpighi (1628-1694) 
Stephen Hales (1677-1761) 
Otto Frank (1865-1944) 
Ernest Henry Starling (1866-1926) 
August Krogh (1874-1949) 
Archibald Vivian Hill (1886-1977) 

To outline their contributions, we should remember that there are great 
ideas which, when perfectly understood, seem perfectly natural. The idea of 
blood circulation is one of them. Today we no longer remember what 
William Harvey had to fight against in 1615 when he conceived the principle 
of blood circulation. There was the great Galen, whose medical teachings 
had been accepted and unquestioned for 15 centuries. There was the fact 
that no connection between arteries and veins had ever been seen. There 
was the fact that the arterial and venous bloods do look different. To fight 
against these and other difficulties, Harvey took the quantitative method 
promulgated by Galileo. He concluded that the existence of circulation is 
a necessary condition for the function of the heart. All other difficulties 
were temporarily put aside. Thus Harvey won, illustrating at once the 
principle that a crucial argument can be settled by a detailed quantitative 
analysis. 

There was much more to be discovered after Harvey. For example, it 
was not clear how blood completes the circulation. Of this, James Young 
(1930, p. 1) wrote: 

It has often been observed, by men ill-versed in the history of scientific 
developments, that great new ideas, when developed, might easily have been 
inferred from others accepted long before. For example, when Erasistratos 
has told us that the heart's valves ensure a one-way course of the blood, and 
that all the blood of the body can be driven out by the opening of one artery 
by aid of the horror vacui, and Celsus has informed us that the heart is a 
muscular viscus, one might have inferred the circulation of the blood without 
waiting for Harvey. Even so one might imagine that Harvey, to complete 
his system, might have inferred the presence of definite vessels of communi
cation between the arteries and the veins instead of an indefinite soakage 
through the "porosities of the tissues." But he did not do so, nor did anyone 
else for thirty years of keen discussion. The discovery of the capillaries was 
reserved for the work of Malpighi, who was trying to clear his views about 
the structure of the lungs. 

Marcello Malpighi (1628-1694) communicated his discovery in two 
letters addressed to Alfonso Borelli in 1661. Let us quote him from his second 
letter [see Young's translation (1930)]: 

In the frog lung owing to the simplicity of the structure, and the almost 
complete transparency of the vessels which admits the eye into the interior, 
things are more clearly shown so that they will bring the light to other more 
obscure matters. .. . 



1.4 Mechanics in Physiology 

Observation by means of a microscope reveals more wonderful things 
than those viewed in regard to mere structure and connection : for while 
the heart is still beating the contrary (i.e., in opposite directions in the dif
ferent vessels) movement of the blood is observed in the vessels- though 
with difficulty- so that the circulation of the blood is clearly exposed ... . 

Thus by this impulse the blood is driven in very small arteries like a 
flood into the several cells, one or other branch clearly passing through or 
ending there. Thus the blood, much divided, puts off its red colour, and, 
carried round in a winding way, is poured out on all sides till at length it 
may reach the walls, the angles, and the absorbing branches of the veins .. . . 
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What better introduction to pulmonary circulation is there! With the 
anatomy known, biomechanical analysis can begin. 

Of the other people in the list, Stephen Hales (Fig. 1.4: 1) was the man 
who measured the arterial blood pressure in the horse, and correlated it 
to hemorrhage. He made wax casts of the ventricles at the normal distending 
pressure in diastole and then measured the volume of the cast to obtain an 
estimate of the cardiac output. With his measurements he was able to 
estimate the forces in ventricular muscle. He measured the distensibility of 
the aorta and used it to explain how the intermittent pumping of the heart 
can be converted to a smooth flow in the blood vessels. The explanation was 
that the distension of the aorta functions like the air chamber in a fire 
engine, which converts intermittent pumping into a steady jet. (Air chamber 
was rendered as Windkessel in the first German translation of his book; 

Figure 1.4: 1 Stephen Hales. 
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hence the famous theory by that name.} He introduced the concept of 
peripheral resistance in blood flow, and showed that the main site of this 
resistance was in the minute blood vessels in the tissue. He even went further 
to show that hot water and brandy have vasodilatational effects. 

Otto Frank worked out a hydrodynamic theory of circulation. Starling 
proposed the law for mass transfer across biological membrane and clarified 
the concept of water balance in the body. Krogh won his Nobel prize on 
the mechanics of microcirculation. Hill won his Nobel prize on the mechanics 
of the muscle. Their contributions form the foundation on which bio
mechanics rests. 

1.5 What Contributions Has Biomechanics Made to 
Health Science? 

Biomechanics has participated in virtually every modern advance of medi
cal science and technology. Molecular biology may appear far removed from 
biomechanics, but in its deeper reaches one has to understand the mechanics 
of the formation, design, function, and production of the molecules. Surgery 
seems to be an activity unrelated to mechanics, yet healing and rehabilitation 
are intimately related to the stress and strain in the tissues. 

Biomechanics has helped solving clinical problems in the cardiovascular 
system with the invention and analysis of prosthetic heart valves, heart assist 
devices, extracorporeal circulation, the heart-lung machines, and the hemo
dialysis machines. It played a major role in advancing the art of heart trans
plantation and artificial heart replacement. It has helped solving problems 
of postoperative trauma, pulmonary edema, pulmonary atelectasis, arterial 
pulse-wave analysis, phonoangiography, and the analysis of turbulent noise 
as indications of atherosclerosis or stenosis in arteries. 

Atherosclerosis has been studied intensely as a hemodynamic disorder 
because the locations of atherosclerotic plaques seem to correlate with certain 
features of blood flow. Recent investigation has been focused on the stress 
acting in the endothelial cells and the response of the endothelial cells to the 
stress. 

A most vigorous development of biomechanics is associated with orthope
dics, because the most frequent users of the surgery rooms in the world are 
patients with musculoskeletal problems. In orthopedics, biomechanics has 
become an everyday clinical tool. Fundamental research has included not only 
surgery, prosthesis, implantable materials, and artificial limbs, but also cellu
lar and molecular aspects of healing in relation to stress and strain, and tissue 
engineering of cartilage, tendon, and bone. 

The biomechanics of trauma, injury, and rehabilitation is becoming more 
important to modern society. Because people injured by automobile accidents 
and other violences are younger, the economic impact on the society is bigger. 

In the long run, the most important contribution of modern biomechanics 
to medicine probably lies in its promotion of a better understanding of 
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physiology. The methodology and standards of mechanics, developed in the 
age of industrialization, can be adopted to deal with the complex problems of 
health science and technology. Thus, the system analysis, rheology of biologi
cal tissues, mass transfer through membranes, interfacial phenomena, and 
microcirculation, which are traditional strongholds of biomechanics, are be
coming common sense in medicine. 

1.6 Our Method of Approach 

In the tradition of physics and engineering, our approach to the study of 
problems in biomechanics consists of the following steps: 

(1) Study the morphology of the organism, anatomy of the organ, histology 
of the tissue, and the structure and ultrastructure of the materials in order 
to know the geometric configuration of the object we are dealing with. 

(2) Determine the mechanical properties of the materials or tissues that are 
involved in a problem. In biomechanics this step is often very difficult, 
either because we cannot isolate the tissue for testing, or because the size 
of available tissue specimens is too small, or because it is difficult to keep 
the tissue in the normal living condition. Furthermore, biological tissues 
are often subjected to large deformations, and the stress-strain relation
ships are usually nonlinear and hisotry dependent. The nonlinearity of the 
constitutive equation makes its determination a challenging task. Usually, 
however, one can determine the mathematical form of the constitutive 
equation of the material quite readily, with certain numerical parameters 
left to be determined by physiological experiments named in steps 6 and 
7 below. 

(3) On the basis offundamentallaws of physics (conservation of mass, conser
vation of momentum, conservation of energy, Maxwell's equations, etc.) 
and the constitutive equations of the materials, derive the governing 
differential or integral equations. 

(4) Understand the environment in which an organ works in order to obtain 
meaningful boundary conditions. 

(5) Solve the boundary-value problems (differential equations with appropri
ate initial and boundary conditions) analytically or numerically, or by 
experiments. 

(6) Perform physiological experiments that will test the solutions of the 
boundary-value problems named above. If necessary, reformulate and 
resolve the mathematical problem to make sure that the theory and 
experiment do correspond to each other, i.e., that they are testing the same 
hypotheses. 

(7) Compare the experimental results with the corresponding theoretical ones. 
By means of this comparison, determine whether the hypotheses made in 
the theory are justified, and, if they are, find the numerical values of the 
undetermined coefficients in the constitutive equations. 
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(8) A theory so validated can be used to predict the outcome of other 
boundary-value problems associated with the same basic equations. Then 
one can use the method to explore practical applications of the theory 
and experiments. 

The most serious frustration to a biomechanics worker is usually the 
lack of information about the constitutive equations of living tissues. With
out the constitutive laws, no analysis can be done. On the other hand, 
without the solution of boundary-value problems the constitutive laws 
cannot be determined. Thus, we are in a situation in which serious analyses 
(usually quite difficult because of nonlinearity) have to be done for hypo
thetical materials, in the hope that experiments will yield the desired agree
ment. If no agreement is obtained, new analyses based on a different starting 
point would become necessary. 

It is for this reason that we emphasize the constitutive equations in this 
book. All biological solids and fluids are considered. Among the biofluids 
blood is treated in greater detail. Among biosolids the blood vessels, muscles, 
bone, and cartilage are given special attention. I give smooth muscles a 
separate chapter because of their extreme importance, although we really 
know very little about their mechanics. 

1.7 Tools of Investigation 

To carry out the steps listed in the preceding section, proper tools are needed. 
The field can advance only when tools are available. 

Table 1.7: 1 lists some topics and some tools. The table is short, but the 
idea could be elaborated. For example, consider Geometry. We need to know 
the shape and dimensions of the organs, the structure of the tissues, and the 
composition of the materials. If we are studying a soft tissue, we need to know 
the quantity, distribution, and curvature of its collagen and elastin fibers. If it 
contains smooth muscle cells, we want to know the cell dimensions and 
orientations, and the dense-body spacing in them. For cells, we may also need 
geometric data on their cell membranes, their architecture, nucleus, nucleolus, 
vacuoles, Golgi complex, endoplasmic reticula, and chromesomes. To obtain 
these geometric parameters, one must use the tools of anatomy and histology, 
such as the optical, scanning, and transmission electron microscopes, phase 
contrast and interference microscopes, confocal microscopes, lasers, scanning 
tunneling microscopes, and the mathematics of stereology, the theory of 
morphometry, and fractals. Sometimes the mathematical theory of topology 
could be brought to bear (e.g., in the determination of the distribution of 
arterioles and venules in the lung, theislands-in-the-ocean argument was used, 
see Biodynamics: Circulation, p. 348, Fung 1984). Somtimes the group theory 
will help (e.g., in identifying the polyhedral model of the pulmonary alveoli, 
see Biomechanics: Motion, Flow, Stress, and Growth, p. 405, Fung, 1990). 
Sometimes a physical argument must be used to avoid mistakes (e.g., in 
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TABLE 1.7: I Topics and Tools of Living Tissue Research 

Topics 

Geometry 
Materials 
Biology 

Mechanical properties 
Basic principles 
Medicine, surgery, 

trauma, rehabilitation, 
individual cases 

Tissue engineering 

Design, invention 

Tools 

Morphometry, histology, EM, computer automation 
Biochemistry, histochemistry, molecular mechanics 
Cell biology, extracellular matrix, pharmacology, 

immunology, gene expressions, growth factors 
Constitutive equations, strength, failure modes 
Physics, chemistry, biology 
Boundary-value problems 

Remodeling, pathology, healing, artificial tissue 
substitutes 

Artificial organs, prosthesis, clinical and commercial 
devices 
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rejecting the spheres-on-parallel-tubes model of the lung, see Fung, 1990, ibid., 
p. 404.} Sometimes a method from a seemingly unrelated field may help (e.g., 
the use ofthe Strahler system of describing the rivers and rivulets in geography 
to classify the patterns of blood vessels or nerve networks). In most cases it is 
essential to use computers to collect and organize the morphometric data. 
Automation of the data gathering process may turn a tedious job into plea
sure. Thus, to handle geometry a wide variety of tools are at hand; but more 
are needed. Many tasks that cannot be done today are waiting for better 
techniques to appear. 

Next, consider Materials. To meet the needs to understand the structure 
of materials in biology, the tools of chemistry, biochemistry, histochemistry, 
polymer chemistry, and molecular biology may have to be brought in. Chro
matography and immunochemical techniques are used. X-ray, nuclear mag
netic resonance, and positron emission methods are also used to clarify the 
structure of biological materials. 

Biological factors influence biological properties of cells and tissues. En
zymes, growth factors, and toxins are of concern. The properties of cells and 
extracellular matrix must be understood. Pharmacology and immunology 
play an important role. 

For the determination of the Mechanical Properties of Tissues, special 
equipment are needed. Many testing machines used in the determination of 
the constitutive equations of living tissues are described in this book. 

The basic principles of biomechanics includes the axioms of physics and 
mathematics. Any ad hoc hypotheses or principles must be given great atten
tion and handled with great care. No unmentioned hypothesis should be 
allowed to sneak in. 

With the basic information and principles assembled, one can then formu
late boundary-value problems to be solved. Speical problems of medicine, 
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surgery, trauma, and rehabilitation are individual boundary-value problems. 
The ability to solve the boundary-value problems must be cultivated. The 
greater the ability, the more power biomechanics will have for applications. 
Here the analytical theory, closed-form solutions, numerical methods, compu
tational approach, finite-element, boundary element, and boundary integral 
methods, modal or eigenfunction expansions, or Green's function methods 
can each hold sway. Experimental solutions by testing real organs or their 
physical, biological, or analog models are of great value. 

Tissue engineering is unique to biology. Under stress, a living tissue can 
change its shape, grow or shrink in size, and modify its chemical, cellular, and 
extracellular structures. The material composition and the mechanical prop
erties may change with time. The zero stress state of the tissue will be a function 
of time. This is an expected function oflife. To make use ofthis feature for the 
advantage of an individual, and to stave off any detrimental effects, is engi
neering. To master tissue engineering, we need tools to identify the dynamic 
changes as functions of time. 

Finally, with the basic information in and method of solution at hand, one 
can then let the imagination run, and invent, or develop, or manufacture, or 
sell according to one's wishes. Thus we see that the tools of biomechanics is 
extremely varied. 

1.8 What Contributions Has Biomechanics Made to Mechanics? 

Comparing the contents of biomechanics outlined in the preceding sections 
with the classical theories of hydrodynamics and elasticity, we see that many 
aspects of biomechanics are beyond the scope of classical theories. The bodies 
studied in hydrodynamics and elasticity usually have very simple shapes, or 
are at least known. The classical media (e.g., air, water, steel) have well-known 
constitutive equations. The basic equations and admissible boundary condi
tions of the classical theory have been identified. The classical disciplines are 
concerned mainly with the methods of solution of boundary-value problems. 
In contrast, the main energy of biomechanical research has been spent on he 
steps leading to the formulation of the boundary-value problems, especially 
the establishment of constitutive equations. Thus biomechanics is still very 
young. I am sure that the greatest contribution of biomechanics to mechanics 
lies in its youthfulness. It brings mechanics back to a new formative stage, and 
asks it to be young again. 

1.9 On the Law of Laplace 

Biomechanics thrives on problem solving. Some problems are presented at 
the end ofthe chapter. Study Figs. Pt.4 and P1.5 and solve Probs. 1.4 and 1.5. 
Equations (I) and (2) of Prob. 1.4 are known as the law of Laplace. Engineers 
may be surprised at the prominent role played by this law in physiology. 
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Originally, this law states a relationship between pressure, surface tension, and 
the curvature of a liquid surface. Consider the surface of a liquid column in a 
capillary tube standing in a bath. On assuming that the surface tension is 
constant in every direction, the law of Laplace reads: 

P = T(~ + ~) , (1) 
r1 r2 

in which P denotes the transmural pressure acting on the surface, T is the 
surface tension, and r1' r2 are the principal radii of curvature of the surface. 
This equation can be applied to a thin membrane. 

If the membrane tension in the wall is not the same in every direction, or 
if the wall is not very thin, then Eq. (1) is not applicable. A more general 
result is the following: Consider a curved membrane with principal radii of 
curvature r1 and r2. Let the principal axes ofthe membrane stress resultants 
be coincident with the principal radii of curvature, so that the tension in the 
directions of the principal curvatures l/r1 and l/r2 be T1 and T2, respec
tively. Then there is no shear stress resultant in these directions. Hence, when 
the membrane is subjected to an internal pressure Pi and an external pressure 
Po, the equation of equilibrium is 

(2) 

This equation is valid as long as the membrane is so thin that bending rigidity 
can be neglected. It is valid even if the membrane is made of an inelastic 
material. If T1 = T2, then Eq. (2) reduces to Eq. (1). If T1 = T2 and r1 = r2' 
then Eq. (2) reduces to Eq. (1) of Prob. 1.4. When T1 = T and l/r2 = 0, then 
Eq. (2) reduces to Eq. (2) of Prob. 1.4 for an arbitrary value of membrane 
tension T2 in the axial direction of the cylinder. For a thin membrane only the 
pressure difference counts, hence Pi - Po can be replaced by p. 

Equations (1)-(2) do not apply to thick-walled shells such as the heart 
and the arteries. (The ratio of the wall thickness to the inner radius of the 
heart, the veins, large arteries, and arterioles are, respectively, about 25%, 
3%,20%, and 100%.) In thick-walled shells the stress is not necessarily uni
formly distributed in the wall. A more detailed analysis is necessary. In the 
case of a thick-walled circular cylinder, the solution was obtained by Lame 
and Clapeyron in 1833 (see Todhunter and Pearson, 1886, 1960, Vol. 1, Sec. 
1022). It is known that if there were no residual stress, then the circumferential 
stress in the wall tends to be concentrated toward the inner wall. However, 
when the circumferential stress is integrated throughout the thickness of the 
wall, an equation of equilibrium can be obtained that resembles Eqs. (1) and 
(2), namely, for a cylinder, 

(3) 

Here h = ro - ri denote the wall thickness, (ae> denotes the average of the 
circumferential stress ae, T1 is the circumferential stress resultant, and rio ro 
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are the inner and outer radii of the cylinder, respectively. Since this is an 
equation of equilibrium, it can be derived directly from statics as follows. 
Draw a free-body diagram for half of a circular cylinder with unit length in 
the axial direction. The total force acting radially outward due to internal 
pressure is Pi . 2ri· 1 ; that due to external pressure is - Po· 2ro . 1. The total force 
due to the circumferential stress Uo is 2Tl = 2(uo)· h· 1. Since in a cylinder 
the axial forces have no influence on the balance of forces in the radial direc
tion, we obtain the equation of equilibrium in the radial direction, Eq. (3), 
immediately. 

Equation (3) reduces to Eq. (2) of Prob. 1.4 in the case of a thin-walled 
cylinder, and is valid even if the cylinder is made of nonhomogeneous, non
linear, inelastic material. It is applicable to finite deformation as long as ri, ro 
represent the final radii. 

Similarly, a consideration of the longitudinal equilibrium of a circular 
cylinder with closed ends leads directly to the equation 

2 2 
T2 = h(ux ) = Piri - poro , 

ro + ri 
(4) 

where T2 is the longitudinal membrane stress. To derive Eq. (4), we note that 
on a free-body diagram which includes an end of the cylinder, the axial force 
due to internal pressure is nrtPi, that due to the external pressure is - nr;po, 
whereas the resultant axial force in the wall is equal to the mean stress (ux ) 

multiplied by the area nr; - nrt, or the product of the membrane stress T 2 

and the circumference n(r i + r 0). The vanishing of the sum of all axial forces 
leads to Eq. (4). 

An entirely analogous consideration of a spherical shell yields the average 
circumferential stress 

(5) 

which again reduces to Eq. (1) of Prob. 1.4 in the case of a very thin shell. 
Equations (3)-(5) are valid for arbitrary materials. 

It may be interesting to comment on the history of the law of Laplace 
itself. It is generally recognized that Thomas Young obtained this law earlier 
than Laplace. According to Merz (1965), Young presented a derivation of 
this formula, based entirely on the existence of surface tension, to the Royal 
Society on the 20th of December, 1804, ina Memoir on the cohesion a/the 
fluids. In December, 1805, Laplace read before the Institute of France his 
theory of capillary attraction, in which the formula was derived on the basis 
of a special hypothesis of molecular attraction. In a supplement to his memoir, 
which appeared anonymously in the first number of the Quarterly Review 
(1809, no. 1, p. 109) Young, evidently annoyed that some of his results had 
been reproduced without acknowledgment, reviewed the treatise of Laplace 
and said: "The point on which M. Laplace seems to rest the most material 
part of his claim to originality is the deduction of all the phenomena of 
capillary action from the simple consideration of molecular attraction. To 
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us, it does not appear that the fundamental principle from which he sets out 
is at all a necessary consequence of the established properties of matter; and 
we conceive that this mode of stating the question is but partially justified 
by the coincidence of the results derived from it with experiment, since he 
has not demonstrated that a similar coincidence might not be obtained by 
proceeding on totally different grounds" (Merz, 1965, p. 20). 

This historical incident is interesting in that it shows how precariously 
fame rests. It also exhibits an age-old conflict in the scientific method of 
approach. Young's derivation was phenomenological, quite general, and had 
few assumptions, but was regarded by many as "abstract." Laplace's deriva
tion was complicated, and was based on a special assumption about molec
ular attraction, yet was accepted by many. Even today, such a divergence of 
approach is encountered again and again. To some, a formula is "understood" 
when it is derived from a molecular model, however imperfect. To others, 
the abstract (mathematical and phenomenological) approach is preferred. 

Problems 

1.1 To practice the use of free-body diagram, consider the problem of analyzing the 
stress in man's back muscles when he does hard work. Figure Pl.l shows a man 
shoveling snow. If the snow and shovel weigh 10 kg and have a center of gravity 
located at a distance of I m from the lumbar vertebra of his backbone, what is the 
moment about that vertebra? 

( 

,..: .. -I .• >.;:: • 
. ..4 : "':-. •• ...J.,l 
-..:, ... . 

Load 

~ DiSk/ 
Tension from bock 

pressure Extensor muscle 

Pivot - vertebra 

Figure Pl.l Analysis of the stress in man's back muscle as he shovels snow. 
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The construction of a man's backbone is sketched in the figure. The disks be
tween the vertebrae serve as the pivots of rotation. It may be assumed that the 
intervertebral disks cannot resist rotation. Hence the weight of the snow and shovel 
has to be resisted by the vertebral column and the muscle. Estimate the loads in his 
back muscle, vertebrae, and disks. 

Lower back pain is such a common affliction that the loads acting on the disks 
of patients were measured with strain gauges in some cases. It was found that no 
agreement can be obtained if we do not take into account the fact that when one 
lifts a heavy weight, one tenses up the abdominal muscles so that the pressure in 
the abdomen is increased. A free-body diagram of the upper body of a man is shown 
in Fig. Pl.l. Show that it helps to have a large abdomen and strong abdominal 
muscles. 

See Ortengren et aI. (1978) for in vivo measurements of disk and intra-abdominal 
pressures. See Schultz et al (1991) for an in-depth discussion. 

1.2 Compare the bending moment acting on the spinal column at the level of a lumbar 
vertebra for the following cases: 

(a) A secretary bends down to pick up a book on the floor (i) with the knees 
straight and (ii) with the knees bent. 

(b) A water skier skiis (i) with the arms straight and (ii) with elbows hugging 
the sides. 

Discuss these cases quantitatively with proper free-body diagrams. 

Bursa 
tendinis 
Achillis 

Ioo-l!'~-----6"'-----.:r~t 

F 
Figure P1.3 The bones and tendons of a foot. 

1.3 Consider the question of the strength of human tissues and their margins of safety 
when we exercise. Take the example of the tension in the Achilles tendon in our 
foot when we walk and when we jump. The bone structure of the foot is shown in 
Fig. P1.3. To calculate the tension in the Achilles tendon we may consider the 
equilibrium of forces that act on the foot. The joint between the tibia and talus 
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bones may be considered as a pivot. The strength of tendons, cartilages, and bones 
can be found in Yamada's book (1970). 

Solution. Assume that the person weighs 68 kg and that the dimensions of the 
foot are as shown in the figure. Let T be the tension in the Achilles tendon. Refer 
to Fig. P1.3. We see that the balance of moments requires that 

T x 1.5 = 34 x 6, 

which gives T = 136 kg. If the cross-sectional area of the Achilles tendon is 
1.6 cm2, then the tensile stress is 

136/1.6 = 85 kg/cm2. 

This is the stress acting in the Achilles tendon when one is poised to jump but 
remaining stationary. To actually jump, however, one must generate a force on the 
feet larger than the body weight. Equivalently, one must generate a kinetic energy 
initially. At the highest point of his jump the initial kinetic energy is converted to 
the potential energy. Thus 

mgh = tmv2, 

where m is the mass of the body, 9 is the gravitational acceleration, h is the height 
of jump measured at the center of gravity of the body, and v is the initial velocity 
of jump measured at the center of gravity of the body. 

If the person weighs 68 kg, and the height of jump h is 61 cm, then 

v = 346 cm/sec. 

To do this jump, one must bend the knees, lowering the center of gravity, then 
suddenly jump up. During this period, the only external forces acting are gravity 
and the forces acting on the soles. The impulse imposed on the feet must equal to 
the momentum gained during this period. Let F be the additional force on the feet, 
and t be the time interval between the instant of initation of the jump and the instant 
leaving the ground, then the impulse is F . t and the momentum is mv, and we have 

Ft = mv. 

How long t is depends on the gracefulness of the jump. Some experimental 
results by Miller and East (1976) show that t may be about 0.3 sec. Let us assume 
that t = 0.3 sec. Then, since mg = 68 kg, F = 80 kg. 

Thus, if the person uses both feet in this jump the total force acting on each 
foot is (68 + 80)/2 = 74 kg. Correspondingly, the tension in the Achilles tendon 
is 74 x (6/1.5) = 296 kg. The stress is, again assuming a cross-sectional area of 
1.6 cm2, equal to 185 kg/cm2. 

How strong are our tendons? From Yamada's book, Table 70, p. 100, we have the 
value 5.6 ± 0.09 kg/mm2 for the ultimate tensile stress for the calcaneal (Achilles) 
tendon in the age group 10 to 29 years. Comparing the computed stress of 
1.83 kg/mm2 with the ultimate stress, we see that the factor of safety is quite small. 
Such a small factor of safety is compatible with life only because the living organism 
has an active self-repairing and self-renewal capability. 

1.4 Consider a thin-walled spherical balloon made of uniform material and having a 
uniform wall thickness (Fig. P1.4). When it is inflated with an internal pressure 
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J /-(\Ti/", 
T P T 

Figure Pl.4 A thin-walled spherical balloon and a circular cylindrical shell subjected 
to internal pressure. 

p, the radius of the sphere is R and the tension in the wall is T per unit length. Derive 
the condition of equilibrium: 

2T 
p=-. 

R 
(1) 

Consider next a circular cylindrical tube inflated with an internal pressure p to 
a radius R. Show that the circumferential tension per unit length, T (the so-called 
hoop tension), is related to p and R by 

(2) 

Resistance to bending of the wall is assumed to be negligible. 

1.5 Palpation is used commonly to estimate the internal pressure in an elastic vessel 
such as a balloon, artery, eyeball, or aneurysm. But when we palpate, what are we 
measuring? The pressure? Or the resultant force? Show that in general the force or 

Figure P1.5 Palpation of a blood vessel. 
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pressure acting on the finger will be affected by the tension in the vessel wall. Show 
also, however, that if you push just so much that the membrane (vessel wall) is flat 
(has infinitely large radius of curvature), then you feel exactly the internal pressure 
in the vessel. The tacit assumption made in this analysis is that the resistance to 
bending of the wall is negligible. See Fig. P1.5. 

1.6 The simplest theory of the cardiovascular system is the Windkessel theory proposed 
by Otto Frank in 1899. The idea was stated earlier by Hales (1733) and Weber (1850). 
In this theory, the aorta is represented by an elastic chamber, and the peripheral 
blood vessels are replaced by a rigid tube of constant resistance. See Fig. P1.6(a). 
Let Q be the inflow (cm3/sec) into this system from the heart. Part of this inflow is 
sent to the peripheral vessels, and part of it is used to distend the elastic chamber. 
If p is the blood pressure (pressure in the aorta or elastic chamber), the flow in the 
peripheral vessel is equal to p/R, where R is called peripheral resistance. For the 
elastic chamber, its change of volume is assumed to be proportional to the pressure. 
The rate of change of the volume of the elastic chamber with respect to time t is 
therefore proportional to dp/dt. Let the constant of proportionality be written as K. 
Show that on equating the inflow to the sum of the rate of change of volume of the 
elastic chamber and the outflow p/R, the differential equation governing the pressure 
pis 

(1) 

--1 Elastic \-------"'-----
-InftOw~ ..... _c_h_am_be_r__"/ Peripheral vessel 

(a) 

(i) 

(ii) o 
(b) 

Figure P1.6 (a) A simple representation of the aorta. (b) Some pulse waves. 

Show that the solution of this differential equation is 

(2) 

where Po is the value of p at time t = O. Using this solution, discuss the pressure 
pulse in the aorta as a function of the left ventricle contraction history Q(t) (Le., the 
pumping history of the heart). Discuss in particular the condition of periodicity 
and the steady-state response of the aorta to a periodically beating heart. This 
equation works remarkably well in correlating experimental data on the total 
blood flow Q with the blood pressure p, particularly during diastole. Hence in 
spite of the simplicity of the underlying assumptions, it is quite useful. 
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Note: The derivation ofEq. (1) is already outlined in the statement of the prob
lem. For the last part, it would be interesting to discuss the solutions when Q(t) 
is One of the idealized periodic functions shown in Fig PI.6(b): 

Q(t) = a sin2 cot, 

Q(t) = a{[I(t) - l(t - to)J + [1(t - t d - l(t - t 1 - to)J 

+ [1(t - 2ttl- l(t - 2t1 - to)J + ... } 
x 

= I a[l(t - nttl-l(t - nt1 - to)]. 
n=O 

(3) 

(4) 

1.7 Show that the action of the air chamber in a hand-pumped fire engine is governed 
by the same equations as those of Problem 1.6. Hence the name Windkessel. 
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CHAPTER 2 

The Meaning of the Constitutive Equation 

2.1 Introduction 

In the biological world, atoms and molecules are organized into cells, tissues, 
organs, and individual organisms. We are interested in the movement of 
matter inside and around the organisms. At the atomic and molecular level 
the movement of matter must be analyzed with quantum, relativistic, and 
statistical mechanics. At the cellular, tissue, organ, and organism level it is 
usually sufficient to take Newton's laws of motion as an axiom. The object of 
study of this book is at the animal, organ, tissue, and cell level. The smallest 
volume we shall consider contains a very large number of atoms and mole
cules. In these systems it is convenient to consider the material as a continuum. 

In mathematics, the real number system is a continuum. Between any two 
real numbers there is another real number. The classical definition of a 
material continuum is an isomorphism of the real number system in a three
dimensional Euclidean space: between any two material particles there is 
another material particle. Each material particle has a mass. The mass density 
of a continuum at a point P is defined by considering a sequence of volumes 
AV enclosing P. If the mass of particles in AV is denoted by AM, and if the 
ratio AM/AV tends to a limit p(P) when AV tends to zero, then p(P) is the 
mass density of the continuum at P. 

Current physics does not conceive the spatial distribution of elementary 
particles, atoms, and molecules in a living organism as an isomorphism of the 
real number system. Hence a material continuum based on the classical 
definition is not compatible with the concept of particle physics. It is necessary 
to modify the classical definition of a continuum before it can be applied to 
biology. 

23 
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Our modification is based on the fact that observations ofliving organisms 
can be made at various levels of size: e.g., at the level of the naked eye, or 
within the limit of optical microscopy, or within the limit of the electron 
microscopes, or at the limit of the scanning tunneling microscopes. Each of 
these instruments defines a limit of size below which little information can be 
obtained. And the images of a biological entity look very different at different 
levels of magnification. This suggests that we can define a continuum of the 
real world with a specific bound on the lower scale of size. Thus we may define 
the mass density of a material at a point P in a three-dimensional space as the 
limit of the ratio L\M/L\ V when L\ Vtends to a finite lower bound which is not 
zero. L\M is the mass of the particles in a volume L\ V which encloses the point 
P. Since L\ V is not allowed to tend to zero, the limiting value L\M / L\ V may 
be equal to p(P) ± a tolerable error whose bounds must be specified and 
accepted. 

In Sec. 2.2 we discuss the concepts of stress as the force per unit area acting 
on a surface separating two sets of material particles on the two sides of the 
surface. Stress is defined by the limit of the ratio L\ T/ L\S, where L\ T is the force 
due to particles on the positive side of the surface of area L\S acting on the 
particles on the negative side ofthe surface. In taking the limit we again restrict 
L\S to be small but finite, with a specified lower bound of size. The limiting 
value of L\T/L\S would have a prescribed acceptable bound of error. 

If a material system has a mass density and a stress vector definable in this 
manner, then we say that the system is a material continuum. Thus, our 
definition of material continuum is based on a specific lower bound of size 
and a set of specific accepted bounds of errors. 

Since the lower bound of size is a part of the definition, a different choice 
of the lower bound of size may result in a different continuum. For example, 
the whole blood may be considered as a continuum at the scale of the heart, 
large arteries, and large veins, but must be regarded as a two phase fluid, with 
plasma and blood cells as two separate phases in capillary blood vessels and 
arterioles and venules. At a smaller scale one may identify the red cell mem
brane as a continuum, the red cell content as another. Take the example of 
the lung, one may identify the lung parenchyma as a continuum when the 
lower bound of size is of the order of 1 cm. If the lower bound is 1 ~m we may 
identify the alveolar wall as a continuum, and the small blood vessel wall as 
another continuum. At an even smaller scale the collagen and elastin fibers, 
the ground substances, and the cells in the blood vessel wall may be considered 
as separate continuous media. 

Once a material continuum is identified in this way, we can make a classical 
copy of the continuum as follows. For the classical copy, the ratios L\M/L\ V, 
L\ T/ L\S agree with those of the real system within specific bounds when A V, 
L\S are limited to sizes specified in the definition of the real system, but limiting 
values of L\M / L\ V, L\ T/ L\S are assumed to exist as L\ V ~ 0, L\S ~ O. The classical 
copy is isomorphic with the real number system. We can then analyze the 
stress, strain, motion, and mechanical properties of the classical copy. The 
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specified acceptable errors can then be used to evaluate the errors of the 
solutions. 

Treating systems of very large numbers of atoms and molecules by contin
uum approach greatly simplifies the analysis. Sometimes certain parts of the 
continuum can be considered as a rigid body, or as lumped masses. If so, then 
the analysis is simplified further. Usually the partial differential equations of 
motion and continuity can be approximated by finite elements to make 
practical calculations. But the greatest advantage of the continuum approach 
is the ability to express the mechanical properties of the system by constitutive 
equations. This is the topic to be discussed in this chapter. 

While the reader is referred to standard works on continuum mechanics 
for a more detailed presentation, we shall outline very briefly the concepts, 
definitions, and notations we shall use in this work. 

2.2 Stress 

If we want to determine the strength of a tendon, we can test a large or 
small specimen. A large specimen can sustain a large force, a smaller speci
men can take only a small force. Obviously, the size of the test specimen is 
incidental; only the force relative to the size is important. Thus, we are 
led to the concept that it is the stress (force per unit cross-sectional area) 
that is related to the strength of the material. 

Let the cross-sectional area of a tendon be A, and let the force that acts 
in the tendon be F. The ratio 

(T = F/A (1) 

is the stress in the tendon. In the International System of Units (SI units), 
the basic unit of force is the newton (N) and that of length is the meter (m). 
Thus the basic unit of stress is newton per square meter (N/m2) or pascal 
(Pa, in honor of Pascal). 1 MPa = 1 N/mm2. A force of 1 N can accelerate 
a body of mass 1 kg to 1 m/sec2. A force of 1 dyne (dyn) can accelerate 
a body of mass 1 gram to 1 cm/sec2. Hence, 1 dyn = 10-5 N. Some conver
sion factors are listed below: 

1 pound force ~ 4.448 N 

1 pound per square inch (p si) ~ 6894 N/m2 = 6.894 kPa 

1 dyn/cm2 ~ 0.1 N/m2 = 0.1 Pa 

1 atmosphere ~ 1.013 x 105 N/m2 = 1.013 bar 

1 mmHgatO°C == 133.32 N/m2 = 1 torr '" 7.JOl kPa 
lcmH20at4°C == 98 N/m2 

1 poise (viscosity) = 0.1 N sec/m2. 

More generally, the concept of stress expresses the interaction of the 
material in one part of the body on another. Consider a material continuum 
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Figure 2.2: 1 Stress principle. 

B occupying a spatial region V (Fig. 2.2: 1). Imagine a small surface element 
of area LIS. Let us draw, from a point on LIS, a unit vector* v normal toLlS. 
Then we can distinguish the two sides of LI S according to the direction of 
v. Let the side to which this normal vector points be called the positive 
side. Consider the part of material lying on the positive side. This part 
exerts a force LlF on the other part, which is situated on the negative side 
of the normal. The force LlF depends on the location and size of the area 
and the orientation of the normal. We introduce the assumption that as 
LIS tends to zero, the ratio LlF/LiS tends to a definite limit, dF/dS, and that 
the moment of the force acting on the surface LIS about any point within 
the area vanishes in the limit. The limiting vector will be written as 

T = dF/dS, (2) 

where a superscript v is introduced to denote the direction of the normal 
v 

v of the surface LIS. The limiting vector T is called the traction, or the stress 
vector, and represents the force per unit area acting on the surface. 

The general notation for stress components is as follows. Consider a 
little cube in the body (replacing S in Fig. 2.2: 1 by a cube, as shown in 
Fig. 2.2: 2). It has 6 surfaces. Erect a set of rectangular cartesian coordinates 
Xl> X 2 , x3 · Let the surface of the cube normal to Xl be denoted by LlS l • 

1 

Let the stress vector that acts on the surface LlS l be T. Resolve the vector 
1 

T into three components in the direction of the coordinate axes and denote 
them by "11, "12, "13' Then "11, "12,"13 are the stress components acting 
on the small cube. Similarly, we may consider surfaces LlS2 , LlS 3 perpendi
cular to X2 and x3 , the stress vectors acting on them, and their components 
in Xl> X2' X3 directions. We can arrange the components in a square matrix: 

* All vectors are printed in bold face in this book. 
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X, 
Figure 2.2: 2 Notations of stress components. 

Surface normal to Xl 

Surface normal to X2 

Surface normal to X3 

Components of Stresses 
1 2 3 
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This is illustrated in Fig. 2.2:2. The components 1."u, <22' <33 are called 
normal stresses, and the remaining components <12, <13, etc., are called 
shearing stresses. 

It is important to emphasize that a stress will always be understood to be 
the force (per unit area) that the part lying on the positive side of a surface 
element (the side on the positive side of the outer normal) exerts on the 
part lying on the negative side. Thus, if the outer normal of a surface element 
points in the positive direction of the X2 axis and < 22 is positive, the vector 
representing the component of normal stress acting on the surface element 
will point in the positive X2 direction. But if <22 is positive while the outer 
normal points in the negative X2 axis direction, then the stress vector acting 
on the element also points to the negative X2 axis direction (see Fig. 2.2: 3). 

Similarly, positive values of <21> <23 will imply shearing stress vectors 
pointing to the positive Xl, X3 axes if the outer normal agrees in sense with 
the X2 axis, whereas the stress vectors point to the negative Xl' X3 directions 
if the outer normal disagrees in sense with the X2 axis, as illustrated in 
Fig. 2.2:3. 

We now give without proof four important formulas concerning stresses. 
(See Y. C. Fung, 1993, A First Course in Continuum Mechanics.) These for
mulas will be given in indicial notation, in which all free index of a variable 
such as Xi stands for i = 1, or 2, or 3. Xi stands for Xl' or x2 , or x3 . <ij stands 
for <11' <12, <13' <21' <22' <23' <31, <32' <33 since i = 1,2, or 3;j = 1,2, or 3. 
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r-----xz-

x, 
Figure 2.2: 3 Senses of positive stress components. 

Repetition of an index in a single term means a summation over the whole 
range of that index. Thus XiXi means the sum X1X 1 + X 2 X 2 + X3 X3 . First, it 
can be shown that knowing the components of a stress tensor 'ij with respect 
to a rectangular Cartesian frame of references, we can write down at once the 
stress vector acting on any surface with unit over outer normal vector v whose 

components are V1, V2 , V 3 • This stress vector is denoted by T, with components 
v v v 

T1 , T2 , T3 given by Cauchy's formula 

(3) 

Next, for a body in equilibrium, the stress components must satisfy the 
differential equations 

0'11 0'12 0'13 -+-+-+X1=0, 
oX1 oX2 OX3 

0'21 0'22 0'23 ° -- + -- + -- + X2 = , 
aX 1 OX2 OX3 

(4) 

t'31 e'32 0'33 X -+-+-+ 3=0, 
OX 1 OX2 OX3 

where X b X 2, X 3 are the components of the body force (per unit volume) 
acting on the body. Third, the stress tensor is always symmetric: 

(5) 

Finally, let a system of rectangular cartesian coordinates Xb X 2 , X3 be trans
formed into another such system X'b x2, X'3 by the transformation 

(k = 1,2,3), (6) 
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where Pki denotes the direction cosine of the x~ axis with respect to the Xi 

axis. Then the stress components are transformed according to the tensor 
transformation law: 

(7) 

In these formulas, the summation convention of the index is used: any 
repetition of an index in a single term means summation over that index. For 
example, Eq. (7) stands for 

!~m = PklPml!11 + Pk1Pm2!12 + Pk1Pm3!13 + Pk2Pml!21 + Pk2Pm2!22 

+ Pk2Pm3!23 + Pk3Pml!31 + Pk3Pm2!32 + Pk3Pm3!33 

for any combination of k = 1, 2, or 3, and m = 1, 2, or 3. 

2.3 Strain 

Deformation of a solid that can be related to stresses is described by strain. 
Take a string of an initial length Lo. If it is stretched to a length L as shown 
in Fig. 2.3: l(a), it is natural to describe the change by dimensionless ratios 
such as L/Lo, (L - Lo)/Lo, (L - Lo)/L. Use of dimensionless ratios elim
inates the absolute length from consideration. The ratio L/Lo is called the 
stretch ratio and is denoted by the symbol A.. The ratios 

L - Lo 
1;=---

Lo 

L - Lo 
1;'=---

L 
(1) 

are strain measures. Either of them can be used. Numerically, they are dif
ferent. For example, if L = 2, Lo = 1, we have I; = 1,1;' = l We shall have 
reasons (to be named later) also to introduce the measures 

L2 - L'5 L2 - L'5 
e = 2L 2 ~ = 2L~ (2) 

I I I I I I I I i I F I I I I I I I I I I I I I iJ 

(~/III\~) 
(a) (b) 

() ) ) ) ) ) ) ) ) ) ) ) 

~ (d) 

Figure 2.3: 1 Patterns of deformation. 
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If L= 2, Lo = 1, we have e = i, C = l But if L = 1.01, Lo = 1.00, then 
e == 0.01, C == 0.01,8 == 0.01, and 8' == 0.01. Hence in infinitesimal elongations 
all the strain measures named above are equal. In finite elongations, however, 
they are different. 

To illustrate shear, consider a circular cylindrical shaft as shown in 
Fig. 2.3:1(c). When the shaft is twisted, the elements in the shaft are distorted 
in a manner shown in Fig. 2.3: l(d). In this case, the angle IX may be taken as 
a strain measure. It is more customary, however, to take tan IX, or! tan IX, 

as the shear strain; the reasons for this will be elucidated later. 
The selection of proper strain measures is dictated basically by the stress

strain relationship (i.e., the constitutive equation of the material). For 
example, if we pull on a string, it elongates. The experimental results can 
be presented as a curve of the tensile stress (J plotted against the stretch 
ratio 2, or strain e. An empirical formula relating (J to e can be determined. 
The case of infinitesimal strain is simple because the different strain measures 
named above all coincide. It was found that for most engineering materials 
subjected to an infinitesimal strain in uniaxial stretching, a relation like 

(J = Ee (3) 

is valid within a certain range of stresses, where E is a constant called Young's 
modulus. Equation (3) is called Hooke's law. A material obeying Eq. (3) is 
said to be a Hookean material. Steel is a Hookean material if (J lies within 
certain bounds that are called yield stresses. Corresponding to Eq. (3), the 
relationship for a Hookean material subjected to an infinitesimal shear 
strain is 

r = GtanlX, (4) 

where G is another constant called the modulus of rigidity. The range of 
validity of Eq. (4) is again bounded by yield stresses. The yield stresses in 
tension, in compression, and in shear are generally different. 

Deformations of most things in nature are much more complex than 
those discussed above. We therefore need a general method of treatment. 
Let a body occupy a space S. Referred to a rectangular cartesian frame of 
reference, every particle in the body has a set of coordinates. When the 
body is deformed, every particle takes up a new position, which is described 
by a new set of coordinates. For example, a particle P located originally 
at a place with coordinates (al, a2' a3) is moved to the place Q with co
ordinates (Xl' X2' X3) when the body moves and deforms. Then the vector 
PQ or, D, is called the displacement vector of the particle (see Fig. 2.3 :2). 
The components of the displacement vector are, clearly, 

U2 = X2 - a2, (5) 

If the displacement is known for every particle in the body, we can con
struct the defo~med body from the original. Hence, a deformation can be 
described by the displacement field. Let the variables (a 1 ,a2,a3) identify a 
particle in the original configuration of the body, and let (Xl> X2, X3) be the 
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/----------------------------------------.a2'x2 

Figure 2.3: 2 Deformation of a body. 

coordinates of that particle when the body is deformed. Then the deformation 
of the body is known if Xl, X2, X3 are known functions of ab a2, a3: 

(i = 1,2,3). (6) 

This is a transformation (mapping) from aI, a2, a3 to Xl' X2, X3' We assume 
that the transformation is one-to-one; i.e., the functions in Eq. (6) are single
valued, continuous, and have a unique inverse, 

(7) 

for every point in the body. 
A rigid-body motion induces no stress. Thus, the displacements them

selves are not directly related to the stress. To relate deformation with stress 
we must consider the stretching and distortion of the body. For this purpose, 
it is sufficient if we know the change of distance between any arbitrary pair 
of points. 

Consider an infinitesimal line element connecting the point P(al' a2, a3) 
to a neighboring point P'(al + dal' a2 + da2, a3 + da3)' The square of 
the lengths dso of P P' in the original configuration is given by the Pythagoras 
rule because the space is assumed to be Euclidean: 

ds~ = dai + da~ + da~. (8) 

When P and P' are deformed to the points Q(Xb X2, X3) and Q'(XI + dXb 
X2 + dX2, X3 + dX3), respectively, the square of the length ds of the new 
element QQ' is 

ds2 == dxi + dx~ + dx~. (9) 
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By Eqs. (6) and (7), we have 

ax· 
dXi = ~daj, 

Uaj 
(10) 

Hence, on introducing the Kronecker delta, bij, which has the value 1 if 
i = j, and zero if i i= j, we may write 

d 2 ~ d d ~ oai oa j d d 
So = Uij ai aj = Uij;=;--;-- Xl Xm , 

uXluXm 
(11) 

(12) 

The difference between the squares of the length elements may be written, 
after several changes in the symbols for dummy indices, either as 

or as 

2 2 ( OXIX OXp ) ds - dso = b p - - - b.. da· da· 
IX Oai oaj 'J , J' 

2 2 ( oalX oap) ds - dso = b·o - b p-- dx·dx· 'J IX ~ ~ 'J" uXi uXj 

We define the strain tensors 

so that 

ds2 - dS5 = 2Eijdaidaj, 

ds 2 - dS5 = 2eijdxidXj. 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

The strain tensor Eij was introduced by Green and St.-Venant and is 
called Green's strain tensor. The strain tensor eij was introduced by Cauchy 
for infinitesimal strains and by Almansi and Hamel for finite strains and is 
known as Almansi's strain tensor. In analogy with terminology in hydro
dynamics, Eij is often referred to as Lagrangian and eij as Eulerian. 

Eij and eij thus defined are tensors. They are symmetric; i.e., 

(19) 

An immediate consequence of Eqs. (17) and (18) is that ds 2 - dS5 = 0 
implies Eij = eij = 0 and vice versa. But a deformation in which the length 
of every line element remains unchanged is a rigid-body motion. Hence, the 
necessary and sufficient condition that a deformation of a body be a rigid-
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body motion is that all components of the strain tensor Eij or eij be zero 
throughout the body. 

If the components of displacement Ui are such that their first derivatives 
are so small that the squares and products of the partial derivatives of Ui 

are negligible compared with the first order terms, then eij reduces to Cauchy's 
itifinitesimal strain tensor, 

(20) 

In unabridged notation, writing u, v, w for Ul> U2, U3 and x, y, z for Xl> X2, 

X3, we have 

y 
u 

dx 

Case l' {}u > 0 v = 0 . {}x • 

y 
u 

dx 
~~----------~~x 

Case 1: ~~<O. v=O 

y 

L-----------~~--~~x 

Case 3' au >0 (Ju = av =0 . ay • {}x {}x 

Case 4' (Ju <0 (Jv>O . lJy • (Jx 

Figure 2.3: 3 Deformation gradients and interpretation of infinitesimal strain com
ponents. 
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ou exY=~G~ + ;:) = eyx , exx = ox' 

OV 
exz = ~ G~ + ~:) = eZX' (21) eyy = oy' 

ow 
eyz = ~ G~ + ~;) = ezy · ezz = oz' 

In the infinitesimal displacement case, the distinction between the Lagrangian 
and Eulerian strain tensor disappears, since then it is immaterial whether the 
derivatives of the displacements are calculated at the position of a point 
before or after deformation. 

It is important to visualize the geometric meaning of the individual strain 
components. The illustrations shown in Fig. 2.3: 3 will be helpful. For greater 
details the reader is referred to the First Course, Chapter 5. 

Note that our definition of the shear strains exy , ey" ezx given in Eq. (21) 
makes eij as defined in Eq. (20) a tensor. Only when eij is a tensor can the tensor 
transformation law such as Eq. (7) of Sec. 2.2, the tensor equations (17), 
(18), and the constitutive equations presented in Secs. 2.6-2.8 be valid. In 
older engineering mechanics books the shear strains are defined as twice as 
large as those defined in Eq. (21), and the tensor quality of the strain is ruined. 
This differences should be borne in mind in reading engineering literature. 

2.4 Strain Rate 

For fluids in motion we must consider the velocity field and the rate of 
strain. If we refer the location of each fluid particle to a frame of reference 
O-xyz; then the field of flow is described by the velocity vector field v(x, y, z), 
which defines the velocity at every point (x, y, z). In terms of components, the 
velocity field is expressed by the functions 

u(X,y, z), V(X,y,z), w(X,y,z), 

or, if index notations are used, by Vi(Xi> X2X3)' 
For continuous flow, we consider the continuous and differentiable func

tions Vi(X 1, X2, X3)' To study the relationship of velocities at neighboring 
points, let two particles P and P' be located instantaneously at Xi and Xi + 
dXi' respectively. The difference in velocities at these two points is 

oV· 
dVi = ~dxj' 

uXj 
(1) 

where the partial derivatives ovJoxj are evaluated at the particle P. Now 

OVi = ~ (OVi + OVj) _ ~ (OVj _ OVi). (2) 
oXj 2 OXj OXi 2 oXi oXj 
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If we define a strain rate tensor V;j and a vorticity tensor Qij as 

V;j ==! (OVi + OVj), 
2 OXj OXi 

Qij == ! (OVj _ OVi), 
2 OXi OXj 

then Eq. (1) becomes 
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(3) 

(4) 

dVi = V;jdxj - Qijdxj. (5) 

It is evident that V;j is symmetric and Qij is antisymmetric; i.e., 

(6) 

Equation (3) is similar to Eq. (2.3:20). Its geometric interpretation is also 
similar. Therefore, the analysis of the velocity field is similar to the analysis of 
an infinitesimal deformation field. Indeed, if we multiply Vi by an infinitesimal 
interval of time dt, the result is an infinitesimal displacement Ui = Vi dt. Hence, 
whatever we learned about the infinitesimal strain field can immediately be 
extended to the rate of change of strain, with the word velocity replacing the 
word displacement. 

2.5 Constitutive Equations 

The properties of materials are specified by constitutive equations. A wide 
variety of materials exist. Thus, we are not surprised that there are a great 
many constitutive equations describing an almost infinite variety of materials. 
What should be surprising, therefore, is the fact that three simple, idealized 
stress-strain relationships, namely, the nonviscous fluid, the Newtonian vis
cous fluid, and the Hookean elastic solid, give a good description of the 
mechanical properties of many materials around us. Within certain limits of 
strain and strain rate, air, water, and many engineering structural materials 
can be described by these idealized equations. Most biological materials, 
however, cannot be described so simply. 

A constitutive equation describes a physical property of a material. Hence 
it must be independent of any particular set of coordinates of reference with 
respect to which the components of various physical quantities are resolved. 
Hence a constitutive equation must be a tensor equation: Every term in the 
equation must be a tensor of the same rank. 

2.6 The Nonviscous Fluid 

A nonviscous fluid is one for which the stress tensor is of the form 

(1) 
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where bij is the Kronecker delta, which has the value 1 if i = j, and zero if 
i # j, and p is a scalar called pressure. The pressure p in an ideal gas is related 
to the density p and temperature T by the equation of state 

(2) 

where R is the gas constant. For a real gas or a liquid, it is often possible to 
obtain an equation of state: 

f(p, p, T) = O. (3) 

An anomaly exists in the case of an incompressible fluid, for which the 
equation of state is merely 

p = const. (4) 
Thus, the pressure p is left as an arbitrary variable for an incompressible fluid. 

2.7 The Newtonian Viscous Fluid 

A Newtonian viscous fluid is a fluid for which the shear stress is linearly pro
portional to the strain rate. For a Newtonian fluid the stress-strain relation
ship is specified by the equation 

(1) 

where aij is the stress tensor, ~l is the strain rate tensor, f0ijkl is a tensor of 
viscosity coefficients of the fluid, and p is the static pressure. The term - Pbij 
represents the state of stress possible in a fluid at rest (when ~l = 0). The 
static pressure p is assumed to depend on the density and temperature of the 
fluid according to an equation of state. For a Newtonian fluid we assume that 
the elements of the tensor f0ijkl may depend on the temperature but not on 
the stress or the rate of deformation. The tensor f0ijkb ofrank 4, has 34 = 81 
elements. Not all these constants are independent. A study of the theoreti
cally possible number of independent elements can be made by examining 
the symmetry properties of the tensors aij' Vk, and the symmetry that may 
exist in the atomic constitution of the fluid. 

If a tensor has the same array of components when the frame of reference 
is rotated or reflected, then it is said to be an isotropic tensor. It can be shown 
that, in a three-dimensional Euclidean space, there are two independent 
isotropic tensors of rank 4, namely, bijbkl and bikbjl + bi/bjk • If the tensor Dijkl 

is isotropic, then it can be expressed in terms of two independent constants A. 

andj.l, 

f0ijkl = A.biikl + j.l(biA, + bi/bjk ). (2) 

On substituting Eq. (2) into Eq. (1), we obtain an isotropic constitutive 
equation: 
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(3) 

A material whose constitutive equation is isotropic is said to be an isotropic 
material. For an isotropic Newtonian fluid, a contraction of Eq. (3) gives 

(4) 

If it is assumed that the mean normal stress to' kk is independent of the rate of 
dilation Vkb then we must set 

3Jc + 2p = 0; (5) 

and the constitutive equation becomes 

aij = - pbij + 2p Vij - ip Vkkbij- (6) 

This formulation is due to George G. Stokes, and a fluid that obeys Eq. (6) 
is called a Stokes fluid, for which one material constant p, the coefficient of 
viscosity, suffices to define its property. 

Ifa fluid is incompressible, then Vkk = 0, and we have the constitutive equa
tion for an incompressible viscous fluid: 

aij = - pbij + 2p Vij. (7) 

If p = 0, we obtain the constitutive equation of the nonviscous fluid: 

(8) 

Newton's concept of viscosity may be explained in the simplest case of a 
shear flow with a uniform velocity gradient as sketched in Fig. 2.7: 1. Newton 
proposed the relationship 

du 
T = p-

dy 
(9) 

for the shear stress T, where p is the coefficient of viscosity. In the centimeter
gram-second system of units, in which the unit of force is the dyne, the unit 
of p is called a poise, in honor of Poiseuille. In the SI system, the unit of 
viscosity is newton-second per square meter (Ns/m 2 ). 1 poise (P) is 0.1 N s/m2 • 

The viscosities of air and water are small, being 1.8 x 10 - 4 poise for air 
and 0.01 poise for water at atmospheric pressure and 20°C. At the same tem
perature the viscosity of glycerine is about 8.7 poise. The viscosity ofliquids 
decreases as temperature increases. The viscosity of gases increases with 
increasing temperature. 

r 

r 

Figure 2.7: 1 Newtonian concept of viscosity. 
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2.8 The Hookean Elastic Solid 

A Hookean elastic solid is a solid that obeys Hooke's law, which states that 
the stress tensor is linearly proportional to the strain tensor; i.e., 

(1) 

where (Jij is the stress tensor, ekl is the strain tensor, and Cijkl is a tensor of 
elastic constants, or moduli, which are independent of stress or strain. 

A great reduction in the number' of elastic constants is obtained when the 
material is isotropic, i.e., when the constitutive equation is isotropic, and the 
array of elastic constants C ijkl remains unchanged with respect to rotation and 
reflection of coordinates. By an argument similar to the discussion of Dijkl in 
Sec. 2.7, we see that an isotropic material has exactly two independent elastic 
constants, for which the Hooke's law reads 

(2) 

The constants Ie and f1 are called the Lame constants. In the engineering lit
erature, the second Lame constant f1 is practically always written as G and 
identified as the shear modulus. 

Writing out Eq. (2) in extenso, and with x, y, z as rectangular cartesian 
coordinates, we have Hooke's law for an isotropic elastic solid: 

(Jxx = A(exx + eyy + ezz ) + 2Gexx , 

(Jyy = A(exx + eyy + ezz ) + 2Geyy , 
(3) 

These equations can be solved for eij' But customarily, the inverted form is 
written as 

(4a) 

or 

(4b) 

The constants E, v, and G are related to the Lame constants A and G (or f1). 
E is called Young's modulus, v is called Poisson's ratio, and G is called the 
modulus of elasticity in shear, or shear modulus. They can be written out as 
follows: 
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Figure 2.8: 1 Stresses in a block. 

A = 2Gv = G(E - 2G) = Ev 
1 - 2v 3G - E (1 + v)(1 - 2v)' 

G = A(1 - 2v) = E 
2v 2(1 + v)' 

A A E 
v = 2(A + G) = (3K _ A) = 2G - 1, 

E = G(3A + 2G) = A(1 + v)(1 - 2v) = 2G(1 + v). 
A + G v 
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(5) 

It is very easy to remember Eq. (4). Apply it to the simple block as 
illustrated in Fig. 2.8: 1. When the block is compressed in the z direction, 
it shortens by a strain: 

1 
(6) 

At the same time, the lateral sides of the block will bulge out somewhat. For 
a linear material the bulging strain is proportional to (Tzz and is in a sense 
opposite to the stress: A compression induces lateral bulging; a tension 
induces lateral shrinking. Hence we write 

(7) 

This is the case in which (T zz is the only non vanishing stress. If the block is 
also subjected to (T xx> (T yY' as is illustrated in Fig. 2.2: 3, and if the material 
is isotropic and linear (so that causes and effects are linearly superposable), 
then the influence of (Txx on e yy , e zz and (Tyy on e xx , e zz must be the same as the 
influence of (Tzz on e xx , eyy. Hence we have 

1 v v 
ezz = E O"zz - E (Txx - E (Tyy, (8) 
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which is one of the equations of (4). Other equations in (4) can be explained 
in a similar manner. For shear, the stress (Jij and the strain eij (i i= j) are 
directly proportional. 

2.9 The Effect of Temperature 

In the preceding sections, the constitutive equations are stated at a given 
temperature. The viscosity of a fluid, however, varies with temperature 
(think of the motor oil in your car) as does the elastic modulus of a solid. In 
other words, !?)ijkl in Eq. (2.7:1) and Ciikl in Eq. (2.8:1) are functions of 
temperature and are coefficients determined under an isothermal experiment 
(with temperature kept uniform and constant). 

If the temperature field is variable, Hooke's law must be modified into the 
Duhamel-Neumann form. -Let the elastic constants C;jkl be measured at a 
uniform constant temperature To. Then if the temperature changes to T, 
we put 

(1) 

in which {Jij is a symmetric tensor, measured at zero strains. For an isotropic 
material, the second order tensor {Jij must also be isotropic. It follows that 
{Jij must be of the form fJlJij, hence 

(Jij = Aekk~ij + 2Geij - {J(T - TO)~ij. (2) 

Here A and G are Lame constants measured at constant temperature. The 
inverse can be written as 

1 + v v 
eij = ~ (Jij - If (Jkk~ij + (X(T - TO)~ij· (3) 

The constant (X is the coefficient of linear expansion. 

2.10 Materials with More Complex Mechanical Behavior 

Nonviscous fluids, Newtonian fluids, and Hookean elastic solids are abstrac
tions. No real material is known to behave exactly as one of these, although 
in limited ranges of temperature, stress, and strain, some materials may 
follow one of these laws accurately. They are the simplest laws we can devise 
to relate the stress and strain, or strain rate. They are not expected to be 
exhaustive. 

Almost any real material has a more complex behavior than these simple 
laws describe. Among fluids, blood is non-Newtonian. Household paints and 
varnish, wet clay and mud, and most colloidal solutions are non-Newtonian. 
For solids, most structural materials are, fortunately, Hookean in the useful 
range of stresses and strains; but beyond certain limits, Hooke's law no 
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longer applies. For example, virtually every known solid material can be 
broken (fractured) one way or another, under sufficiently large stresses or 
strains; but to break is to disobey Hooke's law. Few biological tissues obey 
Hooke's law. Their properties will be discussed in the following chapters. 

2.11 Viscoelasticity 

When a body is suddenly strained and then the strain is maintained constant 
afterward, the corresponding stresses induced in the body decrease with 
time. This phenomena is called stress relaxation, or relaxation for short. If 
the body is suddenly stressed and then the stress is maintained constant 
afterward, the body continues to deform, and the phenomenon is called 
creep. If the body is subjected to a cyclic loading, the stress-strain relationship 
in the loading process is usually somewhat different from that in the un
loading process, and the phenomenon is called hysteresis. 

The features of hysteresis, relaxation, and creep are found in many 
materials. Collectively, they are called features of viscoelasticity. 

Mechanical models are often used to discuss the viscoelastic behavior 
of materials. In Fig. 2.11: 1 are shown three mechanical models of material 
behavior, namely, the Maxwell model, the Voigt model, and the Kelvin model 
(also called the standard linear solid), all of which are composed of combina-

(a) A Maxwell body 

" 

(b) A Voigt body 

·F 

(c) A Kelvin body (a standard linear solid) 

"1 PI FI 

F' r='~F,'1 'F 
~I'---------U--------~'I 

Figure 2.11: 1 Three mechanical models of viscoelastic material. (a) A Maxwell body, 
(b) a Voigt body, and (c) a Kelvin body (a standard linear solid). 
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tions of linear springs with spring constant J1 and dash pots with coefficient 
of viscosity rf. A linear spring is supposed to produce instantaneously a 
deformation proportional to the load. A dashpot is supposed to produce a 
velocity proportional to the load at any instant. Thus if F is the force acting 
in a spring and u is its extension, then F = J1u.lfthe force F acts on a dash pot, 
it will produce a velocity of deflection U, and F = rfu. The shock absorber 
on an airplane's landing gear is an example of a dashpot. Now, in a Maxwell 
model, shown in Fig. 2.11: 1 (a), the same force is transmitted from the spring 
to the dashpot. This force produces a displacement FIJ1 in the spring and 
a velocity Flrf in the dash pot. The velocity of the spring extension is F/J1 
if we denote a differentiation with respect to time by a dot. The total velocity 
is the sum of these two: 

F F 
u=-+-

J1 rf 
(Maxwell model). (1) 

Furthermore, if the force is suddenly applied at the instant of time t = 0, 
the spring will be suddenly deformed to u(O) = F(O)/J1, but the initial dashpot 
deflection would be zero, because there is no time to deform. Thus the initial 
condition for the differential equation (1) is 

u(O) = F(O). 
J1 

(2) 

For the Voigt model, the spring and the dashpot have the same displace
ment. If the displacement is u, the velocity is U, and the spring and dash pot 
will produce forces J1U and rfU, respectively. The total force F is therefore 

F = J1U + rfU (Voigt model). 

If F is suddenly applied, the appropriate initial condition is 

u(O) = o. 

(3) 

(4) 

For the Kelvin model (or standard linear model), let us break down the 
displacement u into U1 of the dashpot and u~ for the spring, whereas the total 
force F is the sum of the force Fo from the spring and Fl from the Maxwell 
element. Thus 

(a) u = U1 + u~, 
(c) Fo = J1oU, 

(b) F = Fo + F10 

(d) Fl = rflUl = J11U~. 

From this we can verify by substitution that 

F = J10U + J11U'1 = (J10 + J11) u - J11 Ul· 
Hence 

(5) 
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Replacing the last term by IlIU'l and using Eq. (5a), we obtain 

F + '11 F = lloU + '11 (1 + IlO) U. 
III III 

(6) 

This equation can be written in the form 

(Kelvin model), (7) 

where 

't'.='11, 't'a='11(1+ IlO ), ER=llo. (8) 
III Ilo III 

For a suddenly applied force F(O) and displacement u(O), the initial condition 
is 

(9) 

For reasons that will become clear below, the constant 't'. is called the 
relaxation time for constant strain, whereas 't'a is called the relaxation time 
for constant stress. 

If we solve Eqs. (1), (3), and (7) for u(t) when F(t) is a unit-step function 
l(t), the results are called creep functions, which represent the elongation 
produced by a sudden application at t = 0 of a constant force of magnitude 
unity. They are: 
Maxwell solid: 

c(t) = (t + ~ t) l(t), 

Voigt solid: 
1 

c(t) = - (1 - e -(ILI~)t)l(t), 
Il 

standard linear solid: 

c(t) = ;R [1- (1- ;~) e-t/t"}(t), 

where the unit-step function l(t) is defined as [see Fig. 2.11 :2(a)] 

{
I when t > 0, 

l(t) = t when t = 0, 
o when t < O. 

(10) 

(11) 

(12) 

(13) 

A body that obeys a load-deflection relation like that given by Maxwell's 
model is said to be a Maxwell solid. Since a dashpot behaves as a piston 
moving in a viscous fluid, the above-named models are called· models of 
/viscoelasticity. 

Interchanging the roles of F and u, we obtain the relaxation function as 
a response F(t) = k(t) corresponding to an elongation u(t) = l(t). The re
laxation function k(t) is the force that must be applied in order to produce 
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--00 

(a) A unit-step function l(t) 

1 
o Timet 

(b) A unit-impulse function b(t) 

With height tending to 00 

but area under the curve = 1 

o Time t 

+00-

Figure 2.11:2 (a) A unit-step function l(t). (b) A unit-impulse function o(t). The central 
spike has a height tending to 00 but the area under the curve remains to be unity. 

an elongation that changes at t = 0 from zero to unity and remains unity 
thereafter. They are 
Maxwell solid: 

Voigt solid: 
k(t) = '7~(t) + j.Ll(t), 

standard linear solid: 

k(t) = ER[1 - (1 -::) e- t/t,] l(t). 

(14) 

(15) 

(16) 

Here we have used the symbol ~(t) to indicate the unit-impulse function or 
Dirac-delta function, which is defined as a function with a singularity at the 
origin (see Fig. 2.11 :2(b)): 

~(t) = 0 

f£f(t)~(t)dt = f(O) 

(for t < 0, and t > 0), 
(17) 

(B > 0), 

where f(t) is an arbitrary function, continuous at t = O. These functions, 
c(t) and k(t), are illustrated in Figs. 2.11: 3 and 2.11 :4, respectively, for which 
we add the following comments. 

For the Maxwell solid, the sudden application of a load induces an 
immediate deflection by the elastic spring, which is followed by "creep" 
of the dashpot. On the other hand, a sudden deformation produces an 
immediate reaction by the spring, which is followed by stress relaxation 
according to an exponential law [see Eq. (14)]. The factor '7/j.L, with the 
dimension of time, may be called the relaxation time: it characterizes the 
rate of decay of the force. 
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Figure 2.11: 3 Creep functions of (a) a Maxwell, (b) a Voigt, and (c) a standard linear 
solid. A negative phase is superposed at the time of unloading. 
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Figure 2.11:4 Relaxation functions of (a) a Maxwell, (b) a Voigt, and (c) a standard 
linear solid. 

For the Voigt solid, a sudden application of force will produce no im
mediate deflection, because the dash pot, arranged in parallel with the spring, 
will not move instantaneously. Instead, as shown by Eq. (11) and Fig. 2.11: 3, 
a deformation will be gradually built up, while the spring takes a greater 
and greater share of the load. The dashpot displacement relaxes expo
nentially. Here the ratio '1/J1. is aga.in a relaxation time: it characterizes the 
rate of relaxation of the dash pot. 

For the standard linear solid, a similar interpretation is applicable. The 
constant L, is the time of relaxation of load under the condition of constant 
deflection [see Eq. (16)J, whereas the constant La is the time of relaxation 
of deflection under the condition of constant load [see Eq. (12)]. As t -+ 00, 

the dash pot is completely relaxed, and the load-deflection relation becomes 
that of the springs, as is characterized by the constant ER in Eqs. (12) and 
(16). Therefore, ER is called the relaxed elastic modulus. 

Maxwell introduced the model represented by Eq. (3), with the idea that 
all fluids are elastic to some extent. Lord Kelvin showed the inadequacy of 
the Maxwell and Voigt models in accounting for the rate of dissipation of 
energy in various materials subjected to cyclic loading. Kelvin's model is 
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commonly called the standard linear model because it is the most general 
relationship that includes the load, the deflection, and their first (commonly 
called "linear") derivatives. 

More general models may be built by adding more and more elements 
to the Kelvin model. Equivalently, we may add more and more exponential 
terms to the creep function or to the relaxation function. 

The most general formulation under the assumption of linearity between 
cause and effect is due to Boltzmann (1844-1906). In the one-dimensional 
case, we may consider a simple bar subjected to a force F(t) and elongation 
u(t). The elongation u(t) is caused by the total history of the loading up to 
the time t. If the function F(t) is continuous and differentiable, then in a 
small time interval dr at time r the increment ofloading is (dF/dr)dr. This 
increment remains acting on the bar and contributes an element duet) to 
the elongation at time t, with a proportionality constant e depending on 
the time interval t - r. Hence, we may write 

dF(r) 
duet) = e(t - r) ~ dr. (18) 

Let the origin of time be taken at the beginning of motion and loading. 
Then, on summing over the entire history, which is permitted under Boltz
mann's hypothesis, we obtain 

it dF(r) 
u(t) = Jo e(t - r) ~ dr. (19) 

A similar argument, with the role of F and u interchanged, gives 

it du(r) 
F(t) = Jo k(t - r) ~ dr. (20) 

These laws are linear, since doubling the load doubles the elongation, and 
vice versa. The functions e(t - r) and k(t - r) are the creep and relaxation 
functions, respectively. 

The Maxwell, Voigt, and Kelvin models are special examples of the 
Boltzmann formulation. More generally, we can write the relaxation function 
in the form 

N 

k(t) = L O(ne -tvn , (21) 
n=O 

which is a generalization of Eq. (16). If we plot the amplitude O(n associated 
with each characteristic frequency Vn on a frequency axis, we obtain a series 
of lines that resembles an optical spectrum. Hence O(n(vJ is called a spectrum 
of the relaxation function. The example shown in Fig. 2.11: 5 is a discrete 
spectrum. A generalization to a continuous spectrum may sometimes be 
desired. In the case of a living tissue such as mesentery, experimental results 
on relaxation, creep, and hysteresis cannot be reconciled unless a continuous 
spectrum is assumed. 
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Figure 2.11: 5 A discrete spectrum of the relaxation function. 

Let us conclude this section by generalizing Eqs. (19) and (20) into tensor 
equations relating stress and strain tensors of a viscoelastic solid. All we need 
to say here is that if F and u are considered to be stress and strain tensors, 
then Eqs. (19) and (20) can be considered as constitutive equations of a 
viscoelastic solid if c and k are tensors defining the creep and relaxation 
characteristics of the material. We do have to be careful about the time 
derivatives F and u if the deformation is large, because then the time deriva
tives of the components of stress and strain of any material particle (such as 
the small cubic element shown in Fig. 2.2:3) may depend not only on how 
fast the element stretches, but also on how fast it rotates. To account for the 
stress rate (i.e., the rate of change of the stress tensor) in finite deformation 
turns out to be quite complex.* Hence, for the moment let us limit our con
sideration to a small deformation, with infinitesimal displacements, strains, 
and velocities. Under this restriction we can express our idea more explicitly. 
Let us denote the stress and strain tensors by (Jij and eij (which are functions 
of space x (i.e., X1,X2 ,X3) and time t). Then a material is said to be linear 
viscoelastic if (Jij(x, t) is related to eij(x, t) by the following convolution 
integral: 

(22) 

or its inverse, 

St a(Jkl 
eij(x, t) = _ 00 Jijkl(X, t - r) ar (x, r) dr. (23) 

Gijkl is called the tensorial relaxation function. J ijkl is called the tensorial 
creep function. Note that the lower limit of integretion is taken as - 00, which 
is to mean that the integration is to be taken before the very beginning of 
motion. If the motion starts at time t = 0, and (Jij = eij = 0 for t < 0, then 
Eq. (22) reduces to 

rt aekl 
(Jij(x, t) = ekl(x, 0+ )Gijkl(X, t) + Jo Gijkl(X, t - r) ~ (x, r)dr, (24) 

where eij(x, 0 + ) is the limiting value of eij(x, t) when t -+ 0 from the positive 

* See Fung (1965), Solid Mechanics, p. 448 for details. 
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side. The first term in Eq. (24) gives the effect of initial disturbance: it arises 
from the jump of eij(x, t) at t = o. If the strain history contains other jumps 
at other instants of time, then each jump calls for an additional term similar 
to the first term in Eq. (24). 

2.12 Response of a Viscoelastic Body to Harmonic Excitation 

Since biological tissues are all viscoelastic, and since one of the simplest ways 
to experimentally determine the viscoelastic properties is to subject the 
material to periodic oscillations, we shall discuss this case in greater detail. 
Consider a quantity x, which varies periodically with frequency w (radians 
per second) according to the rule 

x = A cos(wt + cp). (1) 

This is a simple harmonic motion; A is the amplitude and cp is the phase angle. 
We may consider x to be the projection of a rotating vector on the real axis 
(see Fig. 2.12:1). Since a vector is specified by two components, it can be 
represented by a complex number. For example, the vector in Fig. 2.12:1 
can be specified by the components x = A cos(wt + cp) and y = A sin(wt + cp), 
and hence by the complex number x + iy. But 

ei(wt+q» = cos(wt + cp) + isin(wt + cp), (2) 

so the rotating vector can be represented by the complex number 

x + iy = Aei(wt+q» = Beirut, (3) 
where 

(3a) 

Equation (1) is the real part of Eq. (3), and the latter is said to be the complex 
representation of Eq. (1). B is a complex number whose absolute value is the 

x y 

L-~ ____ -k ____ ~X 

Figure 2.12: 1 Complex representation of a harmonic motion. 
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Figure 2.12:2 Vector sum oftwo simple harmonic motions of the same frequency. 

amplitude, and whose polar angle cp = arc tan (1m BjRI B) is the phase angle 
of the motion. 

The vector representation is very convenient for "composing" several 
simple harmonic oscillations of the same frequency. For example, if 

x = A1 cos(wt + CP1) + A2 cos(wt + CP2) = A cos(wt + cp), (4) 

then x is the real part of the resultant of two vectors as shown in Fig. 2.12:2. 
Now, if the force and displacement are harmonic functions of time, then 

we can apply complex representation. Let u = U eiwt. Then by differentiation 
with respect to t, we have Ii = iwUeiwt = iwu. In this case a differentiation 
with respect to t is equivalent to a multiplication by iw. Applying this result 
to Eq. (1) of Sec. 2.11, we obtain 

. iwF F 
lWU=-+-. (5) 

J-t '1 

This can be written in the form 

F = G(iw)u, (6) 

which is the same as 

(6a) 

where G(iw) is called the complex modulus of elasticity. In the case of the 
Maxwell body, 

(iW 1)-1 
G(iw) = iw j; + ~ . (7) 

In a similar manner, Eqs. (3), (7), (19), (20), (22), and (23) of Sec. 2.11 can all be 
put into the form of Eq. (6), and the complex modulus of each model can be 
derived. 

The complex modulus of elasticity of the Kelvin body (standard linear 
solid), corresponding to Eq. (7) of Sec. 2.11, is 
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Figure 2.12:3 The dynamic modulus of elasticity IGI and the internal damping tanb 
plotted as a function of the logarithm of frequency w for a standard linear solid. 

(8) 

Writing 
(9) 

where IGI is the amplitude of the complex modulus and b is the phase shift, 
we have 

(10) 

The quantity tan b is a measure of "internal friction." When IGI and tan bare 
plotted against the logarithm of w, curves as shown in Fig. 2.12: 3 are ob
tained. The internal friction reaches a peak when the frequency w is equal to 
(rare) -1/2. Correspondingly, the elastic modulus IGI has the fastest rise for 
frequencies in the neighborhood of(rare)-1/2. 

2.13 Use of Viscoelastic Models 

The viscoelastic models discussed in the previous sections are especially 
useful in biomechanics because biological tissues have viscoelastic features. 
In the laboratory, it is quite easy to determine the relaxation and creep curves. 
With suitable testing machines it is also easy to determine the complex 
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modulus of a material subjected to a periodic forcing function. The amplitude 
and phase angle of the complex modulus can be plotted with respect to the 
frequency of oscillation. Having determined these curves experimentally, we 
try to fit them with a model. If a model (i.e., a differential equation such as 
Eqs. (1), (3), or (7) of Sec. 2.11, or a complex modulus such as that given in 
Eq. (8) of Sec. 2.12) can be found whose relaxation, creep, hysteresis, and 
complex modulus agree with the experimental data, then the material tested 
can be described by this model. Each model contains only a few material 
constants (such as 111, J1.1' or ra , r., ER). The reams of experimental curves can 
then be replaced by a list of these material constants. Furthermore, the 
constitutive equation can then be used to analyze other problems concerned 
with the tissue. Many examples of such applications are presented in the 
chapters to follow. 

I am not sure who first drew the model diagrams and wrote down Eqs. (1), 
(3), and (7) of Sec. 2.11, but the work of the people to whom these models are 
attributed is well known. James Clerk Maxwell (1831-1879), one of the 
greatest theoretical physicists of all times, was born in Edinburgh. When he 
was appointed to the newly founded professorship of experimental physics in 
Cambridge in 1871, he set about to establish a laboratory to study mechanical 
properties of matter. The first object of interest was air. He felt that air is 
viscoelastic. He built a testing machine consisting of two. parallel disks 
rotating relative to each other to measure the viscosity of air. His mathemati
cal description of air is the Maxwell model of viscoelasticity. 

Woldemar Voigt (1850-1919) was a German physicist especially known 
for his work on crystallography. The Voigt model was named in his honor. 

William Thomson (Lord Kelvin), 1824-1907, was born in Belfast, Ireland. 
He was educated at home by his father, James Thomson, a professor of 
mathematics at Glasgow. In 1846 he himself became a professor in the 
University of Glasgow. In the period 1848-1851 Thomson worked on the 
dynamic theory of heat and formulated the first and second laws of thermo
dynamics, which reconciled the work of Carnot, Rumford, Davy, Mayer, and 
Joule. In connection with the second law, he searched for supporting evidence 
in irreversible processes that are revealed in the ,mechanical properties of 
matter. He tested metals, rubber, cork, etc., in the form of a torsional pendu
lum (using these materials as the torsional spring). When the pendulum was 
set in motion, the amplitude of its oscillations decayed exponentially, and the 
number of cycles required for the amplitude to be reduced to one-half of 
the initial value could be taken as a measure of the "internal friction" of the 
material. Kelvin found that the material behavior can be explained by a model 
system possessing a spring and a dash pot, in parallel with another spring. 

Thus, we see that these models were invented to correlate experimental 
data on real materials. Further generalization of these models, as is shown 
in Problems 2.12-2.16, may be necessary to correlate experimental data of a 
more complex nature. 
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The question of choosing the right model to fit the experimental data is an 
important one. Usually the first step is to compare the experimental curves of 
relaxation, creep, frequency response, and internal friction (complex modulus) 
with those of the theoretical models, such as those shown in Figs. 2.11: 3, 
2.11:4, and 2.12:3. If they look alike, then a curve fitting procedure can be 
used to determine the best constants. If the simple models cannot yield the 
desired features, then it would be necessary to consider generalized models, 
such as those listed in Problems 2.12-2.16 infra. Hints are often obtainable 
from the general character of the theoretical and experimental curves. For 
example, the generalized Kelvin or Voigt models of order n would have a 
relaxation function of the type 

(1) 

which contains n exponential functions. The creep functions would also 
contain n exponential functions. The imaginary part of the corresponding 
complex modulus of elasticity, representing the internal friction, would have 
n peaks in the frequency spectrum. The real part of the complex modulus, 
plotted with respect to frequency, would look like a staircase with n steps. If 
sU,ch were the features of the experimental curve, then a generalized linear 
viscoelastic model of order n is suggested. 

It often happens that many relaxation functions of the type of Eq. (1) can 
fit the relaxation data (because the determination of the constants c1 , C2· •• 

'r 1, 'r2 .•• is nonunique and multiple choices are possible). Similarly, many 
such functions can fit the creep data. Then a choice can be made by de
manding that the chosen model be the one that fits all the experimental data, 
including relaxation, creep, hysteresis, amplitude of the complex modulus, 
and the internal friction spectrum. An example of this is given in Sec. 7.6. 

It may happen that none of the models can fit all the experimental data. 
Then we may have to concede that the linearized viscoelasticity theory does 
not apply at all. 

2.14 Methods of Testing 

The ideal constitutive equations named above are abstractions of nature. 
The vast literature of fluid and solid mechanics is based principally on these 
idealized equations. Behavior of materials in the biological world usually 
deviates from these simple relationships. It is important to test the materials 
to determine how closely their mechanical behavior can he represented by 
simplified constitutive equations. 

Testing the mechanical properties of biological materials does not differ 
in principle from testing industrial materials, except possibly in three aspects: 
(1) it is seldom possible to get large samples of biological materials; (2) strict 
attention must be given to keep the samples viable and in a condition as 
close as possible to that in vivo; and finally (3), many materials are nonhomo-
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Figure 2.14:1 An Ostwald viscometer. 
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geneous. These special features usually call for special testiag methods and 
equipment. 

Biomechanical testing methods will be discussed throughout this book. 
Here, however, the classical topics of viscometry is discussed as an introduc
tion. 

One of the simplest methods for measuring fluid viscosity uses flow in 
a long circular cylindrical tube. A standard type, the Ostwald viscometer, 
is shown in Fig. 2.14: 1. It is known (see Eq. (8) of Sec. 3.3) that for a Newtonian 
fluid in a laminar (nonturbulent) flow in such a tube the coefficient of viscosity 
11 is related to the pressure gradient dp/dL, the volume rate of flow Q, and 
the tube radius R by the equation 

nR4 dp 
11 = 8Q dL' 

(1) 

If pressure is given in dyn/cm2, Land R in cm, and Q in cm3/s, then 11 is in 
dyn s/cm2, or poise. If pressure is given in N/m2, or Pascal, and length in m, 
then 11 is in N·s/m2• One poise equals 0.1 Ns/m2. To use Eq. (1) to calculate 11, 
one must make sure that the flow is laminar, and that the "end effect" is 
corrected for, i.e., instead of using P/L for dp/dL, where P is the difference of 
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Figure 2.14:2 A Couette viscometer. 

pressures at the ends and L is the length of the "capillary," one makes cor
rections for the anomaly at the ends, including the "kinetic energy correction" 
to allow for the effects of accelerations with the sudden change of radius of the 
vessel through which the fluid flows. An Ostwald viscometer may be used to 
test a non-Newtonian fluid (such as blood) to determine the "apparent" 
viscosity (see Sec. 5.2 for definition), but methods for correcting the end 
effects are often unknown for non-Newtonian fluids. 

Another viscometer is the Couette type, using flow between two coaxial 
cylinders. An example is shown in Fig. 2.14:2. The outer cylinder (radius R2 ), 

which contains the sample, is rotated at a constant angular speed w. The inner 
cylinder (radius Rd is suspended on a torsion wire centrally within the outer 
cylinder, so that the material to be tested fills the annular space between the 
cylinders. The viscosity of the liquid causes a torque to be transmitted to the 
inner cylinder which can be measured by a transducer. The shear rate is not 
constant across the gap, but the variation is small if the gap is small. The 
coefficient of viscosity for a Newtonian fluid in a Couette viscometer is given 
by the equation 

M(R~ -Ri) ,,= 4nwhR~R~ , (2) 

where M is the measured torque, h is the height ofthe inner cylinder immersed 
in the liquid, and w is the angular speed of the outer cylinder. 

For higher accuracy and smaller samples, one may use the cone-plate 
viscometer illustrated in Fig. 2.14:3. The sample occupies the conical space. 
When the plate rotates, the linear velocity increases with the radial distance; 
but since the gap also increases linearly with the radius, the shear rate remains 
constant throughout if the cone remains stationary. One might suppose that 
the magnitude of the cone angle would not matter; but, for rather complex 
hydrodynamic reasons, this is not the case, and very flat cones must be used. 



2.14 Methods of Testing 

Sample 

Mirror 

Light 
source 

Scale 

l!!ii~;;I::~:} Angle ii exaggerated 

Figure 2.14: 3 A cone-plate rheometer. 
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The Couette or cone-plate rheometers can be operated not only with a 
steady rotation at constant speed, but also in an oscillatory mode or in step 
changes. The lower cylinder, cone, or plate is caused to oscillate harmonically, 
and the torque response ofthe upper member can be recorded. The magnitude 
and phase relationship between the torque and shear rate will yield the 
complex modulus of a viscoelastic material (see Sec. 2.12). 

A general instrument called Weissenberg's "rheogoniometer" can be used 
either for rotation or for sinusoidal oscillation, and can operate with either 
coaxial cylinders or cone-plates. It can measure not only the torque, but also 
the normal force (the "upthrust") on the upper member. The upthrust, known 
as the "Weissenberg effect," occurs in certain non-Newtonian fluids when 
they are sheared. If such a fluid is sheared between two cylinders (in rotation) 
as in a Couette flow, the fluid will climb up the inner cylinder ifit is not totally 
immersed. The rheogoniometer measures such a thrust; hence, it measures 
forces "at all angles" (Greek, gonia, angle). 

There are other types of rheometers that measure complex moduli. In 
one of these a vertical rod is oscillated sinusoidally within a hollow cylinder 
containing the material. In another the material is placed between a spherical 
bob and a concentric hemispherical cup. A third one uses a tuning fork to 
drive an oscillatory rod in the fluid, either in axial motion or in lateral motion. 

Another popular method is that of a falling (or rising) sphere. In the 
simplest case, a metal or plastic sphere is timed as it falls or rises through a 
known distance in a liquid. If the liquid is opaque, the passage of the ball 
can be detected electromagnetically. If the fluid is Newtonian, and the con-
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tainer is much larger than the sphere, and if the Reynolds number is much 
smaller than 1, then the falling velocity is given by Stokes' formula 

2r2LJpg 
v =-:---

91'/ 

where v is the velocity off all, r is the radius of the sphere, Llp is the difference 
between the densities of the sphere and of the liquid, 1'/ is the coefficient of 
viscosity, and g is the gravitational constant. Unfortunately, this formula does 
not work if the Reynolds number (vrp/1'/) is greater than 1, and if the container 
is not very much larger than the sphere. In the case of a large Reynolds number 
or a small container, more complex hydrodynamic considerations must be 
given. Sometimes a sphere rolling or sliding down an inclined plane is used 
to determine the viscosity of the fluid; in such cases, careful corrections must 
be made for inertia effects around the sphere. Sometimes a falling sphere 
apparatus can be modified so that the sphere can be dragged sideways by a 
magnet. On release, the elastic recovery can be measured. 

In all cases of viscometry, it is absolutely necessary to have a thorough 
understanding of the hydrodynamics of the flow field. The distributions of 
velocity, pressure, and normal shear stresses must be known precisely. Other
wise one would not understand what is being measured. And this theoretical 
analysis has to be done for every hypothetical constitutive equation the fluid 
might be assumed to satisfy. This is why biomechanics is as much a theoretical 
subject as it is experimental. 

So far we have mentioned instruments for measuring viscosity or vis
coelasticity of fluids. For solid materials there are a number of commercial 
testing machines available. Generally, the specimen is clamped and stretched 
or shortened at a specific rate while the force and displacement are both 
recorded. For biological specimens, the usual problems of small size and the 
the necessity for keeping the specimen viable cause difficulty. Usually it is 
preferred that no measuring instrument should touch the specimen in the 
region where deformation is measured. 

A noncontact method for three-dimensional analysis of blood vessels 
in vivo and in vitro is shown in Fig. 2.14:4. The vessel is soaked in a saline 
bath at 37°C. The dimensions between markers in the longitudinal and 
circumferential directions are measured with two closed-circuit television 
cameras (TV) and two video dimension analyzers (VDA). By rotating the 
camera, any scene may be selected, and the image can be magnified to any 
size by introducing different lenses and extension tubes in the camera optics. 
At a given optical magnification, the resolution of the obtainable measure
ments is limited primarily by the TV camera. With a quality camera, reso
lution exceeding 0.1 % of full width of the screen is readily attainable. The 
VDA utilizes the video signal from the TV camera, and forms a DC voltage 
analog of the distance between two selected points in the scene. The optical 
density of the space between the two points must be sufficiently different from 
that of the surrounding space. Following acquisition, dimensional changes 
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Figure 2.14:4 A noncontact method for three-dimensional analysis of vascular elas
ticity in vivo and in vitro. From Fronek, K., Schmid-Schoenbein, G ., and Fung, Y. C. 
(1976) J. Appl. Physiol. 40, 634- 637. 

are automatically tracked. Since the image tube of a standard TV camera is 
scanned horizontally to form the video signal to be transmitted to the moni
tor, dimensions measured by an interposed VDA are synchronized along the 
horizontal axis. The resulting analog voltage, precalibrated in dimensional 
units of interest, can be displayed on a meter or strip-chart recorder. This 
noncontact type of optical dimension measurement makes it possible to 
select any portion of the specimen for study. Because the mechanical prop
erties are influenced by the mounting of the specimen, it is an additional 
advantage of this approach that a middle portion less influenced by the stress 
disturbances due to clamped ends can be selected for measurement. 

2.15 Mathematical Development of Constitutive Equations 

The most famous constitutive equations are the simplest : those of the non
viscous ideal fluid, the Newtonian viscous fluid, and the Hookean elastic solid. 
Then the linear laws of viscoelasticity were introduced by Maxwell, Voigt, and 
Thomson (Lord Kelvin), culminating in Boltzmann's formulation (see Sec. 
2.11). For finite deformation, the nonlinear relationship between strains and 
deformation gradients was recognized by Cauchy, Green, St. Venant, Almansi, 
and Hamel (see Sec. 2.4). Associated with finite deformation the strain rate 
tensor and stress rate tensors were defined, and nonlinear constitutive equa
tions for elastic, viscoelastic, and visco plastic materials were developed. Rivlin 
is certainly the one who provided the largest number of exact solutions to the 
nonlinear theory of elasticity ofthe Neo-Hookean and Mooney-Rivlin mate
rials, which have some resemblance to rubber. Trusdell's books and papers 
are most influential in establishing the rigor, vigor, and broad horizon of 
continuum mechanics in the 1950s-1960s. Also of great importance are the 
books of Green and Zerna, Green and Adkins and Eringen. The author's book 
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Foundations of Solid Mechanics (Fung, 1965) is an introduction to the classical 
theory. It contains references to the authors named above. 

For nonlinear viscoelastic behavior, Green and Rivlin (1957) and Green, 
Rivlin, and Spencer (1959) constructed a multiple integral constitutive equa
tion, which may be arranged as a series in which the nth term is of degree n 
in the strain components. Pipkin and Rogers (1968) constructed a multiple 
integral constitutive equation which is arranged in a series whose first term 
represents the result of a one-step test (the stress due to a step change of strain), 
and whose nth term represents a correction due to the nth step. In the 
meantime, non-Newtonian fluid mechanics developed along with the develop
ment of polymer plastics industry. See Bird et at. (1977). 

Until recently the constitutive equations of most biological tissues were 
unknown. Lack of this knowledge was the most important handicap to 
the development of biomechanics, because without constitutive equations 
boundary-value problems cannot be formulated, detailed analysis cannot be 
made, and predictions cannot be tested and evaluated. Borrowing from the 
existing continuum mechanics literature did not produce a good yield, 
because the best known materials like metals and rubbery materials seem to 
have few counterpart in living tissues as far as the mechanical properties are 
concerned. This is the reason for this book: to give an account of the 
mechanical properties of living tissues, consolidated in constitutive equations 
whenever possible. 

Problems 

2.1 Consider deformation of a body. Let the position of a point in the initial (unde
formed) configuration of the body be denoted by the position vector a, with com
ponents al> a2, a3 when referred to a set of rectangular cartesian coordinates. 
When the body deforms, the position of the point a is moved to x, with components 
Xl> X2, X3. Consider an infinitesimal line element da (a vector with components 
dal, da2, da3) in the initial configuration. This line element is transformed into 
dx(dxl>dx2,dx3) in the deformed configuration. Set down the definitions of 
strains as relationships between da and dx. 

2.2 A set of rectangular cartesian coordinates Xl, x 2 , X3 is changed into another set 
xi, X2' x;, through an orthogonal transformation: 

or 

X'l = flllX l + fl12 X2 + fl13 X3, 

X2 = fl21 X l + fl22X2 + fl23X3, 

X3 = fl31 X l + fl32X2 + fl33X3, 

(1) 

for short. How do the strain components ell' en, e33, el2, e23, e31 change when 
the deformation is referred to the new coordinates x~, X2, X3? Let the strain com
ponents referred to xi be denoted by eij • Write down the relationship between eij 

and eij' 
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Note: The simplest answer is obtained by recalling that strain is a tensor and 
thus obeys the tensor transformation law Eq. (2.2:7), i.e., 

2.3 Show that the following combinations of strain components el1, e22, en, e\2. e23. 
e31 do not change when the reference coordinates XI' X2, X3 are changed to X'I' 

x;, X3 through the orthogonal transformation 
xi = fJijXj. 

II = el1 + e22 + e33, 

12 = el1e22 - ei2 + e22e33 - e~3 + e33el1 - ei3, 

el1 e\2 e13 
13 = e21 e22 e23 . 

e31 e32 e33 

Note: The corresponding relationship for the stress tensor is given in The First 
Course of Continuum Mechanics, Fung (1993), Sec. 4.5. 

This result will be used in this book. So we give two examples of solution. 

Solution 1 
The simplest way is to identify I I' 12, 13 as the coefficients of the characteristic 

equation which is invariant: 

leij - ;.bijl = 0 

as is done in the First Course, See. 4.5. 

Solution 2 

(2) 

We use the fact that for an orthogonal transformation given by Eq. (1) the fJij 
matrix obeys the relation 

(3) 

where ( f denotes transpose, ( )-1 denotes inverse, and bij denotes Kronecker 
delta. See First Course, Sec. 2.4. 

Since Eq. (1) transforms eij into elj' then 

and II is invariant. To show I; = 12 , it is best to use the identity 

J2 = te;. - 12 = tIt - 12, 

where 

and elj is the strain deviator tensor 

Then, in the new coordinates, 

J2 = tfJikfJj,e~,fJimfJj.e~. 

= tbkm(j,.e~,e~. = te~.e~. = J2· 

(4) 

(5) 

(6) 

(7) 

(8) 
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Hence J2 is invariant. Then, by Eqs. (4) and (5), 12 is also invariant. Alternatively, 
one notes that, by Eq. (2.3: 19) 

(9) 

We have seen that ejj is invariant. Hence it is sufficient to show that eijeij is 
invariant. This can be done as in the above. For 13 , note that in matrix notation: 

(10) 

Hence, by taking the determinant of both sides, 

I; = le;jl = IflijlleijllNI = leijl = 13 (11) 

because Iflijl = l. 

2.4 Give definitions of principal strains and principal axes of deformations. Let el, e2, 
e3 be the principal strains. Show that the invariants II, 12, 13 named in Problem 
2.3 have the meaning 

II=el+e2+ e3, 

12 = ele2 + e2e3 + e3el, 
13 = ele2e3' 

What are the physical meanings of these invariants? Discuss especially the 
physical meaning of 11 ,12,13 when the strains eij are infinitesimal. Cf. First Course, 
Sec. 5.7. 

2.5 Consider a deformation as described in Problem 2.1. Let a line element da have 
components dal = dso• da2 = 0, da3 = 0, i.e., with length dSQ in the direction of 
the coordinate axis XI' When the body is deformed. the line element da hecomes 
dx (with components ds, 0, 0) whose length is ds. The ratio ds/dsQ is called the 
stretch ratio, and is denoted by ;'1' Show that the Green's strain component 
Ell is 

Ell = t(AI - 1). 

Similarly, the other two normal strain components are 

E22 = t(A~ - 1), 

where A2, A3 are stretch ratios referred to coordinate axes orthogonal to Xl' 

If the coordinate axes XI, X2, X3 were principal axes, then Ell, E22 , E33 are 
principal strains, and AI, A2, A3 are principal stretch ratios. Thus, it is seen that the 
three principal stretch ratios completely define the deformation ofa body, provided 
that the orientations of the principal axes are known. Cf. First Course, Sec. 5.6. 

2.6 Review tensor transformation laws. By direct substitution, show that the tensors 
OijOkl and 0ikO jl + OilOjk are isotropic. 

It can be shown (see First Course, Fung 1993, Chapter 8), that any isotropic 
tensor of rank 4 can be represented in the form 

AOiA,1 + J1,(ouA, + oAk) + V(OikOjl - oAk), 

where A, J1" v are scalars. Hence deduce that the generalized Hooke's law between 
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stress and strain, 

can be reduced to the form 

if the material is isotropic. 

2.7 Following the same reasoning as in Problem 2.6, show in detail that if stresses in a 
viscous fluid are a linear function of the strain rate, and if the fluid is isotropic, then 

lJij = - p(jij + A v..(jij + 21l V;j, 

where V;j is the strain rate tensor defined for a velocity field Vb V2, V3: 

V;j = ~ (aVi + aVj), 
2 aX j aX i 

and A and Il are numerical constants. 
Explain the meaning of the term p. Why is this term necessary for the constitu

tive equation of a fluid but is not required (see Problem 2.6) in the constitutive 
equation of an elastic solid? 

2.8 Derive Navier-Stokes equations for a Newtonian viscous fluid such as water. Cf. 
First Course, Sec. 11.1. 

2.9 Derive Navier-Stokes equations for a non-Newtonian viscous fluid such as 
blood. Cf. Sec. 3.2 infra. 

2.10 Although the no-slip boundary condition on a solid wall is well accepted for 
homogeneous Newtonian viscous fluids such as air, water, and oil; for particulate 
flow of fluids such as the blood, which contains cellular bodies to the extent of 
about 45% by volume, one wonders if the no-slip condition applies at the solid
fluid interface. Invent a method to investigate this problem. Design and sketch the 
apparatus needed for your investigation. Explain in detail why your method would 
be decisive. 

2.11 Under strain, an infinitesimal spherical region in the initial state is transformed 
into an ellipsoid in the deformed state. The principal axes of the ellipsoid are the 
principal axes ofthe strain. The ratios of the lengths of principal axes ofthe ellipsoid 
to the radius of the sphere are the principal stretches AI' A2, A3' The ratio of the 
volume of the infinitesimal body in the deformed state to that in the initial state is 

Express the volume ratio in terms of the principal strains E1, E2 , E3 , or e 1, e2, 

e3, or e1, e2, e3 defined in the senses of Green, Almansi, and Cauchy, respectively. 
Show that 

AiA~A~ = 813 + 412 + 211 + 1, 

where the 1's are the invariants given in Problems 2.3 and 2.4, with e standing 
for Green's strain. 
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2.12 Consider the generalized Kelvin model of a linear viscoelastic body as shown in 
Fig. P2.12:(a), where JI'S are spring constants and 1/'S are the viscosity coefficients 
of the dashpots. Derive (a) the differential equation relating the force F and 
displacement u, (b), the creep function, and (c), the relaxation function. 

The (n + 1 )th member 
'1.+1 

Jl.+ 1 

u.+ 1--<.0+1 .... ----u~+ 1----+1 

F F 

F. 

nmembers 

~I.---------U-------~·I 

(a) 

F 
U2-_1 I~'--U~ 

F 

(b) 

'1.+ 1 Jl. F---G::J-F 
(e) 

Figure P2.12 A generalized Kelvin body. 

Solution. A Kelvin body may be regarded as adding a Maxwell body (see 
Fig. 2.11: 1) in parallel with a spring. A generalized Kelvin body of order n is one 
that has n Maxwell bodies in parallel with a spring. See Fig. P2.12:(a). To derive 
the differential equation that governs the generalized Kelvin body, note first that 
if we write d/dt by the symbol D, then Eq. (7) of Sec. 2.11 can be written symbolically 
as 

where 

1/1 fl(D) = 1 +-D, 
JlI 

(1) 

(2) 



Problems 63 

This is the equation for a Kelvin body, or a generalized Kelvin body of order 1. 
We can also write Eq. (1) symbolically as 

F = gl(D) u. 
j~(D) 

(3) 

Now consider a generalized Kelvin body of order 2. This may be represented 
symbolically as in Fig. P2.12 : (b). Compare this with Fig. 2.11: 1. We see that they 
are the same if 110 is replaced by gl(D)/fl (D), and all subscripts I are replaced by 
subscript 2. Thus we can deduce its differential equation, 

(4) 

with 

f2(D) = fl(D) (I +2D), 

g2(D) = 91(D)(1 + :: D) + '1zil(D)D. 

(5) 

Finally, consider the generalized Kelvin body of order n + I as shown in Fig. 
P2.l2: (a). It is equivalent to the symbolic version shown in Fig. P2.12 : (c). Hence, 
we can readily write down its differential equation, 

(6) 

where 

fn+I(D) = fn(D) (I + '1n+1 D), 
Iln+1 

( '1n+ I) f. gn+ I(D) = gn(D) I + --- D + '1n + I n(D)D. 
Iln+1 

(7) 

2.13 Determine the complex modulus of elasticity of the generalized Kelvin body of 
order n when it is subjected to a periodic force of circular frequency OJ (rad/s). 

2.14 A generalized Maxwell body of order n is one that is composed of a spring and n 
Voigt bodies connected in series, as illustrated in Fig. P2.14. Determine the dif
ferential equation relating the force and displacement of such a body, and the 
appropriate initial conditions. Derive the complex modulus when the body is 
subjected to a periodic force of circular frequency OJ rad/s. 

foo�.I----------n members--------..... +I.------.~I 

Figure P2.14 A generalized Maxwell body. 

The (n + lith 
member 

F 

2.15 If Voigt models were put in series as shown in Fig. P2.1S, then since for the ith 
unit, F = Il jUj + '1/lj so that Uj = (11 + '1D) -I F, we have 
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Show that the model retains the undesirable feature of the Voigt model: a step 
displacement calls for an infinitely large force at the instant of step application. 
This feature is corrected by adding a spring as in the model shown in Fig. P2.l4. 

F'---i f---"F 

Figure P2.l5 Voigt models in series. 

F---i f---·F 

Figure P2.16 Maxwell models in parallel. 

2.16 Ifn Maxwell models are put in parallel as shown in Fig. P2.16, show that 

D 
F= I-----u. 

i~l DIlli + 111]i 

This system still has the feature ofa Maxwell model: a constant force will produce 
an infinitely large displacement u when time t ---> 'lJ. This difficulty can be corrected 
by adding a spring as in the Kelvin model. Compare Fig. P2.16 with Fig. P2.12. 

2.17 A Newtonian fluid flows in a long tube of rectangular cross section, which has a 
width wand a height h. Formulate the mathematical problm in the form of a 
differential equation for the axial velocity and the associated boundary condi
tions. Suggest an appropriate method of solution when w » h. 

You may wish to use such a rectangular tube to measure the fluid viscosity 
instead of the circular tube illustrated in Fig. 2.14: 1. Give a formula to compute 
the coefficient of viscosity. 

Note: You will have to solve a partial differential equation known as the 
Poisson's equation. 

2.18 Consider a Couette viscometer (Fig. 2.14:2). Derive an equation to compute the 
coefficient of viscosity from the measured torque, the angular speed, and the 
dimensions of the viscometer. Suitable simplifying assumption based on the 
narrowness of the gap is acceptable. 
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2.19 Consider a cone-plate viscometer (Fig. 2.14: 3). Do the same as in Problem 2.18. 
You may assume that the cone angle is small. 

2.20 Whole blood is suspected to be viscoelastic. Design some experiments to reveal 
the viscoelastic properties of blood. 

2.21 Consider a Maxwell body specified in Sec. 2.11, Fig. 2.11: 1. Let it be subjected 
to a cycle of stretching and returning to the original position according to the 
history: 

u=uo+ct 

= Uo - c(t - tm ) 

for 

for 

0::; t::; tm , 

tm ::; t ::; 2tm· 

Compute F as function of time. Find the area of the loop when F is plotted against 
u. The hysteresis is the ratio of the area of the loop divided by the area under the 
loading curve. What is the hysteresis of a Maxwell body? 

2.22 What are the hysteresis characteristics of the Voigt and Kelvin bodies? See 
Problem 2.21. 
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CHAPTER 3 

The Flow Properties of Blood 

3.1 Blood Rheology: An Outline 

Blood is a marvelous fluid that nurtures life, contains many enzymes and 
hormones, and transports oxygen and carbon dioxide between the lungs and 
the cells of the tissues. We can leave the study of most of these important 
functions of blood to hematologists, biochemists, and pathological chemists. 
For biomechanics the most important information we need is the constitutive 
equation. 

Human blood is a suspension of cells in an aqueous solution of electrolytes 
and nonelectrolytes. By centrifugation, the blood is separated into plasma 
and cells. The plasma is about 90% water by weight, 7% plasma protein, 1 % 
inorganic substances, and 1 % other organic substances. The cellular contents 
are essentially all erythrocytes, or red cells, with white cells of various cate
gories making up less than 1/600th of the total cellular volume, and platelets 
less than 1/800th of the cellular volume. Normally, the red cells occupy about 
50% of the blood volume. They are small, and number about 5 million/mm3. 

The normal white cell count is considered to be from 5000 to 8000/mm3, and 
platelets from 250000 to 300 OOO/mm 3 • Human red cells are disk shaped, with 
a diameter of7.6 Jlm and thickness 2.8 Jlm. White cells are more rounded and 
there are many types. Platelets are much smaller and have a diameter of about 
2.5 Jlm. 

If the blood is allowed to clot, a straw-colored fluid called serum appears 
in the plasma when the clot spontaneously contracts. Serum is similar to 
plasma in composition, but with one important colloidal protein, fibrinogen, 
removed while forming the clot. Most of the platelets are enmeshed in the clot. 

The specific gravity of red cells is about 1.10; that of plasma is 1.03. When 
plasma was tested in a viscometer, it was found to behave like a Newtonian 
viscous fluid (Merrill et aI., 1965), with a coefficient of viscosity about 1.2 cP 

66 
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Figure 3.1:1 The viscosity-shear rate relations in whole blood (o-oj, defibrinated blood 
(x --- x), and washed cells in Ringer soluion (0---0), at 45% and 90% red cell volume 
concentrations. From Chien et al. (1966), by permission. 

(Gregersen et al., 1967; Chien et a!., 1966, 1971). When whole blood was tested 
in a viscometer, its non-Newtonian character was revealed. Figure 3.1: 1 shows 
the variation of the viscosity of blood with the strain rate when blood is tested 
in a Couette-flow viscometer whose gap width is much larger than the diame
ter of the individual red cells. For the curves in Fig. 3.1: 1, the shear rate y is 
defined as the relative velocity of the walls divided by the width of the gap. 
The viscosity of blood varies with the hematocrit, H, the percentage of the 
total volume of blood occupied by the cells. It varies also with temperature 
(see Fig. 3.1: 2) and with disease state, if any. 

There is a question about what happens to the blood viscosity when the 
strain rate is reduced to zero. Cokelet et a!. (1963) insist that the blood has a 
finite yield stress. They say that at a vanishing shear rate the blood behaves 
like an elastic solid. They deduced this conclusion on the basis that their 
torque measuring device had a rapid response, and could be used to measure 
transient effects. They studied the time history of the torque after the rotating 
bob had been stopped suddenly, and compared the transient response for 
blood with that for a clay suspension, which is known to have a finite yield 
stress. They showed that the values deduced from this experiment agreed 
within a few percent with those obtained by extrapolation of the Casson plot 
as shown in Fig. 3.1: 3. Merrill et a!. (1965a) also used a capillary viscometer 
to see if blood in a capillary could maintain a pressure difference across the 
tube ends without any detectable fluid flow. Such a pressure difference was 
detected and found to agree with the yield stress determined by Cokelet's 
method. 
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Figure 3.1: 2 The variation of the viscosity of human blood with shear rate ~. and 
temperature for a male donor, containing acid citrate dextrose, reconstituted from 
plasma and red cells to the original hematocrit of 44.8. From Merrill et al. (1963a, p. 206), 
by permission. 
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Figure 3.1:3 Casson plot of very low shear rate data for a sample of human blood at 
a temperature of25"C. Range oflinearity decreases as the hematocrit increases. Plasma 
is Newtonian. Data from Cokelet et al. (1963), by permission. 



3.1 Blood Rheology: An Outline 69 

SHEAR RATE (sec-I) 

0.010.1 
1.0 -rI...&..1.-~--L------'-----r-1.0 

N 

~ ~ 0.8 c::: 
>. 
"0 

." 0.6 

." 
w 
0: .... 0.4 ." 

0: 0.1 

'" w 0.2 
:t 
ell 0.0 

0 
0 2 3 

ISHEAR RATE (Jsec-I ) 

Figure 3.1:4 Casson plot for whole blood at a hematocrit of 51.7 (temp. = 37°C), 
according to Chien et al. (1966), by permission. 

It must be understood that by "existence" of a yield stress is meant that no 
sensible flow can be detected in a fluid under a shearing stress in a finite inter
val of time (say, 15 min). The difficulty of determining the yield stress of blood 
as i' -+ 0 is compounded by the fact that an experiment for very small shear 
rate is necessarily a transient one if that experiment is to be executed in a 
finite interval of time. For blood the analysis is further complicated by the 
migration of red cells away from the walls ofthe viscometer when y is smaller 
than about 1 s - 1. Cokelet's analysis takes these factors into account, and 
requires considerable manipulation ofthe raw data (see Cokelet, 1972). If the 
maximum transient shear stress reached after the start of an experiment at 
constant shear rate is plotted directly with respect to the nominal shear rate, 
the result appears as shown in Fig. 3.1 : 4 by Chien et al. (1966). The differences 
between the plots of Figs. 3.1 : 3 and 3.1: 4 are caused mainly by the data 
analysis procedures, and partly reflect the dynamics of the instrument as well 
as that of the blood state. 

The data of Cokelet et al. for a small shear rate, say y < 10 S-l, and for 
hematocrit less than 40%, can be described approximately by Casson's (1959) 
equation 

(1) 

where L is the shear stress, y is the shear strain rate, Ly is a constant that is 
interpreted as the yield stress in shear, and '1 is a constant. The fitting of this 
equation to experimental data can be seen in Fig. 3.1 : 3, from which it is 
clear that for hematocrit below 33% the experimental data points fall quite 
accurately on straight lines. For higher hematocrit (39% and above), devia
tions from straight lines are more evident. The yield stress Ly given by Merrill 
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Figure 3.1: 5 Variation of the yield stress of blood from five different donors with 
hematocrit. Tests on samples with hematocrits less than the applicable abscissa inter
cept showed no yield stress. From Merrill et al. (1963a), by permission. ACD was used 
as anticoagulant. 

et al. (1963) is shown in Fig. 3.1 :5. Note that Ty is very small: of the order 
of 0.05 dyn/cm2 , and is almost independent of the temperature in the range 
1O-37c C. Ty is markedly influenced by the macromolecular composition of 
the suspending fluid. A suspension of red cells in saline plus albumin has 
zero yield stress; a suspension of red cells in plasma containing fibrinogen 
has a finite yield stress. 

At high shear rate, whole blood behaves like a Newtonian fluid with a 
constant coefficient of viscosity, as is seen in Fig. 3.1: 1. In other words, 
for sufficiently large values of y we have 

T = I1Y or J! = J/iJi, 11 = const. (2) 

As the shear rate y increases from 0 to a high value, there is a transition 
region in which the stress-strain rate relation changes from that described 
by Eg. (1) to that described by Eg. (2). This is illustrated in Fig. 3.1 :6. with 
data from Brooks et al. (1970). The part of the data to the right of the dashed 
curve belongs to the Newtonian region, described by Eg. (2); straight regres
sion lines pass through the origin. The part to the left of the dashed curve 
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Figure 3.1:6 Casson plot of higher shear rate rheological data for a blood with ACD 
anticoagulant. The actual data points for plasma and the 8.25% hematocirt red cell 
suspension are not shown for clarity; these fluids appear to be Newtonian. Viscometer 
surfaces were smooth. From Cokelet (1972), by permission. 

is the non-Newtonian region. The range of validity of Eq. (1) is smaller for 
higher hematocrit, and the transition region from Eq. (1) to Eq. (2) is larger 
for higher hematocrit. For hematocrit below 40% at 37°C, Eqs. (1) and (2) 
can be assumed to merge smoothly. 

This outline shows the major features of blood flow in a viscometer of 
the Couette-flow type. The width of the channel in which blood flows in 
these testing machines is much larger than the diameter of the red blood 
cells. The blood is considered as a homogeneous fluid. This is a reasonable 
way to look at the blood when we analyze blood flow in large blood vessels. 
But all our blood vessels are not so large. In the human body there are 
about 1010 blood vessels whose diameter is about the same as that of the 
red blood cells, ranging from 4 to 10 j.lm. These are called the capillary 
blood vessels. When blood flows in capillary blood vessels, the red cells 
have to be squeezed and deformed, and move in single file. In this case, then, 
it would be more useful to consider blood as a nonhomogeneous fluid, of 
at least two phases, one phase being the blood cells, the other being the 
plasma. Between large arteries and veins and the capillaries there are blood 
vessel of varying diameters. At what level can we regard blood as homo
geneous? This is a question whose answer depends on the fluid mechanical 
features that one wishes to examine. Flow of blood in microvessels has 
many unique features, which will be discussed in Chapter 5. 



72 3 The Flow Properties of Blood 

In the present chapter, we shall first put the experimental results in a 
form suitable for further analysis. The problem of blood flow in a circular 
cylindrical tube will be discussed. We shall then turn to the question why 
blood viscosity behaves the way it does. Through this kind of examination, 
we will gain some understanding of blood rheology in states of health or 
disease. We shall conclude this chapter with a discussion of blood coagula
tion and medical applications of blood rheology. 

3.2 The Constitutive Equation of Blood Based on 
Viscometric Data and Casson's Equation 

Blood is a mixture of blood plasma and blood cells. The mixture, when tested 
in viscometers whose characteristic dimension is much larger than the charac
teristic size of the blood cells, yields the data outlined in Sec. 3.1. In these 
viscometers, and, by implication, in large blood vessels whose diameters are 
much larger than the characteristic size of the blood cells, blood may be treated 
as a homogeneous fluid. The mechanical properties of the mixture as a 
homogeneous fluid can be described by a constitutive equation. In this section, 
such a constitutive equation based on the viscometric data outlined in Sec. 
3.1 is formulated as an isotropic and incompressible fluid. The assumption of 
isotropy is motivated by the idea that when the shear stress and shear strain 
rate are zero, the blood cells have no preferred orientation. The assumption 
of incompressibility is based on the fact that, in the range of pressures con
cerned in physiology, the mass densities of the plasma, the cells, and the 
mixture as a whole are unaffected by the pressure. 

The rheology of blood revealed in Sec. 3.1 differs from that of a Newtonian 
fluid only in the fact that the coefficient of viscosity is not a constant. The 
constitutive equation of an isotropic incompressible Newtonian fluid is 

(1) 

where 

(2) 

Here (iij is the stress tensor, V;j is the strain-rate tensor, Ui is the velocity 
component, bij is the isotropic tensor or Kronecker delta, p is the hydrostatic 
pressure, and J1 is a constant called the coefficient of viscosity. The indices 
i, j range over 1,2,3, and the components of the tensors and vectors are 
referred to a set of rectangular cartesian coordinates Xl,X2,X3' The sum
mation convention is used, so that a repetition of an index means summation 
over the index, e.g., V;i = Vll + V22 + V33 • Note the factor t in our definition 
of strain rate in Eq. (2). This definition makes V;j a tensor. In older books, 
shear rate is defined as twice this value. Thus y of Fig. 3.1: 1 is equal to 2V12 

if the coordinate axes Xl' x2 point at directions parallel and perpendicular to 
the wall, respectively. 
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Blood does not obey Eq. (1) because J1. is not a constant. J1. varies with the 
strain rate. Thus blood is said to be non-Newtonian. Similar experiments do 
verify, however, that normal plasma alone is Newtonian. Therefore the non
Newtonian feature of whole blood comes from the cellular bodies in the blood. 

How can we generalize the Newtonian equation (1) to accommodate the 
non-Newtonian behavior of blood? What guidance do we have? 

The most important principle we learned from continuum mechanics is 
that any equation must be tensorially correct, i.e., every term in an equation 
must be a tensor of the same rank. Thus, if we decide to try an equation of 
the type of Eq. (1) for blood, under the assumption that its mechanical 
behavior is isotropic, then J1. is a scalar, i.e., J1. must be a scalar function of the 
strain rate tensor V;j. Now, V;j is a symmetric tensor of rank 2 in three 
dimensions. It has three invariants which are scalars. Hence the coefficient of 
viscosity J1. must be a function of the invariants of V;j. These invariants are: 

11 = Vll + V22 + V33 , 

12 = IVll V21 
V121 + IV22 
V22 V32 

V231 + IV33 
V33 V!3 

V311 
Vll ' 

Vll V12 V13 
(3) 

13 = V21 V22 V23 · 
V31 V32 V33 

See the author's First Course, 3rd edn., Chapter 5. But we have assumed blood 
to be incompressible; hence I I vanishes. But when I I = 0, 12 is negative valued, 
and it is more convenient to use a positive-valued invariant J2 defined by 

(4) 

Hence J1. must be a function of J2 and 13 , From Eq. (4) it is seen that J2 is 
directly related to the shear strain rate. For example, if VI2 is the only non
vanishing component of shear rate, then J 2 = vi 2' From experiments 
described in Sec. 3.1 we know that the blood viscosity depends on the shear 
rate, hence on J 2' Whether it depends on 13 or not is unknown because in 
most visco metric flows (e.g., Couette, Poiseuille, and cone-plate flows, see 
Sec. 2.14) 13 is zero. Thus, we assume that J1. is a function of J 2 and propose 
the following constitutive equation for blood when it flows: 

(5) 

Let us now compare this proposal with experimental results. For the 
simple shear flow shown in Fig. 2.7:1 in Sec. 2.7, we have the shear rate 

. v 1 (av 1 av2 ) 
y = h= 2'2 aX2 + aXI = 2V12 • (6) 

(Note the factor of 2 due to the difference in the old and the tensorial de-
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finition of strain rate as remarked previously.) In this case, all other com
ponents Vij vanish, and 

J2 = Vi2' (7) 

so that from Eq. (6), 
!t! = 2J];, (8) 

whereas from Eq. (5), we have the shear stress 

0' 12 = 2Jl(J 2)V12 = Jlt· (9) 

It is shown in Sec. 3.1 that in steady flow in larger vessels, the experimental 
results may be expressed in Casson's equation, Eq. (1) of Sec. 3.1, 

0'12 = [F, + ~]2 (10) 

in a wide range of y. Comparing Eqs. (9) and (10), we see that 

[F, +~y 
Jl = !y! (11) 

Thus, we conclude that the constitutive equation for blood is, in the range of 
y when blood flows, 

(12a) 
where 

(12b) 

Equation (12) is valid when J 2 =I- 0 and sufficiently small. On the other 
hand, when J 2 is sufficiently large, the experimental results reduce to the 
simple statement that Jl = constant, so that Eq. (1) applies. The point of 
transition from Eqs. (12a,b) to the Newtonian equation, Jl = constant, 
depends on the hematocrit, H (the volume fraction of red blood cells in whole 
blood). For normal blood with a low hematocrit, H = 8.25%, Jl was found to 
be constant over the entire range of shear rate from 0.1 to 1000 s - 1. When 
H = 18%, the blood appears to be Newtonian when y > 600 s - 1, but obeys 
Eq. (12) for smaller y. For higher H the transition point increases to y ~ 
700 S-I. See Fig. 3.1:6. 

The flow rule must be supplemented by another stress-strain relation when 
the blood is not flowing, i.e., when Vij = O. We know so little about the 
behavior of blood in this condition, however, that only a hypothetical con
stitutive equation can be proposed. A Hooke's law, lOr example, may be 
suggested when there is no flow, because the stress and strain are both very 
small. (The "yielding stress," "Y' in Eq. (11) or (12), is only of the order of 
0.05 dyn/cm2 • The weight ofa layer of water 1 mm thick, spreading over 1 cm2, 

produces a compressive stress of 100 dyn/cm2 !) For a complete formulation, 
we need another condition, the "yielding condition," to define at what stress 
level flow must occur. In the theory of plasticity, the yielding condition is often 
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stated in terms of the second invariant of the stress deviation, defined as 

(13) 
where 

(14) 

Flow or yielding occurs when J2 exceeds a certain number K. Thus: 

V·= 1 { 
0 if J2 < K'} 

'J 2/1 l1;j if J2 ~ K. 
(15) 

The stress-strain law when there is no flow, the yielding condition, and the 
flow rule together describe the mechanical behavior of the blood. 

3.2.1 Other Aspects of Blood Rheology 

Actually the rheological properties of blood are more complex than what 
is portrayed above. If blood is tested dynamically, it can be made to reveal 
all features of viscoelasticity. Furthermore, the viscoelastic characteristics 
of blood change with the level of strain and strain history; hence it is thixo
tropic. These complex properties are probably unimportant in normal 
circulatory physiology, but can be significant when one tries to use blood 
rheology as a basis of clinical applications to diagnosis of diseases, pathology, 
or biochemical studies. 

3.2.2 Why Do We Need the General Constitutive Equation? 

We have obtained, with some effort in theoretical reasoning, a constitutive 
equation for blood that is consistent with our experimental knowledge. 
Why is this complicated constitutive equation needed? The answer is that 
although the simple Casson equation, Eq. (1) of Sec. 3.1, suffices in the 
analysis of simple problems in which the strain rate tensor can be calculated 
a priori (without using the constitutive equation), in more complex problems 
it is insufficient. Casson's equation is all we need in analyzing Poiseuille 
and Couette flows, for which the shear stress and strain distributions are 
known from statics and kinematics. But if we wish to analyze the flow of 
blood at the point of bifurcation of an artery into two branches, or the flow 
through a stenosis, or tb.e flow in aortic sinus, etc., the stress and strain 
rate distributions are not known. To analyze these problems, it is necessary 
to write down the general equations of motion based on an appropriate 
constitutive equation and solve them. For these problems the general con
stitutive equation is necessary. 
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Figure 3.3: 1 Velocity profiles in a steady laminar flow into a circular cylindrical tube. 

3.3 Laminar Flow of Blood in a Tube 

Let us consider the flow of blood in a circular cylindrical tube. We shall 
assume the flow to be laminar, that is, not turbulent. We shall also assume that 
the tube is long and the flow is steady, so that the conditions of flow change 
neither with the distance along the tube, nor with the time. Under these 
assumptions we can analyze the flow with a simple ad hoc approach, which 
is presented below. 

We shall use polar coordinates for this problem. The polar axis coincides 
with the axis of the cylinder. See Fig. 3.3: 1. The flow obeys Navier-Stokes 
equations of motion of an incompressible fluid. The boundary condition is 
that blood adheres to the tube wall (the so-called no-slip condition). Since the 
boundary condition is axisymmetric, the flow is also axisymmetric and the 
only nonvanishing component of velocity is u(r) in the axial direction; u(r) is a 
function of r alone, and not of x. Isolate a cylindrical body of fluid of radius r 
and unit length in the axial direction, as shown in Fig. 3.3: 2(a). This body is 
subjected to a pressure Pion the left-hand end, P2 on the right-hand end, and 
shear stress 't on the circumferential surface. Since Pl - P2 = -1 . (dp/dx) 
acts on an area nr2, and 't acts on an area 1 . 2nr, we have, for equilibrium, 
the balance of forces 

or 

dp 
't . 2nr = -nr2-

dx' 

r dp 
't= ---

2dx 
(Stokes, 1851). 

This important result is shown in Fig. 3.3:2(b). 

(1) 

Now we must introduce a constitutive equation that relates the shear 
stress 't to the velocity gradient. Let us first consider a Newtonian fluid. 

3.3.1 A Newtonian Fluid 

By the definition of Newtonian viscosity, we have 

du 
't = -}l dr (2) 
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Figure 3.3:2 Steady flow in a long circular cylindrical pipe. (a) A free-body diagram 
of a centrally located element on which pressure and shear stresses act. (b) Relationship 
between the shear stress t and the radial distance r from the axis of symmetry. 

A substitution of Eq. (2) into Eq. (1) yields 

du r dp 
dr 2J.l dx· 

(3) 

Since the left-hand side is a fUnction of r, the right-hand side must be also. 
Hence dp/dx cannot be a function of x. But since the fluid does not move in 
the radial direction, the pressures in the radial direction must be balanced, 
and p cannot vary with r. Hence the pressure gradient dp/dx must be a 
constant. Therefore, we can integrate Eq. (3) to obtain 

r2 dp 
u = 4J.l dx + B, (4) 

where B is an integration constant. B can be determined by the boundary 
condition of no-slip: 

u = 0 when r = a. (5) 

Combining Eqs. (4) and (5) yields the solution 

1 2 2 dp u =- -(a - r)-
4J.l dx' 

(6) 

which shows that the velocity profile is a parabola, as sketched in Fig. 3.3: 1. 
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The rate of flow through the tube can be obtained by integrating velocity 
times area over the tube cross section: 

a=~tw~ m 
On substituting Eq. (6) into Eq. (7), we obtain the well-known formula 

a = - na4 dP. (8) 
8J1. dx 

A division of the rate of flow by the cross-sectional area of the tube yields 
the mean velocity of flow, 

(9) 

3.3.2 Blood, with Viscosity Described by Casson's Equation 

If we compute the shear strain rate of the fluid at the tube wall, using the 
formulas obtained above for a Newtonian fluid, we obtain 

~~Ir=a 
1 a dp 

from Eq. (3) or (6), (10) 
2 J1.dx 

or 

~~Ir=a 
4um 

from Eqs. (3) and (9). (11) =--
a 

If physiological data on Urn' a, J1., and dp/dx are substituted into Eqs. (10) and 
(11), we find that y (= -du/dr at r = a) ranges from 100 to 2000 sec- 1 in 
large and small arteries, and 20 to 200 sec -1 in large and small veins. Thus in 
the neighborhood of the blood vessel wall, the shear rate is high enough for 
the Newtonian assumption to be valid for normal blood. Toward the center 
of the tube, however, the shear gradient tends to zero, and the non
Newtonian feature of the blood will become more evident. 

Let us assume that the blood is governed by Casson's equation, Eq. (1) of 
Sec. 3.1 or Eq. (12) of Sec. 3.2. We assume that the flow is laminar, uniaxial, 
axisymmetric, and without entrance effect (far away from the ends of the 
tube). 

Equation (1) is valid for any fluid, hence for blood. The shear stress acting 
on any cylindrical surface (r = const.) is proportional to r, as shown in 
Fig. 3.3:2 and reproduced in Fig. 3.3:3. On the wall, the shear stress is "C w • At a 
certain point on the stress axis it is "C y , the yield stress. This corresponds to a 
radius r" shown on the horizontal axis. If the shear stress is smaller than the 
yield stress, that is, "C < "Cy or r < r" the blood will not flow. If it moves at all 
it would have to move like a rigid body. Therefore, the velocity profile 
depends on the relative magnitude of "C y and "Cw • Now, by Eq. (1), 
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Figure 3.3: 3 The relationship between shear stress and radial distance in a steady pipe 
flow. The shear stress reaches the yields stress of blood Ty at radial distance re' 

adp 
, = -~-

w 2dx' (12) 

Therefore, if 'y > 'w, i.e., 'c > a, then there is no flow: 

u = 0 when 
dp 2,y 

--<-. 
dx a (13) 

(14) 

then the velocity profile of the flow will be like that sketched in Fig. 3.3: 4. 
In the core, r < rC' the profile is flat. Between rc and a, Casson's equation 
applies: 

(15) 

1J is called Casson's coefficient of viscosity. Taking the square root of Eq. (1) 
and using Eg. (15), we obtain 

Solving for y, we have 

mdP r:. --~= r:r + IJ1 v Y. 2 dx V'y V'I 

- du = y = ~(J _~ dp _ Jr.)2 
dr 1J 2 dx Y 

(16) 

(17) 
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Figure 3.3: 4 The velocity profile of laminar flow of blood in a long circular cylindrical 
pipe. 

Integrating this equation and using the no-slip boundary condition u = 0 
when r = a, we have 

- - dr = Ul r - Ul a = - - - - - JT dr, fa du 1 fa (m" dp )2 
r dr 1] r 2 dx Y 

(18) 

or 

1 dp 
u = - 41] dx [a2 - r2 - ~r~/2(a3/2 - r3/2) + 2rc(a - r)] for (rc ::; r::; a). (19) 

At r = r" the velocity u becomes the core velocity uc : 

1 dp 
u = -- - (a 2 - fi rl/2a3/2 + 2r a - 1.r2) 

c 41] dx 3 c c 3 c 

1 dp r= ~ 3 r= 1 ~ 
- 41] dx (va - vrc) (va + 3V rc)· (20) 

And for all values of r between 0 and r" 

(21) 

The velocity distribution is given by Eqs. (19) and (21) ifrc < a, i.e., ifEq. (14) 
applies; whereas the flow is zero if the inequality sign in Eq. (14) is reversed. 

We can now find the rate of volume flow by an integration: 

Q = 2n f: urdr. (22) 

Using Eqs. (13), (19), and (21) for appropriate ranges of pressure gradient 
and radius, we obtain 

Q = na4[_ dp _ 16(2Ty)1/2(_ dP)1/2 + ~(2TY) _ ~(2Ty)4(_ dP)-3] 
81] dx 7 a dx 3 a 21 a dx 

(23) 
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if dp/dx > (2ry/a); whereas 

if _ dp < 2ry • 

dx a 

If we introduce the notation 

then Eq. (23) can be written as 

where 

. na4 dp 
Q = ---F(~), 

81] dx 

81 

(24) 

(25) 

(26) 

(27) 

Equation (26) is similar to Poiseuille's law, but with a modifying factor F(~). 
These results were obtained by S. Oka (1965, 1974). Figure 3.3: 5 gives Oka's 
graph of F(~) vs. ~. It is seen that the flow rate decreases rapidly with 
increasing ~. For ~ > 1, there is no flow, and Q = O. Oka also obtained the 
interesting result shown in Fig. 3.3: 6, that if one plots the square root of Q 
vs. the square root of the pressure gradient, one obtains a curve that resembles 
the flow vs. shear stress curve of a Bingham plastic material (see Problem 
3.17, p. 97). Taking the square root on both sides of Eq. (26), expanding 
the square root of F(~) in a power series of ~1/2, and retaining only the first 
power, one obtains the asymptotic equation 

( 4)1/2 ( d )1/2 
Q1/2 = ~~ - d~ (1 - ;~1/2) 

1.0 

0.8 

(28) 

Figure 3.3: 5 The function F(~) from Eq. (37) of Sec. 3.5, which is the ratio of the flow 
rate in a tube of a fluid obeying Casson's equation to that of a Newtonian fluid with the 
same Casson viscosity. The variable ~ is inversely proportional to the pressure gradient; 
see Eq. (36) of Sec. 3.5. From Oka (1974), by permission. 
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O~--------------JP,~~~~~JP,~~~-L------------JAP 

Figure 3.3: 6 The relationship between y Q and y LJp; Q is the flow rate of a fluid obeying 
Casson's equation, and LJp is the pressure gradient. From Oka (1974), by permission. 

where Pc = 2Ty/a. This is plotted as the dotted line in Fig. 3.3:6. The solid 
curve is the exact solution. The dotted line is an asymptote whose slope is 

( na4)1/2 
tant/J= - . 

81] 
(29) 

These results give complete information on the laminar flow of blood in 
circular cylindrical tubes. 

3.4 Speculation on Why Blood Viscosity Is the Way It Is 

Since normal plasma is Newtonian, there is no doubt that the non-Newtonian 
features of human blood come from blood cells. How the red blood cells move 
when blood flows is the central issue. 

It has been known for a long time (Fahraeus, 1929) that human red blood 
cells can form aggregates known as rouleaux (Fig. 3.4: 1), whose existence 
depends on the presence of the proteins fibrinogen and globulin in plasma. 
(Bovine blood does not form rouleaux.) The slower the blood flows, or rather, 
the smaller the shear rate, the more prevalent are the aggregates. When the 
shear rate tends to zero, it is speculated that human blood becomes one 
big aggregate, which then behaves like a solid. A solid may be viscoelastic or 
visco plastic. If the blood aggregate behaves as a plastic solid, then a yield 
stress exists which can be (but does not have to be) identified with the constant 
Ty in Casson's equation [Eq. (1) of Sec. 3.lJ. 
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Figure 3.4:2 Logarithmic relation between relative apparent viscosity and shear rate 
in three types of suspensions, each containing 45% human RBC by volume. Suspending 
medium (plasma) viscosity = 1.2 cP (= 1.2 X 10-3 N s m- 2 ). NP = Normal RBC in 
plasma; NA = normal RBC in 11% albumin; HA = hardened RBC in 11% albumin. 
From Chien (1970), by permission. 

When the shear rate increases, blood aggregates tend to be broken up, 
and the viscosity of blood is reduced. As the shear rate increases further, 
the deformation of the red cells becomes more and more evident. The cells 
tend to become elongated and line up with the streamlines. This further 
reduces the viscosity. The effects of aggregation and deformation of the red 
cells are well illustrated in Fig. 3.4:2, from Chien (1970). In this figure, the 
line NP refers to normal blood. The line NA refers to a suspension of normal 
red blood cells in an albumin-Ringer solution that does not contain fibrin
ogen and globulins. The tendency toward rouleaux formation was removed 
in the latter case, and it is seen that the viscosity of the suspension was 
reduced, even though the viscosity of the albumin-Ringer solution was ad
justed to be the same as that of the plasma of the NP case. The third curve, 
HA, refers to a suspension of hardened red blood cells in the same albumin
Ringer solution. (Red cells can be hardened by adding a little fixing agent 
such as glutaraldehyde to the solution.) Hence the difference between the NP 
and NA curves indicates the effect of cell aggregation, whereas that between 
NA and HA indicates the effect of cell deformation. 

The amazing fluidity of human blood is revealed in Fig. 3.4:3, in which 
the viscosity of blood at a shear rate> 100 s -1 (at which particle aggregation 
ceased to be important) is compared with that of other suspensions and 
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Figure 3.4: 3 Relative viscosity of human blood at 25°C as a function of red cell volume 
fraction, compared to that of suspensions of rigid latex spheres, rigid disks, droplets, 
and sickled erythrocytes, which are virtually nondeformable. From Goldsmith (1972b), 
by permission. 

emulsions. At 50% concentration, a suspension of rigid spheres will not be 
able to flow, whereas blood is fluid even at 98% concentration by volume. 
The much higher viscosity of blood with deoxygenated sickle cells is also 
shown: it tells us why sickle cell anemia is such a serious disease. 

Since in a field of shear flow with a velocity gradient in the y direction the 
velocity is different at different values of y, any suspended particle of finite 
dimension in the y direction will tumble while flowing. The tumbling dis
turbs the flow and requires expenditure of energy, which is revealed in 
viscosity. If n red cells form a rouleaux, the tumbling of the rouleaux will 
cause more disturbance than the sum of the disturbances of the n individual 
red cells. Hence breaking up the rouleaux will reduce the viscosity. Further 
reduction can be obtained by deformation of the particle. If the particle is a 
liquid droplet, for example, it can elongate to reduce the dimension in the 
y direction, thus reducing the disturbance to the flow. A red cell behaves 
somewhat like a liquid droplet; it is a droplet wrapped in a membrane. These 
factors explain the reduction of viscosity with increasing shear rate. 

Detailed studies of the tumbling and deformation of the red cells and 
rouleaux in shear flow have been made by Goldsmith and his associates by 
observing blood flow in tiny circular cylindrical glass tubes having diameters 
from 65 to 200 11m under a high powered microscope. The tubes lay on a 
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vertically mounted platform, which was moved mechanically or hydraulically 
upward as the particles being tracked flowed downward from a syringe 
reservoir. The cell motion was photographed. Particle behavior at hemat
ocrits > 10% was studied by using tracer red cells in a transparent suspension 
of hemolyzed, unpigmented red cells-so-called ghost cells. The ghosts were 
also biconcave in shape, although their mean diameter ('" 7.2 11) and volume 
(7.4 x 10 - 11 em 3) were somewhat smaller than those of the parent red cells. 

Figure 3.4:4 shows the tumbling of an 11- and a 16-cell rouleau of red 
cells in Poiseuille flow at a shear rate y < 10 sec- 1 (at shear stress <0.2 
dyn em - 2). This was observed at very low Reynolds numbers, and in a very 
dilute suspension. 

I 
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Figure 3.4:4 Rotation of an 11- and a 16-cell rouleau of erythrocytes in Poiseuille 
flow; y < 10 sec - 1. Bending commenced at position 2 where the fluid stresses are 
compressive to the rouleaux. The longer particle did not straighten out in the succeeding 
quadrant, in which the stresses in the rouleaux are tensile. From Goldsmith and Marlow 
(1972), by permission. 
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Figure 3.4: 5 The increasing fraction of normal red cells (open circles) found in orienta
tion within ± 20° with respect to the direction of flow as the shear rate is increased in 
a tube flow. The orientation distribution of hardened cells (closed circles) is independent 
of the flow speed and radial location in the tube, and agrees with that calculated for 
rigid disks having an equivalent thickness-to-diameter ratio of re = 0.38. From Gold
smith (1971), by permission. 

The tendency of the deformable red cells to be aligned with the stream
lines of flow at higher shear rates is illustrated in Fig. 3.4: 5 which refers to 
observations made in very dilute suspensions in which particle interactions 
were negligible. It is seen that as the shear rate y was increased, more and 
more cells were found in orientations in which their major axes were aligned 
with the flow. By contrast, rigid but still biconcave erythrocytes, produced by 
hardening with gluturaldehyde, continued to show orientations independent 
of shear rate. 

The features shown in Figs. 3.4: 4 and 3.4 : 5 are for isolated red cells or 
aggregates. Normal blood contains a high concentration of red blood cells,
with a hematocrit ratio (defined as cell volume/ blood volume) of about 0.45 
in large vessels, and 0.25 in small arterioles or venules. At such a high con
centration, the cells crowd each other: no one cell can act alone. Goldsmith's 
(1972b) observations then show that 

(1) The velocity profile in the tube is no longer parabolic as in Poiseuille flow; 
(2) deformation of the erythrocytes in blood occurs to a degree that is not 

attributable to shear alone ; 
(3) the particle paths exhibit erratic displacements in a direction normal to 

the flow. 
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Figure 3.4 : 6 Comparison of dimensionless velocity profiles of tube flow of a fluid 
containing particles. b is the radius of the particles. Ro is the inner radius of the 
tube. The upper panel shows the flow with 32% suspensions of rigid spheres (bi Ro = 
0.112 and 0.056 in curves 1 and 2, respectively) and liquid drops (bi Ro = 0.078, curve 3). 
The lower panel shows the flow with 32% suspensions of rigid disks (bi Ro = 0.078) 
and ghost cells (bi Ro = 0.105). The lines drawn are the best fit of the experimental 
points; the dashed line is calculated from Eq. (6) of Sec. 3.3 in the form U(R)I U(O) = 
1 - R21R6 . Note that by complete plug flow in curve 1 (upper part), we do not imply 
slip of fluid at the wall. Close to the boundary there must be a steep velocity gradient 
in the suspending fluid. From Goldsmith (l972b), by permission. 
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The velocity profiles measured in model systems with ghost cells, as well 
as rigid disks, liquid droplets, and rigid spheres, are shown in Fig. 3.4: 6, and 
can be explained as follows. In a flow of a homogeneous fluid, the profile is 
parabolic (Poiseuille flow, shown by a dotted line in the lower panel). If there 
is a single isolated rigid sphere in the flow, and if the radius of the sphere b is 
much smaller than the radius of the tube Ro, and if the Reynolds number of 
the flow is smaller than 1, then the spherical particle will translate along a 
path parallel to the tube axis with a velocity which, except when the particle 
is very close to the wall, is equal to the velocity of the undisturbed fluid at 
the same radial distance. As the concentration of rigid spheres is increased, 
the particle velocity profile remains parabolic, provided that biRo < 0.04 
and the volume concentration c < 0.2. As the concentration c and the 
particle-tube-radius ratio biRo are increased further, the velocity profile 
becomes blunted in the center of the tube. Flow in this central region may be 
called a partial plug flow. For a suspension of rigid spheres the velocity profile 
is independent of flow rate and suspending phase viscosity, and the pressure 
drop per unit length of the tube is directly proportional to the volume flow 
rate Q. In contrast, flow of a concentrated, mono dispersed oil-in-oil emulsion 
has a velocity profile which is appreciably less blunted than the rigid particle 
case, at the same values of c and biRo, and moreover, this profile is dependent 
on the flow rate and the suspending phase viscosity. In a given system, the 
lower the flow rate, and the greater the suspending phase viscosity, the greater 
was the degree of blunting. 

Similar non-Newtonian behavior was exhibited by ghost cell plasma sus
pensions at concentrations from 20% to 70%. Figure 3.4: 6 (lower panel) shows 
the results obtained at a concentration c = 0.32, a mean velocity of flow = 
1.04 tube diameters per sec; (UM = 0.015 cm sec-I); and a tube radius of 
36 lim. Upon increasing the mean velocity of flow to 47 tube diameters per sec 
(UM = 0.676 em sec-I), the velocity distribution in the ghost cell suspension 
became almost parabolic. These features are consistent with the analytical 
results of Sec. 3.3. 

The influence of particle crowding on cell deformation can be expected; 
but it becomes quite dramatic if we think of the meaning of the curves shown 
in Fig. 3.4: 3. As seen in that figure, the relative viscosity of human blood is 
considerably lower than that of concentrated oil-in-water emulsions. Are the 
red blood cells more deformable than the liquid droplets? Are the red cells, 
in a crowded situation, able to squeeze and move past each other more readily 
than colliding liquid droplets? The answer is "yes." Direct observation has 
shown large distortion of red cells and rouleaux at very low shear rates 
y < 5 sec-lor shear stress < 0.07 dyn cm-2• An example is shown in Fig. 
3.4: 7, at a cell concentration (hematocrit) c = 0.5. The explanation is believed 
to lie in the biconcave shape of the red cells. In Chapter 4, Secs. 4.3 and 4.4, 
it is shown that because of the biconcave shape, the internal pressure of an 
isolated red cell must be the same as the external pressure if the bending 
rigidity of the cell membrane is negligibly small. Therefore, the cell membrane 
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Figure 3.4:7 Tracings from a cine film showing the continuous and irregular deforma
tion of a single erythrocyte and a 4-cell rouleau in a ghost cell suspension, H = 0.5-
The cell is shown at intervals of 0.4, 0.6, 2.0, and 3.2 s, respectively, in which time the 
isolated corpuscle would execute just over half a rotation. From Goldsmith (1972a), 
by permission. 

is unstressed in the normal biconcave configuration. Futher, large deforma
tion ofthe cell can take place without stretching the cell membrane, and hence 
needs little energy. On the other hand, a liquid droplet in emulsion is main
tained by surface tension. In a static condition, a droplet must be spherical if 
the surface tension is uniform. In a shear flow, the droplets become ellipsoidal 
in shape; whereas in the crowded situation of a concentrated emulsion, large 
distortion of shape from that of a regular ellipsoid was noted. Such distortion 
from the spherical shape increases the surface area of the droplet, and hence 
the surface energy (surface tension is equal to surface energy per unit area). 
Thus it becomes plausible that the red cell, by packaging into the biconcave 
shape, is more deformable than a liquid droplet without a cell membrane. It 
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also follows from this discussion that a detailed analysis of the rheology of 
blood or emulsion at high concentration needs data on the viscosities of the 
liquids and hemoglobin, as well as on the surface tension and cell membrane 
elasticity; 

The third feature of concentrated particulate flow named above; the erratic 
sidewise movement of particles, has been recorded extensively by Goldsmith. 
Such erratic motion is expected because of frequent encounters of a particle 
with neighboring particles. The particle path therefore, must show features of 
a random walk. These observations offer a qualitative explanation of the way 
blood flows the way it does. 

3.5 Fluid-Mechanical Interaction of Red Blood Cells with a 
Solid Wall 

It has been pointed out by Thoma (1927) that in a tube flow there seems to be 
a tendency for the red cells to move toward the axis of the tube, leaving a 
marginal zone of plasma, whose width increases with increase in the shear 
rate. There is a layer close to the wall of a vessel that is relatively deficient of 
suspended material. In dilute suspensions, this "wall effect" has been mea
sured by Goldsmith in the creeping flow regime (Reynolds number « 1). 
In emulsions the deformation of a liquid drop results in its migration across 
the streamlines away from the tube wall. Such lateral movement is not ob
served with rigid spherical particles; thus the deformability of the particle 
appears to be the reason for lateral migration. 

A similar difference in flow behavior was found between normal red blood 
cells (RBC) and glutaraldehyde-hardened red cells (HBC), as illustrated in 
the upper panels of Fig. 3.5: 1, which show the histograms of the number
concentration distributions of cells as a function of radial distance, at a section 
1 em downstream from the entry in a tube of 83 pm diameter at a Reynolds 
number about 0.03. Even more striking is the lateral migration in dextran 
solutions at Reynolds numbers Rn = 3.7 X 10- 3 and 9.1 x 10- 4 , shown in 
the lower panels. It is seen that very few cells are present in the outer half of 
the tube. Dextran solutions have a higher viscosity than Ringer or Ringer
plasma solutions. In dextran solutions the red cells are deformed into ellips
oidlike shapes. Similar observations of flow containing rouleaux of red cells 
show that rouleaux migrate to the tube axis faster than individual red cells. 

Inward migration of deformable drops, fibers, and red cells away from the 
wall in both steady and oscillatory flows has been observed also at higher 
Reynolds numbers (Rn > 1), when the effects of fluid inertia are significant. 
At Rn > 1 nondeformable particles also exhibit lateral migration in dilute 
suspensions. 

When the cell concentration is high, the crowding effect acts against 
migration away from the wall into the crowded center. Measurements made 
by Phibbs (1969) in quick-frozen rabbit femoral arteries, by Bugliarello and 
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Figure 3.5: 1 Number of cells/cm3 suspension, n(R), divided by the syringe reservoir 
concentration, no, at intervals of 0.1 Ro, 1 em downstream from the reservoir; Ro = 
41.5 ,urn, c = 2 X lQ-3. The mean tube shear rates = u(O)/Ro were approximately the 
same in each suspension. If the number distribution were uniform, then n(R)/no = 1 at 
all R/Ro. From Goldsmith (1972b), by permission. 

Sevilla (1971) on cine films of blood flow in glass tube, and by Blackshear et al. 
(1971) on ghost cell concentration, make it appear unlikely that at hematocrits 
of 40%-45% and normal flow rates, the plasma-rich zone can be much larger 
than 4/lm in vessels whose diameters exceed 100 /lm. 

This plasma-rich (or cell-rare) zone next to the solid wall, although very 
thin, has important effect on blood rheology. In the first place, measurement 
of blood viscosity by any instrument which has a solid wall must be affected 
by the wall layer. The change in cell concentration in the wall layer makes the 
blood viscosity data somewhat uncertain. Thus we are forced to speak of 
"apparent" viscosity (see Chapter 5, Sec. 5.1), rather than simply of the visco
sity. It makes it necessary to specify how "smooth" or "serrated" the surface 
of visco meters must be. In the second place, the smaller the blood vessel is, 
the greater will be the proportion of area of the vessel occupied by the wall 
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layer, and greater would be its influence on the flow. The low hematocrit in 
the wall layer lowers the average hematocrit in small blood vessels. And when 
a small blood vessel branches off from another vessel, it draws more fluid from 
the wall layer where the hematocrit is low. The result is a lower average 
hematocrit in the smaller blood vessel; and hence a lower apparent viscosity. 
This will be discussed in Chapter 5. 

3.6 Thrombus Formation and Dissolution 

Blood clots are formed on an injured inner wall of blood vessels and on contact 
with the surfaces of medical devices. When a circulating blood comes into 
contact with such a surface, the platelets in the blood adhere to the surface, 
release a number of chemicals, attract more platelets to form a larger aggrega
tion, generate thrombin, and form fibrin, resulting in a thrombus. In time 

TABLE 3.6: 1 Properties of Human Clotting Factors· 

Normal plasma 
Molecular weight concentration 

Clotting factor Synonym (number of chains) (Jlg/ml) 

Intrinsic system 
Factor XII Hageman or 80000 (1) 29 

contact factor 
Pre kallikrein Fletcher factor 80000 (1) 50 
High-molecular- Fitzgerald factor 120000 (1) 70 

weight Kininogen 
Factor XI Plasma thrombo- 160000 (2 dimer) 4 

plastin antecedent 
Factor IX Christmas factor 57000 (1) 4 
von Wille brand vWF 1-2000000 (series of 7 

factor G-lO subunits) 
Factor VIII:C Antihemophilic factor 200000-350 0.1 

Extrinsic system 
Factor VII Proconvertin 55000 (1) 1 
Tissue factor Tissue thromboplastin 45000 (1) 1 

Common pathway 
Factor X Stuart - Prower factor 59000 (2) 5 
Factor V Proaccelerin 330000 (1) 5-12 
Prothrombin Factor II 70000 (1) 100 
Fibrinogen Factor I 340000(6: Aa2, Bf32, }'2) 2500 

(250 mg/dl) 
Factor XIII Fibrin stabilizing factor 300 000 (4: a2, b2 ) 10 

* Factor III is tissue thromboplastin. Factor IV is calcium. There is no factor VI. 
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plasmin is generated in the thrombus, and fibrinolysis begins, ending in the 
dissolution of the thrombus. 

The blood clotting process is a cascade of chemical processes with many 
participants. The principal chemicals are listed in Table 3.6 : 1. In the table, 
those activating and coagulation factors reside in the blood plasma are called 
intrinsic, those residing in the cells (not in the plasma) are called extrinsic. A 
very brief sketch is given below. Details should be obtained from hemato
logical, pharmacological, and medical books. An National Institute of Health 
(NIH) report edited by McIntire (1985) is very helpful. 

3.6.1 Thrombogenesis 

Figure 3.6 : 1 shows the major chemicals involved at the first stages of platelet 
adhesion and aggregation. The injured endothelium exposes collagen of the 
basement membrane which interacts with the glycoprotein on the platelet 
membrane and the von Willebrand factor which is synthesized by endothelial 
cells and is present in the plasma, and on the platelets. The adherent plate-
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Platelet 
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Synergistic Recruitment 

Platelet derived growth/actor 
Heparinase 
Thromboxane Az 
PF 4. J3TG 

Figure 3.6: 1 Platelet adhesion and aggregation after an injury of the blood vessel wall. 
Aggregation of platelets requires a rapid mobilization of fibrinogen receptors on the 
membranes ofthe platelets, and a calcium-dependent interplatelet bridging by fibrino
gen. Various factors are shown. Figure was redrawn after an example in Guidelines for 
Blood-Material Interactions, which is a Report of the National Heart, Lung, and Blood 
Institute (NHLBI) Working Group of the U.S. Department of Health and Human 
Services, Public Health Service NIH Publ. No. 85-2185, 1985. 
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lets then release adenosine diphosphate (ADP), thromboxane A2, fibrinogen, 
factor V, platelet factor 4, beta thromboglobulin, and a platelet-derived growth 
factor. 

The released ADP and thromboxane A2 act synergistically to recruit 
circulating platelets and enlarge the aggregate. Essential to this step is the 
mobilization of a platelet-membrane fibrinogen receptor and the calcium
dependent interplatelet bridging by fibrinogen. 

Thrombus growth and stabilization depends on the formation of thrombin. 
Thrombin is generated by means ofthe intrinsic coagulation pathway through 
contact factor activation by subendothelial collagen, or when tissue thrombo
plastin from disrupted endothelial cells activates the extrinsic coagulation 
cascade. Once formed, thrombin stimulates the synthesis of thromboxane A2 
and the release of ADP, thus promoting platelet aggregation. Subsequently, 
thrombin generates fibrin from fibrinogen. Fibrin stabilizes the growing plate
let mass to form a viscoelastic clot. 

The contact factor (Hageman, or factor XII) activation begins by the 
adsorption of the contact factor to the negatively charged collagen surface. 
Factors XI, prekallikrein, and kininogen are also involved. This step is calcium 
independent. The adsorption of factor XII to collagen changes the molecular 
configuration offactor XII and exposes its hydrophobic active sites previously 
unavailable to the external environment, and the intrinsic system cascade 
begins. The fibrinolytic system is also activated by factor XII via plasmino
gen proactivator. Factors XI, V, and the von Willebrand factor may also be 
adsorbed to an artificial surface. 

The activation offactor IX by XIa and the activation offactor X are calcium 
dependent. Factors IX, X, VII, and prothrombin are vitamin K dependent. 

The extrinsic system is initiated by the activation of factor VII when it 
interacts with an intracellular tissue factor, or leukocytes. Tissue factor is 
present in large amounts in the brain and lung, and found in the intima of 
large blood vessels. 

The common pathway begins as factor X is activated by factor VIla or IXa. 
The concentration of prothrombin in plasma is sufficient to allow a few 

molecules of activated initiator to generate a large burst of thrombin activity, 
which induces platelet aggregation, and converts fibrinogen into fibrin. Fibrin 
monomers polymerize nonenzymatically to gelate the fluid. 

3.6.2 Thrombus Dissolution 

Within the thrombus, plasmin digests fibrin to produce progressively smaller 
fragments to eventually dissolve the clot. The blood contains plasminogen 
(molecular weight 90000, normally at the 120 J,lg/mllevel) which is enmeshed 
in the thrombus. It can be activated intrinsically by the contact factor XII, 
etc.; or extrinsically with an activator originating from the blood vessel wall; 
or by drugs such as streptokinase or urokinase. Activation releases plasmin. 
Plasmin is an active serine protease, which hydrolyzes fibrin polymers. 
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TABLE 3.6: 2 Antithrombotic Agents 

Agent 

Fibrinolytic 
Streptokinase, urokinase 

Anticoagulant 
Heparin 

Warfarin 

Antiplatelet 
Aspirin 

Sulfinpyrazone 
Dipyridamole 
Ticlopidine 

Action 

Plasminogen activators 

Enhances inhibition of 
proteases by thrombin III 

Vitamin K antagonist 

Decreases platelet aggregation 
and release 

Not established 
Decreases platelet adhesion 
Blocks ADP induced platelet 

interaction with fibrinogen 
and vWF 

Activates platelet adenyl 
cyclase 

In practice, a thrombus can be continuously formed and dissolved; so 
its composition is a result of chemical dynamics. Some well-known anti
thrombotic agents are listed in Table 3.6: 2. 

Thrombosis can be a threat to life. But it can stop internal bleeding if there 
were a break in the blood vessel, or external bleeding when there is an injury. 
Coagulation of blood seals the wound and saves lives. Contraction of the 
damaged blood vessels is another mechanism of life saving. 

Blood coagulation is the result of a cascading activation of factors. An 
almost total absence of anyone of these factors will make the coagulation 
process extremely slow. For example, if one takes the calcium away, blood 
will not clot. If one draws blood with a collecting vessel treated with oxalate 
or citrate, the blood will flow freely. Rheological studies of blood clotting are 
often made either for clinical reasons or for pharmacological development. A 
summary of some more popular instruments is given in Scott-Blair (1974). 
The instrument 'thrombelastograph" of Hartert (1962, 1975) needs blood 
sample of only 0.3 ml. 

3.7 Medical Applications of Blood Rheology 

The most obvious use of blood rheology in clinical medicine is to identify 
diseases with any change in blood viscosity. Data collected for this purpose 
have been presented by Dintenfass in two books (1971, 1976). For our pur
pose it suffices to cite a few examples. Figure 3.7: 1 shows a comparison of 
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Figure 3.7: 1 Arithmetic means (full lines) and one standard deviation (broken lines) 
of viscosities in normal men (M) and in patients with various thrombotic diseases (T). 
Viscosity, 1], in poises, is plotted against the rate of shear, D, in sec-I, on a log-log 
scale, where x is the arithmetic mean, and s is the standard deviation. Experimental 
data show log-normal distribution. From Dintenfass (1971), p. 11, by permission. 

Dintenfass' data on the blood viscosity of normal healthy persons and 
patients with various thrombotic diseases. The diseased persons have higher 
viscosity. As we have seen in Sec. 3.4, elevation of blood viscosity at low shear 
rates indicates aggregation, whereas that at high shear rates suggests loss 
of deform ability of the red blood cells. The viscosity change suggests some 
disease related changes in the blood. 

Figure 3.7: 2 suggests another use of lowered blood viscosity. It shows 
Langsjoen's (1973) result that a reduction of blood viscosity consequent to the 
infusion of dextran 40 solution in cases of acute myocardial infarction led to 
a significant improvement in both immediate and long-term survival. Dex
tran 40 (molecular weight about 40000) solution dilutes the blood. The 
physiological effect of hemodilution is not simple, but the changed rheology 
must be a principal factor. For hemodilution, see Messmer and Schmid
Schoenbein (1972). 

The fluid added to the bloodstream to make up the lost volume of blood 
due to hemorhage when a person suffers a wound is called plasma expander. 
Dextran solution is a good expander. Any blood substitute for long term use 
must have the right rheological property. 

Another important rheological factor in clinical use is the coagulation 
characteristics of the blood. An obvious example is the hemophilic patient's 
difficulty with blood coagulation. On the other hand, hypertension (high 
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Figure 3.7:2 Survival of patients with acute myocardial infarction after conservative 
treatment (73 patients) and after treatment by infusion of dextran 40 (65 patients). 
Survival is recorded as the percentage of the original group. Note that there were more 
surviving patients in the dextran-treated group after 5 years than in the controls (con
servative treatment) after 4 weeks. This gives cogent support to the premise that blood 
viscoscity is an important determinant of myocardial work. Reproduced from 
Langsjoen (1973), by permission. 

blood pressure) and arteriosclerosis seem to correlate with an increase in the 
elasticity of the thrombi. 

A third parameter in clinical use is the erythrocyte sedimentation rate. In 
anticoagulated blood, red cells may still clump together and cause a sedi
mentation. Fahraeus (1918) first studied this effect seriously. He noticed that 
blood from pregnant women sedimented faster than that of nonpregnant 
women, and believed that he might have found a convenient test for 
pregnancy. However, he soon afterwards found the same morle rapid sedi
mentation in some male patients! It was then established that an increased 
erythrocyte sedimentation rate served as a good indication for both male and 
female patients that all was not well, and that quite a variety of conditions, 
many of them serious, increased the sedimentation rate. This is discussed in 
considerable detail in Dintenfass (1976). 

It is quite clear that blood rheology as discussed in this chapter, referring 
to flow in vessels much larger than the diameter of red blood cells, reflects 
the interaction of red cells in bulk of whole blood. The "hyperviscosity" of 
blood in some disease states reflects the changes in hematocrit, plasma, and 
red cell deformability. On the other hand, the critical sites of interaction of 
red blood cells with blood vessels are in the capillary blood vessels. In the 
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microcirculation bed, the deformability of the red cells is subjected to a really 
severe test. Hence it is expected that the pathological aspects of hyper visco sity 
will be seen in microcirculation. To pursue this matter, we shall consider the 
mechanical properties of red cells in the following chapter, and the flow pro
perties of blood in microvessels in Chapter 5. 

Problems 

3.1 Show that, for an incompressible fluid, 11 = 0, where 11 is given in Eq. (3) of Sec. 
3.2. 

3.2 Thus far we have treated blood as a viscous fluid. This is undoubtedly permissible 
ifblood flows in a steady-state condition. But since blood is a suspension of blood 
cells in plasma, and the cells are capable of interacting with each other, it is 
expected that blood will exhibit viscoelastic properties when conditions permit, 
just like many other polymer solutions. Speculate, on theoretical grounds, on 
what may be expected in the following situations: 

(a) A volume of blood sits in a condition of stationary equilibrium in a Couette 
viscometer or in a circular cylindrical tube (Poiseuille viscometer). A harmonic 
oscillation of very small amplitude is imposed on the blood in the viscometer. 
What would be the relationship between force and velocity? How would one 
express the relationship through the method of a complex variable? What is 
the phase relationship? What do the real and imaginary parts of the complex 
modulus mean? 
(b) Let the blood in the viscometer flow in a steady state and then superimpose a 
small harmonic oscillation on the flow in the viscometer. How would the complex 
modulus vary with the steady-state shear strain rate? 
(c) Instead of harmonic oscillations ofsmall amplitude as considered above, im
pose a small step function in velocity (Couette) or pressure gradient (Poiseuille), 
and discuss the expected response as a function of time. 
(d) If the step function considered in (c) is finite in amplitude, could there be 
nonlinear effects which depend on the amplitude? The change in viscoelastic 
properties of a material with respect to time after a finite disturbance is called a 
thixotropic change. Thixotropy of blood may be described by a complex modulus 
of viscosity as a function of time after the initiation of disturbance (e.g., a step 
function); the modulus being obtained by a superposed small harmonic perturba
tion. Speculate on the possible thixotropic properties of blood. 

Experimental results on the features named above as well as a mechanical and 
mathematical model of the viscoelasticity of blood expressed in terms of springs 
and dashpots are discussed by G. B. Thurston (1979). 

3.3 Entry flow of blood from a large reservoir into a pipe. So far we have analyzed the 
condition of flow in a pipe in a region far away from the entry section. At the 
entry section (x = 0), where the pipe is connected to a large reservoir, the velocity 
profile is uniform, as shown in Fig. 3.3: 1. As the distance from the entry section 
increases, the profile changes gradually to the steady-state profile of a parabola 
(ifthe fluid is Newtonian) or the flat-topped parabola of Fig. 3.3:4 (ifthe fluid is 
blood). Consider blood. We can trace the change as sketched in Fig. P3.3. At 
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Figure P3.3 Entry flow of blood into a pipe. Dotted lines show the boundary layer 
of yielding. 

x = X 1 the velocity has to change from Uo at the center to 0 on the wall, where 
the no-slip condition applies. This creates a high shear strain rate at the wall, 
which has to decrease to zero at the center. At a certain distance [) from the wall 
is a point where the shear stress is equal to the yield stress of the blood. Beyond 
y = [), the velocity profile remains flat. As x increases, [) increases. At x = x. the 
velocity profile tends to the steady state, as shown in Fig. 3.3:4. 

The surface y = [)(x) is the yielding surface, which divides the region (at the 
center) in which the blood is solid-like, from the region (next to the wall) in which 
the blood is a flowing fluid. It is a surface on which the shear stress is exactly 
equal to the yield stress. The rate at which [)(x) grows with x depends on the 
Reynolds number of flow NR • Give a qualitative and mathematical analysis of 
c;(x) as a function of NR • 

3.4 With the constitutive equations of blood presented in Sec. 3.2, derive the equation 
of motion of blood in a form that is a generalization of the Navier-Stokes 
equation. Discuss the range of validity of the equations. Discuss any simplifica
tion that results if the shear strain rate is sufficiently high. 

3.5 Boundary Conditions. The general field equations of continuity and motion are 
to be solved with boundary conditions which must be posed in such a way that 
the field equations have meaningful solutions, and must lead to solutions in 
agreement with experimental results. The condition at the interface between a 
fluid and a solid has raised the question of whether to allow relative slip between 
fluid and solid or not. Historically, for water, the question was resolved in favor 
of no-slip on the basis of precise experimental results of Poiseuille and Hagen on 
flow in circular cylindrical tubes. For Newtonian fluids the no-slip condition 
between fluid and solid has been established and has found no exception in the 
past 150 years. 

Blood is a mixture of cells and a fluid. Consider the conditions at a blood-solid 
interface theoretically. What should the boundary conditions be? 

3.6 Reduce the equations you obtained in Problem 3.4 to a dimensionless form. 
Introduce a characteristic length L, a characteristic velocity V, a characteristic 
viscosity '1 which is one of the constants in Eq. (12b) of Sec. 3.2, and dimensionless 
coordinates x; = xdL, velocities u; = udV, and parameters 
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, p 
p = pV2 ' 

Vt 
t' = 

L' 
VLp 

NR =--, 
1'/ 

where N R is the Reynolds number. 

3.7 If laboratory model testing is to be done for blood flow, on what basis would you 
design the models. A scaled model may be desired to facilitate observations on 
velocity, pressure, forces, etc. It may be convenient to use water or a polymer fluid 
as the working fluid in place of blood plasma. Discuss the principles of kinematic 
and dynamic similarities in model design. 

3.8 Assume that Casson's equation [Eq. (II) of Sec. 3.2] describes the viscosity of 
blood. Both, y and 1'/ are functions of the hematocrit. Experimental data (see Fig. 
3.1 :5) on 'y may be presented by an empirical formula, 

'y = (al + a2H)3. 
For normal blood, we may take a l = 0, a2 = 0.625, when 'ty is in dyn cm- 2 and 
H, the hematocrit, is a fraction. Experimental data on 1'/ can be expressed in many 
ways. Let us assume that for large blood vessels (Cokelet et aI., 1963) 

I 
1'/ =1'/o(~H"P' 

where 1'/0 is the viscosity of the plasma. 
For the capillary blood vessels Casson's equation does not hold: but we may 

assume 
I 

J1 = 1'/0 I-=- eli' 
We may take an average value e = 1.16 for pulmonary capillaries (Yen-Fung, 
1973) and H in capillaries to be 0.45 times that of the systemic hematocrit in large 
arteries. The peripheral resistance from capillary blood vessels may be assumed to 
be a constant fraction of the total peripheral resistance. For the lung this fraction 
may be as high as t. For other parts of the body, this fraction is perhaps 15%. 

With these pieces of information, let us consider the question "What is the 
best hematocrit that minimizes the work of the heart while the total amount of 
oxygen delivered to the tissues of the body remains constant?" Such a question is 
important in surgery or hemodilution, in deciding the proper amount of plasma 
expander to use. 

To answer this question we may consider blood flow as a flow in large and small 
vessels in series. The pressure drop in each segment is equal to the flow times the 
resistance which is proportional to blood viscosity. The total pressure difference 
the heart has to create is the sum of the pressure drop ofthe segments. The rate at 
which work is done by the heart is equal to the cardiac output (flow) times the 
pressure difference. The total amount of oxygen delivered to the tissues is propor
tional to the product of cardiac output and the hematocrit if the lung functions 
normally. 

What would be the optimum hematocrit if the blood pressure is fixed and 
oxygen delivery is maximized? 

3.9 The analysis of tube flow given in Sec. 3.3 ignores the radial migration of red cells 
away from the wall. As discussed in Sec. 3.5, for blood flowing in a tube, the imme
diate neighborhood of the solid wall is cell free. For human blood with a red 
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cell concentration above 0.4 and tube diameter> 100 11m, the cell-free layer is a 
about 4,um thick. For a dilute suspension, e.g., at red cell concentration 0.03, the 
thickness of the cell-free layer is larger (see Fig. 3.5: 1). Use the information on 
the dependence of the constants 'y and '1 of the Casson equation on the hematocrit 
as given in Problem 3.8 to revise the velocity profile and flow rate given in Eqs. 
(19) and (21) of Sec. 3.3. For this purpose assume the hematocrit to be constant 
away from the cell-free layer next to the wall. This assumption is quote good at 
normal hematocrit (0.2-0.5), but is rather poor for very dilute suspensions. 

3.10 Consider the effect of non-Newtonian features of blood on the Couette flow of 
blood between concentric circular cylinders. Assume the outer cylinder to rotate, 
the inner cylinder stationary, Casson's equation to apply, cell-free layers next to 
solid walls with a thickness of a few (say, 4) 11m, and absence of end effects. 

3.11 Analyze blood flow in a cone-plate or a cone-cone viscometer analogous to 
Problem 3.10. 

3.12 Blood exposed to air will form a surface layer at the interface, which has a specific 
surface viscosity and surface elasticity, depending on the plasma constitution. In 
viscometry using a Couette-flow or cone-plate arrangement, one must avoid 
reading the torque due to the surface layer. A guard ring was invented to shield 
the stationary cylinder from the torque transmitted through the surface layer. 
The ring can be held in place by an arm that is fixed to the laboratory floor, and 
unattached to the instrument. Propose a design for such a guard ring. 

3.13 Consider the following thought experiment. Take normal red blood cells and 
suspend them in an isotonic dextran solution of viscosity '10' '10 can be varied by 
varying the concentration of dextran. Measure the viscosity at a sufficiently high 
shear rate y so that the influence of cell aggregates is insignificant. Let the viscosity 
be 11 = '1r'10' where '1r is the "relative viscosity." How would '1r vary with '10? 
'1r reflects the effect of cell deformation. Would the red cells be more readily 
deformed in a more viscous suspending medium? Or less so? Predict curves of '1, 
vs. y for various values of '10' 

Note. The effect of cell deformation on the apparent viscosity depends on the 
flow condition. Consider Couette flow which is a case investigated by Chien 
(1972) experimentally. In this case '1, decreases monotonically when the shear 
strain rate increases. 

3.14 Discuss the pros and cons for several types of viscometers from the point of view 
of practical laboratory applications (convenience of operation, accuracy of data, 
amount of fluid samples needed, data reduction procedures, and procedures 
required for correction of errors). 

3.15 Consider the flow of a Newtonian viscous fluid in a straight tube of infinite length 
and a rectangular cross section of width a and thickness b. Derive the equation 
that governs the velocity distribution in the tube. Express the volume flow rate 
as a function of the pressure gradient and the dimensions of the cross section. 
Obtain results for the specially simple case in which b »a. Then repeat the 
analysis if the fluid obeys Casson's equation, at least for the case in which b » a. 

3.16 A fluid is said to obey a power law viscosity if the shear stress, in a Couette flow 
is related to the shear rate y by the equation 
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(n > 0). (1) 

This relationship is illustrated in Fig. P3.16. 

B 
n>l A 

o~~~-----------.r o~---------------.r 

Figure P3.16 Power-law viscosity. Curve A, n > 1; curve B, n < 1. 

For a steady flow of an incompressible fluid obeying the power law (1) in a 
circular cylindrical tube of radius R, show that the axial velocity is 

u-----....!!. Rn+I-r"+1 1 (A )n 
- 2n(n + 1)k L ( ), (2) 

where Ap is the difference of pressures at the ends of a tube of length L. The rate 
of flow (volume) is 

nRn+ 3 (AP)n 
Q = 2n(n + 3)k L . 

, Let the average velocity be U = Q/nR2, then 

~ = ~ [1 _ (!...)n+ IJ. 
U n + 1 R 

(3) 

(4) 

3.17 A material is said to be a Bingham plastic if the shear stress 't is related to the shear 
rate y by the equation 

when 't > fB; and when 't <fB. 

The stress fB is called the yield stress. The constant '18 is called Bingham L'iscosity. 
The relation is illustrated in Fig. P3.17. 

The steady flow of a Bingham plastic in a circular cylindrical tube of length L 
subjected to a pressure difference Ap can be analyzed in a manner similar to that 
presented in Sec. 3.3. Show that: 

Ap 2fB 
(a) If->

L R 
and 

Ap 2 
U = .- (R - rB) 

4'18L 

then 

Ap 2 2 
= --[R - r - 2r8(R - r)] 

4'18L 

when r < rB , 

when r > rB • 
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':----;:1----'------.. T 
o fB 

Figure P3.17 Flow curve of a Bingham plastic. 

Llp 2fB 
(b) If L < R' then there is no flow: u = O. 

The flow rate is zero if Llp < PB == 2LfB/R, and is 

nR4 [ 4 1 p~ ] 
Q = 8f/BL Llp - 3 PB + 3 (Llp)3 if Llp > PB' 

3.18 A plastic material obeying the following relation between the shear stress T and 
shear rate y is called a plastic of Herschel-Bulkley type: 

and y=o if T <j~, 

where k, j~, and n > 0 are constants. The Bingham plastic of Problem 3.17 is a 
special case in which n = 1, whereas the power law of Problem 3.16 is a special case 
whenfH = O. For the general case, find the velocity distribution in a steady laminar 
flow of an incompressible Herschel-Bulkley fluid in a circular cylindrical tube. 

3.19 Discuss the turbulent flow of water in a circular cylindrical tube. Consider the 
question of the relationship of mean velocity of flow with pressure gradient. Does 
it remain linear? How is the flow rate related to pressure gradient? Discuss resis
tance to flow in a -turbulent regime. 

Note. Many books deal with this subject. See references listed in Chapter 11 
of Fung, A First Course in Continuum Mechanics. 

3.20 Prove that blood viscosity as we know it cannot be represented by the Boltzmann 
equation 

It dY(T) 
T(t) = G(t - T)-dT, 

-00 dT 

where T(t) is the shear stress, y(t) is the shear strain rate, and G(t - T) is a 
continuous function of the variable t - T. 

3.21 A Newtonian fluid flows steadily through a capillary tube whose radius R is 

. nx 
R(x) = a + estn

L 
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where a, L, and B are constants, with B« a, L » a. The Reynolds number of flow 
is small, « 1. What is the pressure distribution in the tube as a function of x? 

Hint. Under the assumption that Bla « 1, aiL « 1, you may treat the Poiseuille 
equation as a differential equation for the pressure p: 

dp 8/lQ 
dx = - nR4 

Q is constant, R is variable. Solve the equation above as a power series in Bla. 

3.22 Consider an elastic tube whose radius R varies with the pressure according to 
the following law: 

R(x) = a(x) [1 + ctp(x)] , 

where p is the local transmural pressure, ct is the flexibility coefficient, and a(x) is 
the radius of the tube when p = O. a(x) is a function of x and is not a constant. 
For a constant blood viscosity /l and a one-dimensional flow in a tube of length 
L, what is the volumetric flow rate Q in the tube as a function of the pressures at 
the entry (Pa) and exit (Pv) of the tube? ct is a constant. Use the hint given in Prob. 
3.21. 

3.23 Derive the following equations for the laminar steady flow of a non-Newtonian 
incompressible fluid in a circular cylindrical tube; under the assumption that 
the shear stress Tw at the wall is a single-valued function of the local rate of 
deformation: 

Yw = ~ d:w C:) + ~C:)' 
where Yw = shear rate at the wall, 

D = tube diameter, 
f1p = axial pressure difference for two points at a distance L apart, 

L = axial distance, 
V = bulk average velocity. 

Ref. Markovitz, 1968. Physics Today, 21, 23-30. 
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CHAPTER 4 

Mechanics of Erythrocytes, Leukocytes, 
and Other Cells 

4.1 Introduction 

In the previous chapter, we studied the flow properties of blood. In this 
chapter, we turn our attention to the blood cells. We give most of the space 
to the red blood cells, but treat the white blood cells and other cells toward 
the end of the chpater. 

Red blood cells are the gas exchange units of animals. They deliver oxygen 
to the tissues of all organs, exchange with CO2 , and return to the lung to 
unload CO2 and soak up O 2 again. This is, of course, what circulation is all 
about. The heart is the pump, the blood vessels are the conduits, and the 
capillary blood vessels are the sites where gas exchange between blood and 
tissue or atmosphere takes place. 

If one observes human red blood cells suspended in isotonic solution under 
a microscope, their beautiful geometric shape cannot escape attention (see Fig. 
4.1 : I ; which shows two views of a red blood cell, one a plane view, and one 
a side view). The cell is disk-shaped. It has an almost perfect symmetry with 
respect to the axis perpendicular to the disk. The question is often asked: Why 
are human red cells so regular? Why are they shaped the way they are? When 
red cells grow in the bone marrow, they have nuclei, and their shape is 
irregular. Then as they mature, they expel their nuclei and enter the blood. 
They circulate in the body for 120 days or so, then swell into spherical shape 
and become hemolyzed by macrophages in the spleen. 

In circulating blood: however, the red blood cells are severely deformed. 
Figure 4.1 : 2 shows photographs of blood flow in the capillary blood vessels 
in the mesentery of the rabbit and the dog. Note how different the cell shapes 
are compared with the isolated floating cells shown in Fig. 4.1: I! Some 

109 



110 4 Mechanics of Erythrocytes, Leukocytes, and Other Cells 

Figure 4.1 : 1 Two views of a normal human red blood cell suspended in isotonic 
solution as seen under a conventional optical microscope. Left: plane views. Right : 
side views. The three sets of images differ only in slight changes in focusing. These 
photographs illustrate the difficulty in accurately measuring the cell geometry with 
an optical microscope because oflight diffraction. The isotonic Eagle-ablumin solution 
is made up of 6.2 g NaCl, 0.36 g KCl, 0.13 g NaH 2P04 H 20, 1.0 g NaHC0 3 , 0.18 g 
CaCI 2 , 0.15 g MgCl2 6 H 20, 0.45 g dextrose, and 1.25 g bovine serum albumin in 
800 ml distilled water, buffered at pH 7.4. From Fung, Y.c. (1968) Microcirculation 
dynamics. Biomed. Instrumentation 4, 310-320. 

authors describe the red cells circulating in capillary blood vessels as para
chute-shaped, others describe them as shaped like slippers or bullets. 

The study of red blood cell geometry and deformability will throw light 
on the mechanical properties of cells and cell membranes, and thus is of 
basic importance to biology and rheology. It is also of value clinically, 
because change of shape and size and strength of red cells may be indicative 
of disease. 

The term leukocyte or white blood cell, stands for a class offive morphologi
cally distinct cells. Leukocytes playa key role in the immune system, i.e., in 
the protective mechanisms of the body against diseases, and in tissue inflam
mation, in wound healing, and in other physiological and pathological pro-
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cesses. In human blood, the ratio of the number of leukocytes to that of 
erythrocytes is 1 to 1000. They are such a minority in blood cell population 
that they have little influence on the coefficient of viscosity of blood in visco
meters. In microcirculation, however, leukocytes may adhere to the blood 
vessel wall and obstruct the flow. The obstruction is related to the deform
ability of the leukocytes. The study of leukocyte mechanics is, therefore, of 
great interest. 

4.2 Human Red Cell Dimensions and Shape 

All evidence shows that red blood cells are extremely deformable. They 
take on all kinds of odd shapes in flowing blood in response to hydrodynamic 
stresses acting on them. Yet when flow stops the red cells become biconcave 
disks. In isotonic Eagle-albumin solution the shape of the red cell is remark
ably regular and uniform. We speak of red cell dimensions and shape in 
this static condition of equilibrium. 

An accurate determination of red cell geometry is not easy. Photographs 
of a red blood cell in a microscope are shown in Fig. 4.1: 1, from which one 
would like to determine the cell's diameter and thickness. The border of 
the cell appears as thick lines in the photographs. How can one determine 
where the real border of the cell is? In other words, how can we choose 
points in the thick image of the border in order to measure the diameter 
and thickness and other characteristics of red cell geometry? 

The thickness of the cell border that appears in the photograph is not 
due to the cell being "out of focus" in the microscope. If we change the 
focus up and down slightly, the border moves, and a sequence of photographs 
as shown in Fig. 4.1: 1 is obtained. Thus it is clear that the problem is more 
basic. It is related to the interaction of light waves with the red cells, be
cause the thickness of the red cell is comparable with the wavelength of 
the visible light. 

If we do not want to be arbitrary in making up a rule to read the photo
graph of images in a microscope for the determination of dimensions, we 
should have a rational procedure. Such a proc~dure must take into account 
the wave characteristics oflight (physical optics). One approach is to describe 
the red cell geometry by an analytic expression with undetermined coef
ficients, calculate the image of such a body under a microscope according 
to the principles of physical optics, then compare the calculated image with 
the photographed image in order to determine the unknown coefficients. 
Such a program has been carried out by the author in collaboration with 
E. Evans (Evans and Fung, 1972). We used an interference microscope to 
obtain a photograph of the phase shift of light that passes through the red 
cell in a microscope. Figure 4.2:1 shows such a photograph. We assumed 
the following formula to describe the thickness distribution of the red blood 
cell : 
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Figure 4.2 : 1 Picture of red blood cells taken with an interference microscope. Phase 
shift of light waves throngh the red cell leads to the deviations from the base lines. 

D(r) = [1 - (r/Ro)2]1 /2[Co + C2(r/Ro)2 + C4(r/Ro)4], (1) 

where Ro is the cell radius, r is the distance from the axis of symmetry, and 
Co , C2 , C4 , and Ro are numerical coefficients to be determined. The phase 
image corresponding to Eq. (1) is determined according to the principle 
of microscopic holography. The parameters Co, C 2 , C4 , and Ro are deter
mined by a numerical process of minimization of errors between the cal
culated and photographed images. It was possible in this way to determine 
the geometric dimensions of the red cell to within 0.02 11m. Hence a reso
lution of 0.5% - 1 % for the cell radius and 1 % for the cell thickness is achieved. 
The resolution of the cell surface area and cell volume are 2% and 3%, 
respectively. 

Results obtained by Evans and Fung (1972) for the red cells of a man are 
shown in Tables 4.2: 1 through 4.2 : 4. The cells were suspended in Eagle
albumin solution (see the legend of Fig. 4.1: 1) at three different tonicities 
(osmolarity). At 300 mosmol the solution is considered isotonic. At 217 
mosmol it is hypotonic. At 131 mosmol the red cells became spheres. In 



TABLE 4.2:1 Statistics of 50 RBC in Solution at 300 mosmol at pH 7.4. 
From Evans and Fung (1972) 

Minimum Maximum Surface 
Diameter thickness thickness area Volume 

Average 7.82 pm 0.81{lm 2.58{lm 135 {lm 2 94 pm 3 

Standard 
deviation (j ±0.62{lm ±0.35,um ±0.27 {lm ± 16 pm2 ± 14 pm 3 

2nd mom. M2 3.77 x 10- 1 1.20 X 10- 1 7.13 X 10- 2 2.46 X 102 2.02 X 102 

3rd mom. M3 2.19 x 10- 1 -2.51 X 10- 3 3.26 X 10- 4 3.58 X 103 2.11 X 103 

4th mom. M4 4.81 x 10- 1 3.22 X 10- 2 1.73 X 10- 2 2.16 X 105 1.59 X 105 
Skewness GI 0.97 -0.063 0.Q18 0.96 0.76 
Kurtosis G2 0.57 -0.70 0.58 0.75 1.11 
12 for 10 groups 35.1 10.2 8.2 22.1 18.7 

TABLE 4.2: 2 Statistics of 55 RBC at 217 mosmol. From Evans and Fung 
(1972) 

Minimum Maximum Surface 
Diameter thickness thickness area Volume 

Average 7.59,um 2.10 ,urn 3.30,um 135 pm 2 116,um 3 

Standard 
deviation (j ±0.52,um ±0.39,um ±0.39 pm ± 13 {lm 2 ± 16 pm 3 

2nd mom. M2 2.66 x 10- 1 1.56 X 10- 1 1.50 X 10- 1 1.57 x 102 2.40 X 102 

3rd mom. M3 5.54 x 10- 1 1.02 x 10- 2 1.45 X 10- 2 -5.76 X 10 1 -1.25 X 103 

4th mom. M4 3.96 x 10- 1 8.82 x 10- 2 5.26 X 10- 2 1.21 X 105 2.07 X 105 
Skewness GI OAI 0.17 0.26 -0.03 -0.35 
Kurtosis G2 2.98 0.80 -0.62 2.21 0.78 
X2 for 10 groups 18.6 4.0 7.2 10.0 6.37 

TABLE 4.2: 3 Statistics of 50 RBC at 131 mosmol. From Evans and Fung 
(1972) 

Index of 
Surface refraction 

Diameter area Volume difference 

Average 6.78{lm 145 {lm 2 164 {lm 3 0.0447 
Standard 

deviation (j ±0.32,um ± 14 pm 2 ±23,um3 ±0.OO43 
2nd mom. M2 1.01 x 10- 1 1.84 X 102 5.34 X 102 1.82 x 10- 5 

3rd mom. M3 2.83 x 10- 3 4.42 X 102 3.29 X 103 8.83 X 10- 9 

4th mom. M4 2.31 ~ 10- 2 7,83 X 104 6.77 X 105 9.60 X 10- 10 

Skewness GI 0.09 0.18 0.28 0.12 
Kurtosis G2 -0.68 -0.63 -0.56 0.02 
X2 for 10 groups 18.5 15.9 14.2 10.5 
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4.2 Human Red Cell Dimensions and Shape 

TABLE 4.2: 4 Shape Coefficients for the Average RBC. 
From Evans and Fung (1972) 

Tonicity 
(mosmol) Ro (Jlm) Co (Jlm) C2 (Jlm) C4 (Jlm) 

300 3.91 0.81 7.83 -4.39 
217 3.80 2.10 7.58 -5.59 
131 3.39 6.78 0.0 0.0 

300 mO 

DIAMETER = 7.82 JL 

SURFACE AREA = 135 l 
131 mO 

217 mO 

VOLUME = 116 JL 3 VOLUME = 164 l 

SURFACE AREA = 135 JL 2 
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SURFACE AREA = 14sl 

Figure 4.2:2 Scaled cross-sectional shape of the average RBC and other geometrical 
data of Evans. From Evans and Fung (1972). 

these tables the standard deviations of the samples are listed in order to 
show the spread of the statistical sample. The sample size was 50. 

Figure 4.2:2 shows the cross-sectional shape and other geometric data 
of the average RBC from Evans and Fung (1972). It is seen that the thickness 
is most sensitive to environmental tonicity changes; the surface area is least 
sensitive. It is remarkable that the average surface area of the cell remained 
constant during the initial stages of swelling (300-217 mosmol). 
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The volume of the cell increases as the tonicity decreases. The X2 statistics 
data in Tables 4.2: 1-4 show that the distribution of the maximum and 
minimum thickness and the volume are the closest to being normal for 
each tonicity. Since these geometric properties are functionally related, 
it is not possible for all of them to have a normal distribution. For example, 
if the volume of a spherical cell is normally distributed, then the radius is 
not. 

A more extensive collection of data based on the interferometric method 
named above was done by the author and W. C. O. Tsang (see Tsang, 1975). 
Table 4.2: 5 shows the data from blood samples of 14 healthy men and women, 
with a total of 1581 cells. Figure 4.2: 3 shows the average cell shape. Classi
fication according to races, sexes, and ages showed no significant difference. 

The red cell dimensions listed in Tables 4.2: 1-5 may be compared with 
those published previously, but it must be realized that older data based 
on photographs through optical microscopes cannot discriminate any 
dimension to a sensitivity of 0.25 Jim on account of the diffractive uncer
tainties mentioned in Sec. 4.1, and illustrated in Fig. 4.1: 1. Data published 
before 1948 are summarized in Ponder (1948). Other important sources 
are those of Houchin, Munn, and Parnell (1958), Canham and Burton 
(1968), and Chien et al. (1971). 

TABLE 4.2: 5 The Geometric Parameters of Human Red Blood Cells. Sta
tistics of Pooled Data from 14 Subjects; Sample Size N = 1581. 300 mosmol. 
From Tsang (1975) 

Minimum Maximum Surface 
Diameter thickness thickness area Volume Sphericity 
(11m) (11m) (11m) (11m2) (11m3) index 

Mean 7.65 l.44 2.84 129.95 97.91 0.792 
Std. error of 

mean ±0.02 ±0.01 ±0.01 ±0.40 ±0.41 ±0.001 
Std. dev., (J 0.67 0.47 0.46 15.86 16.16 0.055 
Min. value 5.77 0.01 l.49 86.32 47.82 0.505 
Max. value 10.09 3.89 4.54 205.42 167.69 0.909 
Skewness G1 0.26 0.46 0.52 0.53 0.30 -1.13 
Kurtosis Gz 1.95 1.26 0.24 0.90 0.30 3.27 

irD1'.'TE'. 7.65"m~ 
VOLUME = 98).lm3 

SURFACE AREA = 130 ).l.m 2 

Figure 4.2:3 The average human red cell. From Tsang (1975); 14 subjects, N = 1581. 
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The sphericity index in Table 4.2: 5 and Table 4.3: 1 (p. 119) is equal to 
4.84(cell volume)2/3. (cell surface area)-l. 

4.3 The Extreme-Value Distribution 

How large is the largest red blood cell in a blood sample? The answer 
obviously depends on the size of the sample, but it cannot be obtained 
reliably by the ordinary procedure of adding a multiple of standard devia
tion to the mean. To assess the extreme value in a large sample, one has 
to use the statistical distribution of extreme values. The theory of statistics 
of extremes is a well-developed subject. E. J. Gumbel (1958) has consolidated 
the theory in a book. He made many applications of the theory to such 
problems as the prediction of flood and drought, rain and snow, fatigue 
strength of metals, gust loading on aircraft, quality control in industry, 
oldest age in a population, etc. His method has been used by the author and 
P. Chen (Chen and Fung, 1973) to study red blood cells. 

The method may be briefly described as follows. Take a random sample 
of blood consisting of, say, 100 red cells. By observation under a microscope, 
select and measure the diameter of the largest red cell in the sample. Throw 
away this sample; take another sample of 100 red cells, and repeat the 
process. In the end we obtain a set of data on the largest diameter in every 
100. From this set of data we can predict the probable largest diameter in 
a large sample of, say, 109 cells. 

It is fortunate that the asymptotic formula for the probability distribution 
of the largest among n independent observations turns out to be the same 
for a variety of initial distributions of the exponential type, which includes 
the exponential, Laplace, Poisson, normal, chi-square, logistic, and logarith
mically transformed normal distributions. In these distributions the variates 
are unlimited toward the right, and the probability functions F(x) converge 
with increasing x toward unity at least as quickly as an exponential function. 
The distribution of the diameter of red cells is most likely of the exponential 
type (past publications usually claim it to be approximately normal; see, 
for example, Ponder, 1948; Houchin, Munn, and Parnell, 1958; Canham 
and Burton, 1968), and hence we have great confidence in the validity of 
the extreme distribution. This was found to be the case by Chen and Fung 
(1973). 

According to Gumbel (1954), the probability that the largest value in 
a sample of size n will be equal to or less than a certain value x is given by 

F(x) = exp[ - exp( - y)], (1) 
where 

y = O((x - u), (2) 

and 0(, U, are parameters depending on n. The parameter u is the mode, and is 
the most probable value of x. The inverse of the param,eter 0( is a measure of 
dispersion, called the Gumbel slope. The parameters are determined by the 
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following formulas: 

1 sJ6 0.57722 u=x---- (3) 
1C 

where x is the mean and S is the standard deviation of the extreme variate. 
The variable y is dimensionless and is called the reduced largest value. For a 
continuous variate there is a probability 1 - F(x) for an extreme value to be 
equal to or exceeded by x. Its reciprocal, 

1 
T(x) = 1 _ F(x)' (4) 

is called the return period, and is the number of observations required so that, 
on the average, there is one observation equalling or exceeding x. 

Gumbel (1954, 1958) has reduced the procedure of testing the goodness 
of fit of the mathematical formula to any specific set of observed data, as well 
as the evaluation of parameters ()( and u, to a simple graphical method. He 
constructed a probability paper for extreme values in which the reduced 
largest value y, the cumulative probability F(x), and the return period T(x), 
are labeled on the abscissa, while the variate x is labeled linearly on the or
dinate. This graph paper is given in King (1971). An example is given in 
Fig. 4.3: 1. The entire set of n observed largest values is plotted onto this paper 

12.0 

e 
:t-'I.O 
!: 
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REDUCED VARIATE (YI 

Figure 4.3: 1 Extreme value distribution of red blood cells plotted on Gumbel's prob
ability paper. The sample batch size is 100 cells. The set of data on the largest diameter 
in every 100 cells is plotted. The least-squares fit straight line is represented by 
x = 9.386 + 0.4568y. Circles represent experimental data. Squares are computed at 
95% confidence limits. From Chen and Fung (1973). 
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in the following manner. List all the data points in order of their magnitude, 
Xl being the smallest, Xm the mth, and Xn the largest. Plot Xm against a cumu
lative probability 

(5) 

If the theoretical formula (1) applies, the data plotted should be dispersed 
about a straight line: 

y 
X = U +-. 

()( 
(6) 

The intercept and the slope of the fitted straight line give us the parameters 
u and 0(. Having this straight line, we can find the expected largest value 
corresponding to any desired large return period T from the reduced variate: 

(7) 

Chen and Fung (1973) used the method of resolution of microscopic holo
graphy (Evans and Fung, 1972) discussed in Sec. 4.2, to obtain the dimensions 
of the red cells, and then used the Gumbel method to determine the extreme
value distribution. 

The experimental results of four subjects in the age range 22-29 are 
summarized in Table 4.3: 1. A typical extreme value plot for a subject is shown 
in Figure 4.3: 1. Within the 95 % confidence limit, it can be seen that the dis-

TABLE 4.3: 1 Distribution of Diameter, Area, Volume, Maximum Thick-
ness, Minimum Thickness, and Sphericity Index of Cells with the Largest 
Diameter in Samples of 100 Cells Each. 300 mosmol. From Chen and Fung 
(1973) 

Subject PC JP DV MY 

Sex M M M M 
No. of Samples 55 36 35 37 
Mode (Jlm) of largest 

diameter 9.083 9.372 9.386 9.168 
Gumbel slope (1/1X) of 

largest diameter 0.5204 0.5255 0.4548 0.5314 
Area 175.34 184.42 182.00 178.01 
(Jlm2 ) ± SD ±20.21 ±20.29 ±14.25 ±20.37 
Volume 119.87 129.08 132.38 130.03 
(Jlm3 ) ± SD ± 17.45 ± 17.37 ± 16.81 ±19.64 
Maximum thickness 2.367 2.449 2.456 2.510 
(Jlm) ± SD ±0.281 ±0.217 +0.249 ±0.229 
Minimum thickness 0.751 1.086 0.9716 1.0281 
(Jlm) ± SD ±0.358 ±0.318 ±0.2815 ±0.314 
Sphericity index 0.6711 0.6703 0.6907 0.6979 
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surface area = 135 ).12 surface area = 182 ).12 

A NORMAL CELL A LARGE CELL 

Figure 4.3:2 Comparison between a normal red blood cell from Evans and Fung 
(1972) and an extreme cell from Chen and Fung (1973). 

tribution of the largest diameter follows the theoretical asymptote for the 
exponential type of initial distribution. The Gumbel slope is relatively con
stant for all the subjects. When compared to the study of normal blood 
samples, the large cells have a larger surface area and volume, the minimum 
thickness is higher, the maximum thickness remains approximately the same, 
and the sphericity is lower. A correlation study shows that for the most prob
able largest cell in a sample of size n, the cell surface area and the minimum 
thickness are proportional to the cell diameter. The maximum thickness 
seems to be independent of the cell diameter. The sphericity index decreases 
with increasing cell diameter. There is no correlation between cell volume 
and cell diameter for the largest cell. 

Figure 4.3: 2 shows a comparison between a mean cell from Evans and 
Fung (1972) and an extreme cell from Chen and Fung (1973). The difference 
in cell shape is quite evident. If we predict the size of the largest cell in a pop
ulation of 108 cells, then for subject PC we obtain an impressive value of 
15.66-17.06 11m for its diameter, as compared with the mean value of7.82 11m; 
i.e., the largest cell's diameter is more than twice that of the average. 

The same technique can be used to study the smallest red cell in a given 
sample, but there seem to be no reason to do so. However, a study of the 
smallest cross section of a blood vessel may have meaning. Sobin et al. (1978) 
have used this method to determine the elasticity of pulmonary arterioles 
and venules. We can think of many biological variables whose extreme values 
are of interest. The method deserves to be widely known. 

4.4 The Deformability of Red Blood Cells (RBC) 

In static equilibrium a red cell is a biconcave disk. In flowing through capil
lary blood vessels, red cells are highly deformed. An illustration of deformed 
red blood cells in flowing blood in the mesentery of a dog is shown in Fig. 
4.1:2 in Sec. 4.1. The order of magnitude of the stresses that correspond to 
such a large deformation may be estimated as follows. Assume that a capillary 
blood vessel 500 um long contains 25 RBC and has a pressure drop of 2 cm 
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H20. Then the pressure drop is about 0.08 g/cm2 per RBC. Imagine that the 
RBC is deformed into the shape of a cylindrical plug with an end area of 
25 .urn 2 and a lateral area of 90 .urn 2. The axial thrust 0.08 x 25 x 10 - 8 g is 
resisted by the shear force y x 90 X 10- 8 acting on the lateral area. Then the 
shear stress y is of the order of 0.08 x ~6 = 0.02 g/cm2, or 20 dyn/cm2. Such 
a small stress field induces a deformation with a stretch ratio of the order of 
200% in some places on the cell membrane! This stress level may be compared 
with the "critical shear stress" of about 420 dyn/cm2, which Fry (1968, 1969) 
has shown to cause severe changes in the endothelial cells of the arteries. It 
may also be compared with the "shearing" stress of about 50-1020 dyn/cm2 
acting at the interface between a leukocyte and an endothelium when the 
leukocyte is adhering to or rolling on the endothelium of a venule (Schmid
Schoenbein, Fung, and Zweifach, 1975). 

Red cell deformation can also be demonstrated in Couette flow and in 
Poiseuille flow (Schmid-Schonbein and Wells, 1969; Hochmuth, Marple, and 
Sutera, 1970). In fact, one of the successful calculations of the viscosity of the 
hemoglobin solution inside the RBC was made by Dintenfass (1968) under 
the assumption that the cell deforms like a liquid droplet in a Couette flow. 
Based on an analytical result on the motion of liquid droplets obtained 
earlier by G. I. Taylor, Dintenfass calculated the viscosity of the RBC con
tents to be about 6 cPo Experiments by Cokelet and Meiselman (1968) and 
Schmidt-Nielsen and Taylor (1968) on red cell contents, obtained by frac
turing the cells by freezing and thawing and removing the cell membranes by 
centrifugation, showed that the hemoglobin solution in the red cell behaves 
like a viscous fluid with a coefficient of viscosity of about 6 cPo Thus one infers 
that the red cell is a liquid droplet wrapped in a membrane. 

The question why red blood cells are biconcave in shape has been debated 
for many years. Ponder (1948, p. 22) thinks that the biconcave disk shape is 
the optimum geometry for oxygen transfer. The mathematics is correct but the 
reasoning is doubtful, because red cells assume a biconcave disk shape only 
when they are in static equilibrium: in a flowing condition they are deformed 
into the shape of a bullet or slipper in the capillary blood vessels, where 
oxygen transfer takes place. Canham (1970) thinks that the red cell membrane 
is flat ifit is unstressed, that it behaves like a flat plate, and has a finite bending 
rigidity and negligible resistance to stretching. Then he shows that if such a 
flat bag is filled with fluid, the biconcave disk shape is the one that minimizes 
the potential energy. Such an analysis is interesting but somewhat futile. 
because it is known (see Sec. 4.6) that the red cell membrane has a finite 
resistance to stretching but a very low bending rigidity; and the flat bag has 
a very specific edge which cannot be identified on the red blood cell. Perhaps 
it is more meaningful to accept the fact that the shape of the red cell at static 
equilibrium is biconcave and ask what special consequences are implied by the 
biconcavity. In fact, the answer to such a question can yield information about 
the stresses in the cell membrane, the pressure in the interior of the cell, and 
the deformability and strength of the cell. Biconcavity is a geometric property. 
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A deduction made from geometry and the first principles of mechanics will be 
simple and general. Uncluttered by special chemical and biological hypoth
eses, the theory will be as transparent as a proposition in geometry. We shall 
present such a simple analysis in the following section. 

4.5 Theoretical Considerations of the Elasticity of Red Cells· 

Let us make the following hypothesis about the red blood cell: (1) The cell 
membrane is elastic and has a finite strength. (2) Inside the cell is an incom
pressible Newtonian viscous fluid. (3) In static equilibrium floating in a 
homogeneous Newtonian fluid it is an axisymmetric biconcave disk. (4) In this 
state, there is no bending moment in the cell membrane. Then we shall derive 
theoretically the following conclusions: 

C(l) The biconcave state is the zero-stress state. 
C(2) At the biconcave state, the transmembrane pressure difference is zero. 
C(3) There exists an infinite number of large deformations of the cell which 

preserves the volume of the cell, surface area of the cell membrane, and 
without stretching and tearing of the membrane anywhere. Bending is 
concentrated along certain lines. 

As a proof, let us consider an axially symmetric biconcave shell of revolu
tion in static equilibrium under internal pressure. Because of the axial symme
try, it is necessary only to consider a meridional cross section as shown in Fig. 
4.5: 1. A point P on the shell can be identified by a pair of cylindrical polar 
coordinates (r, z) or by r and the angle f/J between a normal to the shell and 
the axis of revolution. At each point on the shell, there are two principal radii 
of curvature: One is that of the meridional section, shown as r 1 in Fig. 4.5: 1. 
The other is equal to r2, a distance measured on a normal to the meridian 
between its intersection with the axis of revolution and the middle surface of 
the shell. The lines of principal curvature are the meridians and parallels 
of the shell. 

The stresses in the shell may be described by stress resultants (membrane 
stresses) and bending moments. The stress resultants are the mean stress in 
the membrane multiplied by the thickness. The bending moments arise from 
the variation of the stresses within the thickness of the membrane, and is 
associated with the change of curvature of the membrane. We assume that at 
the natural state there is no bending moment in the shell. Hence we need only 
to examine the membrane stresses. 

The stress resultants acting on an element of the shell surface bounded 
between two meridional planes, fJ = fJo and fJ = fJo + dfJ, and two parallel 
planes, f/J = f/Jo and f/J = f/Jo + df/J, are shown in Fig. 4.5: 2. The symbol N; 
denotes the normal stress resultant (force per unit length, positive if in tension) 

* The material in this section is taken from Fung (1966). 
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1----------.... r 

A cp=O 

z 
Figure 4.5:1 Meridional cross-section of the red blood cell. Angle l/J, the radial distance 
r, or the arc length s may be chosen as the curvilinear coordinates for a point on the cell 
membrane. Note the principal radii of curvature ri, r2 at point P. Point B is a point 
of inflection. 

Figure 4.5:2 Notations. Vectors showing the stress resultants (force per unit length 
in the cell membrane) Nt/>, No, N t/>o and the extemalloads (force per unit area) P .. Po, Pt/>. 
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acting on sections r/J = const., No denotes the normal stress resultant (tension) 
per unit length acting on sections () = const. The symbol No¢> is the shear 
resultant per unit length acting on sections () = const., and N¢>o is the shear 
acting on r/J = const. For axisymmetric loading, No¢> = N¢>o = 0. The equations 
of equilibrium are (see Fliigge, 1960, p. 23), for a shell subjected to a uniform 
internal pressure Pi and a uniform external pressure Po: 

d 
dcjJ (r N q,) - r 1 No cos cjJ = 0, (1) 

Nq, No 
-+-=Pi-Po· 
r1 r2 

(2) 

Solve Eq. (2) for No, substitute into Eq. (1), and multiply by sin r/J to obtain 

d~ (r2N q, sin2 cjJ) = r1 r2(Pi - Po) cos cjJ sin cjJ. (3) 

An integration gives the result 

N q, = .1 2 cjJ [f r1ripi - Po) cos cjJ sin cjJ dcjJ + c], (4) 
r2 sm 

where c is a constant. From Fig. 4.5: 1, we can read off the geometric relations 

dr 
dcjJ = r1 cos cjJ, 

Thus Eq. (4) can be reduced to the form 

dz . A. 
dcjJ = r1 sm.,.,. 

1 ir Nq, = ~ (Pi - po)rdr. 
rsm.,., 0 

(5) 

(6a) 

This solution yields the alarming result that at the top point C in Fig. 4.5: 1 
where cjJ = ° and r is finite, we must have N q, ~ 00 if Pi - Po #- 0. This result, 
that a finite pressure differential implies an infinitely large stress at the top 
(point C), is so significant that a special derivation may be desired. Consider 
the equilibrium of a circular membrane that consists of a portion of the 
shell near the axis, say, inside the point B in Fig. 4.5: 1. The isolated circular 
membrane is shown in Fig. 4.5:3(a). The total vertical load acting on the 
membrane is 

(Pi - po)nr2. 

This load must be resisted by the vertical component of the stress resultant 
acting on the edges, namely, N q, sin cjJ, multiplied by the circumference 2nr. 
Hence 

or 
N _ Pi - Po r q,------

2 sin cjJ. (6b) 

At C, r #- 0, r/J = 0, and N¢> must become infinitely large if Pi #- Po. Figure 
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(a) 

(b) Pi -Po>O 

+ + • + t + t t + + + Ncp-~-Ncp 

A 

Ncp -co 

Figure 4.5: 3 Equilibrium of a polar segment of the cell membrane. Pressure load is 
balanced by the membrane stress resultant Nt/>. Transverse shear and bending stresses 
in the thin cell membrane are ignored. (a) At B the slope of the membrane # o. (b) At 
C the slope = o. 

4.5: 3(b) shows this very clearly. Here the slope at C is horizontal. No matter 
how large N" is, the stress resultant on the edges cannot balance the vertical 
load. Hence N" -+ 00 if the vertical load is finite. 

Perhaps no biological membrane can sustain such a large stress. 
Therefore, if we insist that Pi - Po #- 0, then we shall have a major difficulty. 
This difficulty is removed if we admit the natural conclusion that the pressure 
differential across the cell wall vanishes: 

Pi - Po = 0. (7) 

Then it follows that for a normal biconcave red cell, the membrane stresses 
N"" No vanish throughout the shell: 

N", =No=O. (8) 

Thus, indeed, a floating biconcave red cell is at zero-stress state. This proves 
the conclusions C(1), C(2) listed on p. 122. 

Our conclusion is based on the biconcave geometry of the red cell. 
Nucleated cells and some pathological erythrocytes do not assume biconcave 
geometry; consequently, our conclusion does not apply. Sickle cells have a 
crystalline hemoglobin structure inside the cell. Leukocytes have gelated 
pseudo pods. To them our analysis does not apply because in their interior 
the stress field cannot be described by pressure alone. Hence we do not know 
the zero-stress state of leukocytes. 

4.5.1 Stretching and Bending Rigidities of the Red Cell Membrane 

If a deformation changes the curvature of a shell, then the bending rigidity 
must be considered. If the bending moment is not uniform, then there must 
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be transverse shear (in sections perpendicular to the membrane). With bending 
and transverse shear, a pressure difference Pi - Po can be tolerated. 

As it is well known in the theory of plates and shells (see, e.g., Fliigge, 1960), 
the bending rigidity of a thin isotropic plate or a thin shell is proportional to 
the cubic power of the wall thickness: 

Eh 3 

bending rigidity D = 12(1 _ v2 )' (9) 

where E is Young's modulus, h is the wall thickness, and v is Poisson's ratio. 
In contrast, the extensional rigidity is Eh, proportional to the first power of 
the wall thickness. When the thickness h is very small, the bending rigidity is 
much smaller than the extensional rigidity. 

Large deformation of very thin shells often occur in such a way that the 
extensional deformation is small everywhere (because of the high extensional 
rigidity), while large curvature change is concentrated in some small areas (so 
that the product of curvature change and bending rigidity is significant in 
these areas). In the limit we are lead to the consideration of deformations in 
which significant bending occurs along a system oflines on the shell. Deforma
tions of this type is discussed in the following paragraphs. 

4.5.2 Isochoric Applicable Deformations 

We shall now consider a red cell as a deformable shell filled with an 
incompressible fluid. Let the shell be impermeable to the fluid. Any deforma
tion of the shell must preserve the volume of the incompressible fluid. We 
call such a deformation isochoric. The deformation of an erythrocyte without 
mass transport across its membrane is isochoric. 

In the theory of differential geometry (see, for example, Graustein, 1935, 
or Struik, 1950), a surface is said to be applicable to another surface if it can 
be deformed into the other by a continuous bending without tearing and 
without stretching. A deformation of a surface into an applicable surface 
involves no change in the intrinsic metric tensor on the surface. No change 
in the membrane strain is involved in such a deformation. Accordingly, no 
change in membrane stresses will occur in such a deformation. 

A deformation of a shell by continuous bending without tearing or 
stretching and with the enclosed volume kept constant is called an isochoric 
applicable deformation. From what has been said above, we conclude that 
an isochoric applicable deformation of an erythrocyte will induce no change 
in the membrane stresses in the cell wall. 

Consider a spherical shell made of an elastic material. Let the shell be 
filled with an incompressible liquid and be placed in another fluid. Now 
suppose the external pressure is reduced. If the internal pressure does not 
change, the shell would expand. But such an expansion is impossible because 
the volume is fixed. Hence the internal pressure must be reduced to equal the 
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reduced external pressure so that the stress in the shell will remain unchanged. 
Hence an elastic spherical shell transmits pressure changes perfectly, so that 
the changes in internal pressure are exactly equal to the changes in external 
pressure. 

Next consider an arbitrary elastic shell containing an incompressible 
fluid. Although no longer so obvious, the same argument as above applies, 
and we conclude that neither a change in the membrane stress in the shell, nor 
a change in the pressure differential across the shell, can be achieved by 
manipulating the external pressure alone, as long as the deformation is 
isochoric and applicable. 

It is known in differential geometry that if two surfaces are applicable 
to each other, their Gaussian curvature (also called the total curvature, 
which is the product of the two principal curvatures) must be the same at 
corresponding points. Thus a developable surface (whose Gaussian curvature 
is zero) is applicable to another developable surface. A spherical surface is 
applicable to another spherical surface of the same radius. Some examples 
are shown in Fig. 4.5:4. In Figs. 4.5:4(a) and (b) it is seen that cylindrical 

(a) (e) 

(b) (d) 

c:J- ---
... -...... ~ 

.... ---- ....... 

(e) 

Figure 4.5:4 Examples of applicable surfaces. In (e) an isochoric applicable deforma
tion of a red blood cell is shown. 
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and conical shells are applicable to each other and to flat sheets if they can 
be cut open. In Fig. 4.5:4(c) a diamond-patterned surface composed of 
flat triangles can be shown to be applicable to a cylinder. In Fig. 4.5: 4( d) 
a dimple with reversed curvature on a sphere is applicable to the original 
sphere. Although deformations shown in Figs. 4.5 :4(c) and (d) are not 
isochoric, they are important modes of buckling of cylindrical and spherical 
shells. In Fig. 4.5:4(e) a biconcave shell similar to an erythrocyte is shown. 
In this case an infinite variety of isochoric applicable surfaces exists. 

This proves the conclusion C(3) listed on p. 122. The great liberty with 
which a biconcave erythrocyte can deform isochorically into an infinite variety 
of applicable surfaces without inducing any membrane stresses in its cell 
membrane, and without any change in the pressure differential between the 
interior and the exterior offers a disarming simplicity to the mechanics of 
erythrocytes. 

4.6 Cell Membrane Experiments 

In the preceding section, we considered the consequences of the biconcave 
disk shape of the red blood cell and concluded that the geometry makes 
the cell flaccid so that it can deform into a great variety of shapes without 
inducing any membrane stresses (Le., without stretching the membrane in 
any way), provided that the small bending stress (and rigidity) of the cell 
membrane is ignored. This great flexibility is, of course, a great asset to the 
red cell, which has to circulate all the time and to go through very narrow 
tubes in every cycle. If the cell can deform and squeeze through the narrow 
tubes without inducing any stress, then wear and tear is minimized. 

It follows that in order to investigate the stress-strain relationship of the 
red cell membrane, one must induce "off design" deformations in the cell, 
deformations that are not obtainable by isochoric (without changing volume) 
and applicable (without stretching the cell membrane in any way) transforma
tions. The following are several popular types of experiments: 

1. Osmotic swelling in hypotonic solution (Figs. 4.2:2 and 4.6:1). 
2. Compression between two flat plates [Fig. 4.6 :2(b)]. 
3. Aspiration by a micropipet [Figs. 4.6 :2(a) and 4.6 :6]. 
4. Deflection of the surface by a rigid spherical particle [Fig. 4.6:2(c)]. 
5. Fluid shear on a cell tethered to a flat plate at one point (Fig. 4.6:5). 
6. Transient recovery of a deformed cell (Fig. 4.6: 7). 
7. Plastic flow and other details of tethers (Fig. 4.6: 8). 
8. Forced flow through polycarbonate sieves. 
9. Thermal effect of elastic response. 

10. Chemical manipulation of the cell membrane. 

Grouped according to their objectives, these experiments can be classified 
as follows. Strain types are varied in the following experiments: 
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a. Membrane surface area changes (Exps. 2, 3, 4, and the latter stages of 
Exp.l). 

b. Area does not change, stretching different in different directions (earlier 
stages of Exp. 1 and parts of membrane in Exps. 2-8). 

c. Bending energy not negligible compared with stretching energy (earlier 
stages of Exp. 1). 

With respect to variation in time, there are two kinds of experiments. 

a. Static equilibrium (Exps. 1-5); 
b. dynamic process (Exps. 6 and 7). 

With respect to material properties, there are three kinds: 

a. Elastic (Exps. 1-5); 
b. viscoelastic (Exp. 6); 
c. visco plastic (Exp. 7). 

Through these experiments, information about the elasticity, viscoelasticity, 
and viscoplasticity of the red blood cell membrane is gathered. Some com
ments follow. 

4.6.1 Osmotic Swelling 

Osmotic swelling of a red cell is one of the most interesting experiments in 
biomechanics. When a red cell is placed in a hypotonic solution, it swells 
to the extent that the osmotic pressure is balanced by the elastic stress and 
surface tension in the cell membrane. Returning the cell to an isotonic 
solution recovers the geometry, so the transformation is reversible. Results 
of such experiments are given in Tables 4.2: 1-4.2: 4. Eagle-albumin solution 
at 300 mosmol is considered isotonic. In a hypotonic solution of217 mosmol, 
the cell volume is increased 23%, but the surface area is unchanged. At 
131 mosmol the volume is increased 74% but the surface area is increased 
only 7%. At 131 mosmol the red cell is spherical and it is on the verge of 
hemolysis. At a tonicity smaller than 131 mosmol the cells are hemolyzed. 
This shows that the red cell membrane area cannot be stretched very much 
before it breaks. On the other hand, a look at the red cells in other experi
ments, especially in tethering (Exp. 5) and aspiration (Exp. 3), convinces us 
that the red cell membrane is capable of very large deformation provided 
that its area does not have to change (locally as well as globally). A deforma
tion called "pure shear," stretching in one direction and shrinking in the 
perpendicular direction, is sustainable. Furthermore, it was found that the 
elastic modulus for cell membrane area change [tensile stress -;- (L1AIA), A 
being the membrane area] is three to four orders of magnitude larger than 
the shear modulus (shear stress -;- shear strain). For these reasons, experi
ments are classified according to whether cell membrane area is changed 
or not. 
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In the initial stages of osmotic swelling (say, from 300 to 217 mosmol), 
the cell geometry is changed considerably without noticeable change in 
surface area. In this stage the bending rigidity of the cell membrane, though 
very small, is very important: without taking bending into account, the 
sequence of swelling configurations cannot be explained. Conversely, the 
swelling experiment provides information about cell membrane bending. 
See Zarda, et al. (1977). 

A model experiment on a thin-walled rubber model of a red blood cell 
reveals some details which are quite instructive. Such a model with a diameter 
of about 4 cm and a wall thickness of about 40 J1m (so that the radius-to
thickness ratio is about 5(0) is shown in Fig. 4.6 : 1. When this rubber cell 
was immersed in a water tank and its internal volume was controlled by 
water injection, the sequence of geometric changes was photographed and 

Figure 4.6: 1 Thin-walled rubber model of red blood cell filled with water and immersed 
in a water tank. Figure shows the change of cell geometry with internal pressure. Top: 
natural shape. Second row: polar and equatorial regions buckled. Third row : the 
number of equatorial buckles increases with increasing pressure. From Fung (1966). 
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is shown in the figure. The top two pictures show the initial shape without 
pressure difference. The following pictures show the change in shape under 
increasing internal pressure. In the initial stage, a sudden bulge ofthe dimples 
(i.e., buckling in the polar region of the cell) can be easily detected. The cell 
shown in the second row of Fig. 4.6: 1 has already buckled. Note that the 
central, polar region bulges out. However, while the poles bulge, the equator 
of the cell contracts. In the successive pictures it is seen that the equator 
contracted so much that wrinkles parallel to the axis of symmetry were 
formed. The number of equatorial wrinkles increased with increasing internal 
pressure. At large internal pressure the cell swelled so much that the equator 
became smooth again. 

This picture sequence is interesting in revealing a type of buckling in a 
thin-walled elastic shell when it is subjected to an increasing internal pressure. 
Engineers are familiar with elastic buckling of thin shell structures (e.g., 
spheres, cylinders, airplanes, submarines) subjected to external pressure. But 
here we have a type of the opposite kind. The principle is simple enough: 
on increasing internal pressure and volume, the red cell swells into a more 
rounded shape. In doing so the perimeter at the equator is shortened, and 
buckling occurs. 

The method of making the thin-walled rubber model of the RBC may be 
recorded here because it can be used to make other models ofbiomechanical 
interest. To make such a rubber shell model, a solid metal model of the 
RBC was machined according to the geometry shown in Fig. 4.2:1, with a 
diameter of about 4 cm. A female mold of plaster of Paris was then made 
from the solid metal model. From the female mold solid RBC models were 
cast with a material called "cerrolow" (Peck-Lewis Co., Long Beach, Calif.), 
which has a melting point of about 60°C. At room temperature this material 
appears metallic and can be machined and polished. A stem was left on 
each mold. Holding the stem, we dipped the mold into a cup of latex rubber 
in which a catalyst was added. Upon drying in air, a rubber membrane 
covered the mold. Each dip yielded a membrane of thickness of about 20 pm. 
In this way, a cell model with a wall thickness of 20-40 Jlm can be made 
satisfactorily. The solidified rubber model was then rinsed in hot water, in 
which the cerrolow melted and could be squeezed out, leaving a thin-walled 
red cell model. 

4.6.2 Area Dilatation Experiments 

The methods illustrated in Fig. 4.6:2 are aimed at changing the surface 
area of the cell. The micropipet aspiration method sucks a portion of the 
cell membrane into the pipet. The compression method flattens a cell. The 
particle method requires implantation of a magnetic particle into the cell, 
followed by observing the cell's distortion when it is placed in a magnetic 
field. See brief description in the legend of Fig. 4.6:2. These methods are 
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Figure 4.6: 2 Three examples of mechanical experiments in which the dominant stress 
resultants are circumferential and longitudinal tensions. If the membrane encapsulated 
system is spherical or nearly spherical initially, and the interior volume is fixed, then 
area dilation is the primary deformation produced in these experiments. The examples 
above schematically illustrate (a) micropipette aspiration, (b) compression between two 
flat surfaces, and (c) deflection of the surface by a rigid spherical particle. In (a), tlP is 
the pressure difference between the pipette interior and the outside medium, and L is 
the length of the aspirated projection of the membrane. In (b), F is the force on each 
plate where the plate.s are separated from eah other by a distance z. In (c), F is the force 
which displaces the magnetic particle and the surface by a distance d. From Evans and 
Skalak (1979), by permission. 

best suited for spherical cells (e.g., sphered red cells or sea urchin eggs). They 
can yield the modulus of elasticity with respect to area change of the mem
brane. But their analysis is by no means simple. See Evans and Skalak 
(1979) for detailed discussions of experimental results and their interpre
tations and analysis. 

Experimenting on sphered red blood cells, Evans and Hochmuth (1976) 
found that to aspire cell membrane into a pipet a pressure of the order of 
105 dyn/cm2 is needed. Assuming that that pressure is about equal to Pi - Po, 
we can compute the membrane tension (stress resultant), N 4>' according 
to Laplace's formula given in Problem 1.4 in Sec 1.6 of Chapter 1. If N 4> 

is related to the area dilatation by the equation 

(1) 

where LlA is the change of membrane area and Ao is the initial area, and 
K is a constant of proportionality, which may be called the areal modulus of 
elasticity, Evans and Hochmuth found that K is about 450 dyn/cm at 25°C. 
Analytical details are given in Sec. 4.6.7. 

4.6.3 Membrane Shear Experiments 

Distortion of a membrane without change of area is called pure shear. If 
a membrane is stretched in the x direction by a stretch ratio A. and shrunk 
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Figure 4.6:3 (a) Pure shear and (b) simple shear ofa membrane. 
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Figure 4.6: 4 Mohr's circle of stress for the uniaxial stress state. 
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in the perpendicular, y direction by a stretch ratio I, - 1, the deformation is 
pure shear; see Fig. 4.6: 3(a). In contrast, the deformation shown in Fig. 
4.6:3(b) is called simple shear. A general deformation of a membrane can 
be considered as composed of a pure shear plus an areal change. Since the 
red cell membrane is so peculiar that it can sustain a large shear deforma
tion but only a small area change (the cell membrane ruptures if the area 
is changed by more than a few percent), it is important to experiment on 
these two types of deformation separately. 

Stresses acting on any small cross-sectional area in the membrane can 
be resolved into a normal stress and a shear stress. If a membrane is sub
jected to a tensile stress resultant Nt/> in the x direction and 0 in the y direction, 
then on a cross section inclined at 45° to the x axis, the shear and normal stress 
resultants are both N ",/2. This is called a uniaxial stress state: it is an ef
fective way to impose pure shear. The Mohr's circle of stress resultants 
for this state is shown in Fig. 4.6:4. 

The tethering experiment illustrated in Fig. 4.6: 5 is designed to induce 
a uniaxial tension state of stress into the cell membrane. If red blood cells 
are suspended in an isotonic solution and the suspension is left in contact 
with a glass surface, some cells will become attached to the glass. Then if 
the solution is made to flow relative to the glass, the solution will sweep 
past the tethered red cell. This is analogous to the situation in which we 
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Figure 4.6:5 Schematic illustration of the uniaxial extension at constant area of a 
membrane element defined by (xo, Xo + dxo) into the element (x, x + dx) under the 
action of a uniform fluid shear stress, " •. xp is the location of the attachment point for 
the disk model. From Evans and Skalak (1979), by permission. 

hold a balloon tied to a string and stand in a strong wind. The wind will 
deform the balloon. In the case of the red cell the Reynolds number is very 
small and the viscous force dominates. Figure 4.6: 5 shows the stress field 
in a membrane element of the red cell in this situation. By photographing 
the deformed red cell, one can approximately assess the modulus of elasticity 
of the cell membrane in a uniaxial state of stress. The shear modulus found 
by Hochmuth et al. (1973) by this method is of the order of 10- 2 dyn/cm. 

A different experiment for the same purpose is illustrated in Fig. 4.6: 6. 
Suction is used to draw into a micropipette a portion of the cell membrane 
in the region of the poles of a flaccid red cell. Large deformation of the cell 
membrane occurs in the vicinity of the pipette mouth. If one assumes that 
the area of the membrane does not change, and that the suction is so localized 
that the cell remains flaccid and biconcave away from the pipette's mouth, 
then an approximate analysis of the membrane deformation can be made. 
The deformation is pure shear. With bending rigidity neglected, the equa
tions of equilibrium can be set up. Combined with a constitutive equation 
(such as those proposed in Sec. 4.7), the deformation can be related to the 
sucking pressure in the pipette. Comparison of the experimental results 
with the calculated results will enable us to determine the elastic constants 
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Figure 4.6: 6 Illustration of membrane extension and deviation between force resultants 
produced by micropipette aspiration of a flaccid red blood cell. The principal force 
resultants (tensions) can be decomposed into isotropic and deviatoric (shear) contri
butions. From Evans and Skalak (1979), by permission. 

in the constitutive equation. If the membrane stress resultants are N m, 

N "', as shown in Fig. 4.6: 6, and the stretch ratio in the direction of N m is 
Am' then the maximum shear stress resultant is 

s = N m - N", 
max 2 ' (2) 

and the stress- strain relationship, Eq. (3) of Sec. 2.8, or Eq. (to) of Sec. 4.7, is 
reduced to the form 

Smax = 2/1 . (max. shear strain). (3) 

Waugh (1977) found the value of the shear modulus /1 to be 6.6 x 10- 3 

dynjcm at 25°C, with an 18% standard deviation for 30 samples. This is 
more than four orders of magnitude smaller than the areal modulus. Further 
analysis is given in 4.6.6. 

4.6.4 Viscoelasticity of the Cell Membrane 

The experiments considered above may be performed in a transient manner 
to measure response of the cell to step loading or step deformation, or to 
oscillatory loading and deformation, thus obtaining the viscoelastic char
acteristics of the cell membrane. 

Hochmuth et al. (1979) experimented on the viscoelastic recovery of 
red cells by pulling a flaccid red cell disk at diametrically opposite locations 
on the rim of the cell: the cell is attached to glass on one side and pulled 
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Figure 4.6: 7 Comparison of the extensional recovery predicted for a viscoelastic disk 
model to that of a series of photographs taken of an actual red blood cell during recovery. 
The correlation provides a time constant, te , for the membrane recovery of 0.10 s in 
this case. The dashed lines are an overlay of the predicted model behavior onto the 
outline of the cell. From Evans and Skalak (1979), by permission. 

with a micropipet from the opposite side. The cell is then released and the 
recovery is observed with high speed photography. (See Fig. 4.6: 7.) 

A related case is suddenly stopping the flow in the experiment illustrated 
in Fig. 4.6: 5 and observing the recovery of the red cell. Observation of cell 
response to suddenly applied pressure and release in micropipet aspiration 
[Fig. 4.6: 2(a)] was done by Chien et al. (1978). 

4.6.5 Visco plastic Flow 

When a flaccid red cell held with a micropipette for a certain length of time 
is suddenly expelled from the pipette, a residual "bump" remains in the 
membrane, which is interpreted as due to plastic deformation. At a given 
sucking pressure, the height of the bump was found to be proportional to 
the length of time the cell is held in the pipette. 

Figure 4.6 : 8 illustrates another experiment by Evans and Hochmuth 
(1976). They observed that irrecoverable flow of material commences when 
the membrane shear resultant exceeds a threshold, or "yield" value. The 
membrane of a red cell tethered to a glass plate will flow plastically if the shear 
flow exceeds a certain limit. Analysis of the plastic flow is given in Sec. 4.6.8. 

4.6.6 Mechanics of Micropipet Experiments 

The micropipet experiments illustrated in Fig. 4.6: 2 have yielded many pieces 
of information about erythrocytes, leukocytes, endothelial cells, etc. In this 
method, a cell to be studied is put in a suitable liquid medium. A micropipette 
with a suitable diameter at the mouth is used to suck on the wall of the cell. 
The suction pressure can be controlled (e.g., by lowering the reservoir of the 
fluid filling the pipet) to within 1 dynjcm2 (0.1 Pa). For a pipet with a 2 !lm 
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Figure 4.6:8 Schematic illustration of the micro tether and the region of viscous dissipa
tion in the "necking" region, where the plastic flow occurs. The geometry of a membrane 
flow element is shown in the enlarged view. From Evans and Hochmuth (1976), by 
permISSIOn. 

tip diameter, a pressure difference of 1 dyn/cm2 would produce a tiny suction 
force of 0.3 pN. The shape of the cell outside the pipet and the length of the 
lip sucked into the pipet can be photographed and measured as a function of 
the aspiration pressure. 

From the pipet aspiration pressure and cell deformation relationship, one 
should be able to deduce the material constants of the constitutive equations 
of the materials of the cell provided that (1) the structure and distribution of 
the materials of the cell is known, (2) the forms of the constitutive equations of 
the materials are known so that only a set of unknown constants are to be 
determined, and (3) the stresses and strains in the cell can be computed. These 
three requirements are nontrivial. The importance of (3) is evident. To do (3), 
one must know (1) and (2). The difficulty of (3) is well known in the theories 
of elasticity, viscoelasticity, and thin shells. 

Under drastic simplifying assumptions, the stress- strain distribution in 
the cell body and cell membrane can be computed. For example, if the cell 
membrane is homogeneous (i.e., of uniform thickness and uniform mechanical 
property, if the cell contents is a liquid, if the condition is static, and if the cell 
body outside the pipet and the part at the tip of the lip sucked into the pipet 
are spherical in shape, then the stress resultant N(> in the cell membrane outside 
the pipet, and the longitudinal stress resultant Nz of the cell membrane in the 
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pipet (Figs. 4.5: 2 and 4.6: 2a) are given by the Laplace equations (see Chapter 
1, Sec. 1.9) 

2N; 
Pi-PO=Y' 

o 

(4) 

(5) 

where Pi is the pressure in the cell, Po is the pressure outside the cell, Pp is the 
pressure in the pipet, and Rp is the radius of the pipet. Ro is the radius of the 
cell outside the pipet. These formulas are derived from the assumptions named 
above and the equations of equilibrium, and are valid for any constitutive 
equation. If, in addition, one assumes that the frictional force between the glass 
pipet and cell membrane is negligible, then the equation of equilibrium of a 
strip of the cell membrane around the tip of the pipet yields 

Nz = N;. (6) 

Combining Eqs. (4)-(6), we obtain 

Po - Pp = 2N;(~p - ~J. (7) 

These formulas have been used by Evans and Rawicz (1990) to calculate 
the tension required to smooth out the thermal undulations or "Brownian 
movement" of the membrane of 10-20 f.l.m phospholipid vesicles. This tension 
was found to be on the order of 0.01 to 0.1 dyn/cm. Rand and Burton (1964) 
used these formulas to estimate the failure strength of the red cell membrane, 
which was found to be of the order of 10 dyn/cm (10-4 n/cm). Needham and 
Nunn (1990) used them to calculate the tension at failure of various phospho
lipid bilayer membranes and found it to be also in the order of 10 dyn/cm. 

4.6.7 Modulus of Elasticity of Areal Changes of Cell Membrane 

The micropipet experiment can be used to determine the modulus of elasticity 
of areal changes of cell membrane. This is based on an idea developed in the 
preceding section that the red cell membrane has a modulus of elasticity for 
areal changes about four orders of magnitude higher than its shear modulus 
of elasticity. The cell content is incompressible. The membrane is semiperme
able to various solutes and the cell volume can be changed by mass transfer 
across the cell membrane. Referring to Fig. 4.6: 2(a), we consider a red cell 
swollen into a sphere in a medium having a suitable osmotic pressure. A 
micropipet with a tip inner radius of Rp sucks on the cell membrane with a 
pressure Pp and creates a lip oflength Lp- Originally, the volume of the cell is 
Vo = (4/3)nR;. With pipet aspiration, the cell radius is changes to Ro - ARo 
and the cell volume remains to be Vo: 

(8) 
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whereas the cell membrane area is 

A = 4nR; + 2nRpLp + 2nR;. (9) 

In aspiration experiments, ,1.Ro is a function of Lp while both ,1.Ro and Lp 
depend on Pp- Differentiating Eqs. (8) and (9), writing the differential of ,1.Ro 
as dRo' and remembering that Vo is a constant, we have 

o = 4R; dRo + R; dLp, (10) 

dA = 8nRo dRo + 2nRp dL p. (11) 

Using Eqs. (10) and (11), we obtain 

2 ( 1 1 ) dA = 2nRp ~ - ~ dLp. 
Rp Ro 

(12) 

Equation (12) shows that a small change of cell surface area, dA, can be 
converted to a measurable change of the length of the lip in the pipet, dLp. 
Using Eq. (12) in Eq. (1), one can determine the modulus of elasticity of areal 
changes of cell membrane, K. By this method, Waugh and Evans (1979) 
obtained a value of K of about 500 dyn/cm for the red blood cell membrane, 
whereas Needham and Nunn (1990) showed that K is 1700 dyn/cm for certain 
cholesterol-lipid mixtures. 

4.6.8 Other Measurements by Micropipet 

Evans and Hochmuth (1976) used a small glass fiber to touch the membrane 
of a red blood cell sucked by a micropipet and showed that the cell membrane 
can be pulled out as a thin tube or "tether" as shown in Fig. 4.6: 8. The ability 
of cell membrane to do so is an illustration of the small shear modulus of 
elasticity vs. the large areal modulus of elasticity of the red cell membrane. 
Evans and Hochmuth (1976) observed that the flow of membrane material 
commences when the shear stress exceeds a threshold, suggesting a visco
plastic behavior of the red cell membrane. Hochmuth and Evans (1983) 
considered the relationship between the diameter of the tether and the aspira
tion pressure, under the hypotheses of constant cell volume and constant cell 
membrane area, carrying to the limit of Nt/> -+ 00, and obtained a limiting tether 
radius of 5.5 nm. If the limiting tether radius is the mean mass radius, then 
they obtained a cell membrane thickness of 7.8 nm. 

Hochmuth (1987), using the method shown in Fig. 4.6: 6, showed that when 
a red cell is released from the pipet, the membrane and cell quickly recover a 
normal, biconcave shape in about 0.1 s. Thus, the membrane has a characteris
tic surface viscosity 11 of about 10-3 poise' cm. The surface viscosity is equal 
to the product of the coefficient of viscosity and the membrane thickness. Since 
the membrane thickness is about 10 nm, the coefficient of viscosity of the 
membrane is of the order of 1000 poise, much higher than that of the hemoglo
bin solution in the red cell. Hence the shape recovery is dominated by the 
viscosity of the membrane, and not of the cytoplasm. 
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Evans (1983) and Bo and Waugh (1989) used micropipet to study the 
buckling of red cell membrane to determine its bending rigidity. They also 
studied the diameter of the tether (Fig. 4.6: 8) which depends on the bend
ing rigidity. They found that the ratio of the bending moment per unit length 
(dyn. cm/cm) to the membrane curvature (cm-I) has a value on the order of 
10-12 dyn. cm. 

4.6.9 Forced Flow of Red Cells through Polycarbonate Sieves 

Gregersen et al.'s (1965) experiment on the flexibility of red cells remains 
a classic. They used a polycarbonate paper that has been bombarded by 
neutrons from a nuclear reactor (General Electric) and etched full of holes. 
These holes have the geometry of circular cylindrical tunnels. Their diameter 
can be controlled to within a relatively narrow limit. Gregersen et al. used 
this paper as a filter; supported it with a grid at the bottom of a small cup. 
Several ml of blood was put in the cup. A suction pressure was applied 
underneath the filter, and the period of time for the blood to be emptied 
was measured. During this time all the red cells in the cup flowed through 
the tunnels in the polycarbonate paper. 

Many things were discovered by this experiment. For example, it was 
found that 2.3 J.lm diameter seems to be the lower limit of the tunnels through 
which human blood can be forced to flow through without hemolysis. 
Lingard (1974) showed that the white blood cells in the blood tend to plug 
off these tunnels and cause nonlinearity in the results. After removing the 
leukocytes with appropriate methods, the polycarbonate sieve offers a 
practical means to measure the flow properties of red cells. 

4.6.10 Thermal and Chemical Experiments 

The experiments mentioned above can be repeated at different temperatures 
to obtain the dependence of elastic and viscoelastic responses on temperature. 
The results provide some thermoelastic relations of the cell membrane. 
See Evans and Skalak (1979) and Waugh and Evans (1979). 

Chemical manipulations to change spectrin or surface tension are asso
ciated with change of the shape of the red cell. See Steck (1974), Bennett 
and Branton (1977), and discussions in Sec. 4.8. 

4.7 Elasticity of the Red Cell Membrane 

An outstanding feature of the red cell membrane is that it is capable of large 
deformation with little change in surface area. This fact has been observed 
for a long time and was elaborated by Ponder (1948). The data shown in 
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Sec. 4.2 tell us that the red cell membrane is not unstretchable, but that even 
when the cell is sphered in a hypotonic solution and on the verge of hemolysis 
the increase of surface area is only 7% of the normal. 

A second remarkable feature is that the shape ofthe red cell at equilibrium 
in a hydrostatic field is extremely regular. The stress and strain history ex
perienced by the red cell does not affect its regular shape in equilibrium. This 
suggests that the cell membrane may be considered elastic. 

Based on these observations, several stress-strain relationships for the red 
cell membrane have been proposed. It was shown by Fung and Tong (1968) 
that for a two-dimensional generalized plane-stress field in an isotropic 
material, under the general assumption that the stress is an analytic function 
of the strain, the most general stress-strain relationship may be put in the 
form 

y y 
a1 = -1--2 (El + vEz), a2 = -1--2 (E2 + vEd, (la) 

-v - v 
or 

1 
El = Y (al - v(2), 

1 
E z = Y (a z - va d, (1 b) 

where Y and v are elastic constants that are functions ofthe strain invariants, 

(2) 

ITl' ITz are the principal stresses referred to the principal axes Xl' xz, and 
E l , Ez are the principal strains. Although Eq. (1) has the appearance of 
Hooke's law, it is actually nonlinear if Yand v do not remain constant. 

To apply Eq. (1) to the membrane, we may integrate the stresses through 
the thickness of the membrane and denote the stress resultants by N1 , N2 ; 

then use Eq. (1) with ITI' ITz replaced by Nt> Nz . Y is then the Young's modulus 
multiplied by the membrane thickness. The strains E l , E z are measured in 
the plane of the membrane, and can be defined either in the sense of Green 
(Lagrangian) or in the sense of Almansi (Eulerian). If Green's strains are used, 
then the principal strains E 1, Ez can be expressed in terms of the principal 
stretch ratios AI' Az: 

(3) 

where Al is the quotient of the changed length of an element in the principal 
direction (corresponding to the principal strain Ed divided by the original 
length of that element in the unstressed state, and A2 is the stretch ratio cor
responding to E2 • 

If the area remains constant, then AIA2 = 1. If the membrane material is 
incompressible, then A1 )02)03 = 1, where A3 denotes the stretch ratio in the 
direction perpendicular to the membrane. Hence if the area of an incompres
sible membrane remains constant, then the thickness of the membrane cannot 
change (A3 = 1). The reverse is also true. Since the red cell membrane area 
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(a) (b) 

Figure 4.7:1 Deformation of a membrane. (a) Unstressed; (b) deformed. 

remains almost constant, we conclude that its membrane thickness does not 
change much when the cell deforms. 

The nonlinear Eq. (1) does not exhibit directly the special feature that it is 
easy to distort the cell membrane, but hard to change its area. This feature 
requires \' -+ 1. To exhibit this Skalak et al. (1973) and Evans and Skalak (1979) 
introduced the following strain measures: 

(4) 

The physical meaning of the quantity ()ol)o2 - 1) is the fractional change of 
the area of the membrane. This can be seen by reference to Fig. 4.7: 1, in which 
an element dal x da2 of area dAo in the unstressed membrane is deformed 
into an element dXl x dX2 of area dA; and the ratio is 

dA _ 1 = dXl dX2 _ 1 = 2122 - 1. 
dAo dal da2 

(5) 

On the other hand, according to Eq. (3), 

El - E2 = t(A·r - An· (6) 

By Mohr's circle, one-half of lEI - E21 is the maximum shear strain, Ymax 
(Fig.4.7:2). With these strain measures, Skalak et al. and Evans and Skalak 
wrote the following strain-stress resultant relationship: 

(7) 

N 1, N 2 are the principal stress resultants. One-half of their sum is the mean 
stress resultant: 

Nmean = t(N I + N 2) = K(AIA2 - 1). (8) 

One-half of their difference is the maximum shear stress resultant: 
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y 

r--------r~------~--------~-------.E 
E1 

Figure 4.7:2 A Mohr's circle of strain. e is the normal strain; y is the shear strain. 

(9) 

Equation (8) shows that the mean stress resultant is proportional to the areal 
change. K is an elastic modulus for area dilatation in units of dyn/cm. If we 
divide K by the cell membrane thickness, then we obtain the elastic modulus 
with respect to areal dilatation in units of newton/cm2. On the other hand, 
Eq. (9) can be written as 

(10) 

Equation (10) is of the same form as the Hooke's law, and the parameter IJ. 
can be called the membrane shear modulus. IJ. divided by the cell membrane 
thickness yields the usual shear modulus in units of newton/cm2. 

The moduli K and IJ. are functions of the strain invariants. But as a first 
approximation they may be treated as constants. If the constant K is much 
larger than IJ., then the resistance of the membrane to change of area is much 
greater than that for distortion without change of area. 

The first estimate ofthe elastic modulus ofthe red cell membrane was given 
by Katchalsky et al. (1960) based on sphering experiments in a hypotonic 
solution. The estimated value of the elastic modulus during the spherical 
phase of the cell and just before hemolysis is 3.1 x 107 dyn/cm2 (as corrected 
by Skalak et aI., 1973). The general range of this estimate was confirmed by 
Rand and Burton (1964) based on experiments in which red cells were sucked 
into micro pipettes whose diameter was of the order of 2 IJ.m in diameter. 
Rand and Burton gave the range of the moduli as 7.3 x 106 to 3.0 X 108 

dyn/cm2. Later, Hochmuth and Mohandas (1972) reported experiments in 
which red blood cells adhering to a glass surface were elongated due to 
shearing stress applied by the flow of the suspending fluid over the cells; they 
estimated that the modulus of elasticity is of the order of 104 dyn/cm2. In 
another type of test in which the deformed cells were allowed to recover their 
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natural shape, Hoeber and Hochmuth (1970) gave a value 7.2 x 105 dyn/cm2 . 

Skalak et al. (1973) observed that the elongation in the sphering and pipette 
experiments that give the higher estimates is about 8%; that in the uniaxial 
tests giving the lower modulus is 40%-60%. They therefore suggest that the 
lower values are appropriate for the constant J1., and the higher values are 
appropriate for the constant K. If the thickness of the cell membrane is 
assumed to be 50 A, then J1. = 104 dyn/cm2 and h = 50 A gives a value 
hJ1. = 0.005 dyn/cm; whereas K = 108 dyn/cm2 and h = 50 A gives hK = 
50 dyn/cm. 

4.8 The Red Cell Membrane Model 

What kind of material makes up a membrane that has the elasticity, visco
elasticity, and viscoplasticity discussed above? The exact ultrastructure of 
the cell membrane of the blood cell is still unknown. A conceptual model 
advocated by Evans and Skalak (1979) is shown in Fig. 4.8: l. It shows the 
basic structure of a unit membrane consisting of two layers of phospholipid 
molecules (bilayer) with their hydrophilic heads facing outward and hydro
phobic tails locking into each other in the interior by hydrophobic forces. 
Globular proteins are partially embedded in the membrane, and partically 
pro tude from it. These are called integral proteins. Other proteins forming a 
network lining the endoface parallel to the membrane are called the skeletal 
proteins. Linking proteins connect the integral and skeletal proteins. From a 

Figure 4.8: 1 An idealized view of the red blood cell membrane composite. The under
neath spectrin network provides structural rigidity and support for the fluid Iipid
protein layer of the membrane. From Evans and Skalak (1979), by permission. 
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TROPOMODULIN 

Figure 4.8: 2 Molecular organization of red cell membrane skeleton. Ank = ankyrin; 
GP = glycophorin. Provided by L. A. Sung; modified from Lux and Becker (1989). 

point of view of mechanics, the lipid layers and the proteins are one composite 
structure. Figure 4.8 : 2, by Amy Sung, shows these proteins in greater detail. 

The lipid bilayer was demonstrated by electron microscopy. The existence 
of globular protein in the membrane was demonstrated later (Seifriz, 1927 ; 
Norris, 1939). By studying the location of antibodies in the cell membrane 
through electron microscopic photographs, Singer and Nicolson (1972) con
cluded that the cell membrane behaves like a fluid ; the globular protein (the 
antibody in their case) can move about in the lipid bilayer in a way similar 
to the way icebergs move about on the surface of the ocean. The lipid bilayer 
has a characteristic thickness that is invariable. The mobility of the protein 
and lipid molecules is restricted to the plane of the membrane. This model is 
therefore called the fluid mosaic model. Experiments also showed, however, 
that cell membranes exhibit properties of a solid, e.g., elasticity. Since the 
lipids are in a fluid state, the solid characteristics of the membrane must be 
attributed to connections of proteins and other molecules associated with 
the membrane. Marchesi et al. (1969, 1970) identified spectrin on the red 
cell membrane. Steck (1974) and Singer (1974) suggested that the spectrin 
supports the lipid bilayer. 

The proteins contribute approximately one-half of the weight of the red 
cell membrane (Chien and Sung, 1990a). They are generally identified by 
treating the red cell ghost membrane with sodium dodecyl sulfate and apply
ing it onto polyacrylamide gel for electrophoresis. The proteins are num
bered starting from the top of the gel, where the high molecular weight species 
are located, giving rise to protein bands 1 and 2 (spectrin), 2.1 (ankyrin), 3 
(anion exchange protein), 4.1, 4.2, 5 (Actin), 6 (glyceraldehyde-3-phosphate 
dehydrogenase), 7, 8, and globin. Glycophrins and anion exchange protein are 
integrated in the membrane. Spectrin and actin are skeletal proteins. Ankyrin, 
and proteins 4.1, 4.2 are linking proteins. The molecular composition of all 
these proteins are known (see Chien and Sung, 1990a, for references). 
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4.9 The Effects of Red Cell Deformability on Turbulence 
in Blood Flow 

Turbulence is an important feature of flow. Turbulence in blood flow affects 
the resistance to flow, the shear stress acting on the blood vessel wall, the 
tensile stress in the endothelial cell membrane, and the mass transport charac
teristics from the blood to the vessel wall. Turbulence has implications on the 
initiation of atherosclerosis, and the formation of blood clot. In a pulsatile 
blood flow, whether turbulence sets in or not depends on the values of two 
dimensionless parameters: the peak Reynolds number, and a frequency param
eter called the Womersley number. See Fung (1990), Chapter 5, Secs. 5.12 
and 5.13. Naturally, it is also affected by blood rheology, which in turn 
depends on the deformability of red blood cells. 

Stein and Sabbah (1974) used a constant temperature hot-film anemometer 
to study blood flow in arteries. They showed that turbulence augments the 
sickling process of sickle-hemoglobin-containing erythrocytes, and the forma
tion of thrombi. They made two arteriovenous shunts in each of eight dogs 
under anesthesia, one from each femeral artery to the contralateral femoral 
vein. One shunt contained a turbulence-producing device, the other did not. 
Both shunts are tubing with an internal diameter of 4.8 mm. Turbulence is 
produced in one by creating a converging-diverging section with an orifice 
diameter of 1.6 mm, and a divergent angle of about 45°. Flow in both shunts 
was kept at comparable levels in both shunts for 7 min. The shunts were then 
removed and thrombi were taken from them and immediately weighed. The 
total results show that virtually all of the thrombi were collected from the 
turbulent shunts, and that the weight can be expressed by the regression line: 

thrombus weight in grams = 3 x 10-4 (Reynolds No.) - 0.02. 

The experimental Reynolds number range was 200 to 900, based on a diameter 
of 4.8 mm for laminar flow and 1.6 mm for turbulent flow. 

The effect of hematocrit (volume fraction of red cells in blood) on he 
intensity of turbulence was studied by Stein et al. (1975) in vitro by allowing 
the blood to flow through a tube with a turbulence producing stenosis which 
has a conical divergent section with a divergent angle of about 45°. The 
instantaneous velocity of flow was measured with a hot film anemometer. The 
longitudinal velocity u(x, t) is written as a sum of a steady mean value U and 
a fluctuation u'(x,t): 

u(x, t) = U + u'(x, t). 

If the average value of a quantity over time and over the space of the 
anemometer probe is indicated by a bar over the quantity, then the turbulent 
fluctuation u' is defined by the equations 

u'(x, t) = 0, 

U(x,t) = u, 
[u'(x, t)]2 = U,2. 
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The root mean square (U '2 )1/2 is called the absolute intensity of turbulence, and 
the ratio of the root mean square of turbulence to U is called the relative 
intensity of turbulence: _ 

(U '2 )1/2 
relative intensity of turbulence = ---. 

U 

Stein et al. compared the results of flow with blood of various hematocrit with 
flows of a mixture of plasma and dextrose of nearly identical viscosity and 
density. They showed that at hematocrits between 20% and 30%, the intensity 
ofturbulence of the blood was over twice that of the equally viscous and dense 
plasma. The addition of more red cells to reach a hematocrit of 40% caused 
a smaller difference between blood and comparable plasma. Further, Sabbah 
and Stein (1976) showed that hardening the red cells with glutaraldehyde 
caused and increase of the tendency for the flow to become turbulent, and in 
the turbulent regime increased the relative intensity of turbulence. The least
squares regression lines of the experimental results are of the form 

relative intensity of turbulence = a (Reynolds No.) + b 

with a ranging from 0.00027 to 0.0004 and b ranging from 0.27 to 0.38 for the 
blood of four patients. 

4.10 Passive Deformation of Leukocytes 

When leukocytes are put in an isotonic solution containing EDT A, active 
spontaneous movement stops and the cells respond passively to external 
loads. Sung et al. (1982, 1988a) performed micropipet sucking and release 
experiments on these passive cells and obtained the records of the shape 
change of human neutrophils in aspiration and recovery. Dong et al. (1988) 
analyzed these records with a leukocyte model which assumes the cell to be 
an elastic shell containing a Maxwell viscoelastic fluid. The wall of the shell 
consists of a layer of cortex wrapped in a lipid membrane. The cortex repre
sents an actin-rich layer near the cell surface, and is assumed to have a residual 
tensile stress which keeps the cell in spherical shape at the no-load state. 
The lipid-bilayer membrane is assumed to have an excess area which folds 
on the cortex. The cell is in a passive state. All materials are assumed to be 
incompressible. 

Under the assumptions that the combined thickness of the cell membrane 
and the cortex layer is much smaller than the cell radius, that the bending of 
the cortex can be ignored, and that only axisymmetric deformation is consid
ered, the equations of equilibrium of the elastic cortex are the same as Eqs. 
(1) and (2) of Sec. 4.5. The solution is given by Eqs. (3)-(6) of Sec. 4.5, except 
that Pi - Po, the radial loading per unit area, is a function of the polar angle 
fjJ in the present case, whereas Pi - Po was a constant for the red blood cell in 
Sec. 4.5. Dong et al. assumed the existence of a prestress which is a uniform 
hoop tension in a spherical shell. This initial tension is carried as a parameter 
in the analysis. 
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For the interior of the cell Dong et al. used a rectangular Cartesian frame 
of reference and denoted the stress tensor by (Tij' which is split into a hydro
static pressure p and a stress deviation tensor !ij: 

(i,j = 1,2,3), (1) 

where oij is the Kronecker delta. A Maxwell fluid is assumed. Let Vi (i = 1,2,3) 
be the velocity inside the leukocyte, and Yij be the strain rate tensor [Eq. 
(2.4:3)J 

Yij = ~ (;:: + ;~). (2) 

then the constitutive equation of a Maxwell fluid is [Sec. 2.11, Eq. (1)] 

(3) 

in which each dot represents a differentiation with respect to time, k (with 
units ofN/m2) is an elastic constant, and p. (with units N· s/m2) is a coefficient 
of viscosity. On neglecting the gravitational and inertial forces, the equation 
of equilibrium is (Chapter 2) 

The equation of continuity is 

OVj = o. 
OXj 

With Eqs. (1)-(3), Eq. (4) can be written as 

02Vi op p. 0 op 
p. OXjOXj = oXi + k a; ot· 

(4) 

(5) 

(6) 

In the case of slow axisymmetric viscous flow associated with a spherical 
boundary, a general solution of Eq. (6) expressed in terms of spherical har
monics has been given by H. Lamb in his Hydrodynamics, 6th ed., 1932, 
Cambridge Univ Press, reprinted by Dover Publications 1945, Chapter XI, 
Secs. 336 and 352. Lamb's solution can be easily generalized to a linear 
viscoelastic solid. In spherical coordinates (r, rP), where rP is the meridional 
angle, the solution is expressed in terms of the Legendre polynomials, Ln(I1), 
where 11 = cos rP, and n is the order of the polynomial. Dong et al. (1988) gave 

00 { (n + 3)r2 (1 1 OPn) 
v = n~l 2(n + 1)(2n + 3) ~VPn + "Vat + V<I>n 

(7) 

where r is the radial position vector, and V is the gradient operator. 
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The components of the velocity vector are, in the axisymmetric case, 

Vr = ntl {2(2:~ 3) Gpn + ~ O;n) + ~$n}' 
00 {10$n (n + 3)r (10Pn 10 2 Pn)} 

v~= nf:1 ~~+2(n+ 1)(2n+3) ~ o,p +kMot ' 

in which Pn and $n are defined as 

and 

Pn = an(t) (;In Ln(1]), 

$n = f3n(t) (;In Ln(1]) 

ao = original radius of the leukocyte, 

an' f3n = coefficients to be determined, 

1] = cos,p. 

The corresponding radial stress is 

(J =! e-(klll)t+ ~ {_p +2kft e-(klll)(t-n[n(n+ 1) 
r rO n~l n 0 2(2n + 3) 

x Gpn + ~ O;n) + n(nr-: 1) $nJ dt} 

where !rO is the radial stress at t = 0+. 
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(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

With these analytic solutions, Dong et al. (1988) analyzed the experimental 
results of Sung et al. (1988a). They also developed a finite element method to 
compute the cell motion. For the human neutrophil, they obtained the follow
ing parameters that best fit the experimental data: 

k = 28.5 N/m2, 

J1 = 30.0 N· s/m2, (14) 

To = 3.1 X 10-5 N/m = 0.031 dyn/cm. 

In a later paper, Dong, Skalak, and Sung (1991) used micropipet to study 
the cytoplasmic rheology of passive neutrophils. They showed that the inter
nal structure of the neutrophil is inhomogeneous. The nucleus is much stiffer 
and more viscous than the cytoplasm. As a result the mechanical properties 
of the cell as a whole depends on the degree of deformation. If a passive white 
blood cell is modeled as a viscoelastic body bounded by a cortical shell with a 
persistent tension, then the various viscoelastic coefficients depend on the 
degree of cell deformation. Dong et al. (1991) used Pipkin's (1964) constitutive 
equation for a viscoelastic body in curvilinear coordinates: 
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.. .. oziozj b { 
a'1(t) = - p(t)G'1 + OX a dx b gamg n 2kYmn(t) 

- 2~2 f~ Ymn(t - t')exp ( -~t)dtl (15) 

where aij is the contravariant components of Cauchy stress (or spatial stress) 
referred to the deformed state in the Zi coordinate system (i,j = 1,2,3) at time 
t. k and J1. are the elastic and viscous coefficients, respectively. p is an arbitrary 
hydrostatic pressure in the viscoelastic body. gab are the covariant components 
of the metric tensor referred to the initial state in the x a coordinates 
(a, b = 1,2,3). gab and Gij are the contravariant components of the metric 
tensor referred to x a and Zi coordinates, respectively. Ymn is the Green strain 
tensor whose covariant components in the x a configuration are defined as 
(m,n = 1,2,3): 

(16) 

A dot is a differentiation with respect to time. 
The cortical layer of the cell is characterized by two principal membrane 

tensions, N1 and N2 (Fig. 4.5: 2). It is assumed that (i = 1,2) 

(17) 

in which )'1 and )'2 are two stretch ratios in the meridional and circumferential 
directions, respectively. Ea, and Es are two elastic moduli. A and Bi are 
functions of the principal stretch ratios that characterize the isotropic and 
anisotropic elastic deformations, respectively, which are suggested as 

A()'1,A2 ) = ()'lA2 - 1)P, 

B;(Al' A2) = 2A: A2 (Af - ;i). 
where p is a positive finite number, p > 1. 

(18) 

(19) 

A sliding boundary condition is imposed on the cortical layer surface where 
the cell contacts the pipet wall. A finite element model is used for calculation. 
Dong et al. (1988), is a linearized version. See also Schmid-Schonbein et al. 
(1983) and Tozeren et al. (1984, 1989). 

Evans and Yeung (1989) and Needham and Hochmuth (1990) also studied 
human white blood cells with the micropipet method. They showed, however, 
that the cell behaves under a steady suction pressure as a Newtonian liquid 
drop with a cortical tension as long as it is in a resting state. They found that 
the cytoplasmic viscosity of resting neutrophils and other white cells to be of 
the order of 103 poise which is 105 times that of water. Further work is needed 
to resolve this controversy. 
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4.11 Cell Adhesion: Muitipipets Experiments 

An example of the use of more than one pipet to study the adhesion between 
cells is shown in Fig. 4.11.1 Sung et al. (1986) studied the conjugation and 
separation of a cytotoxic T cell (human clone FI, with specificity of HLA
DR w6) and a target cell (JY: HLA-A2, -B7, -DR4, w6) prior to delivery of the 
lethal hit. The figure shows a sequence of events detailed in the legends. Note 
the deformation of the cells when pulled by the forces imposed by the pipets, 
and the formation of tether when the cells separated. The tether seems to 
behave as an elastic band. A critical tensile stress Sc in the conjugated area of 
the cells must be exceeded in order to separate the two cells. Sung et ai. found 
that the Sc for the FI~JY pair is (1.529 ± .045 SD) x 104 dynjcm2• This 
junction avidity for the FI~JY pair is 6 times larger than the critical stress for 
separating an FI ~ FI pair, and 13 times larger than the critical stress to 
separate a JY ~JY pair. 

Similar experiments have been done by Sung et ai. (1988b) on the adhesion 
of cells to glass, plastic, lipid membranes, and bilayer membranes containing 
various molecules. 

4.12 Topics of Cell Mechanics 

The study of the mechanics of erythrocytes and leukocytes throws the door 
open to cell mechanics in general. Some significant new topics and references 
are listed below, in Secs. 4.12.1~4.12.5. 

The mechanics of single cells and cells in a continuum will undoubtedly 
occupy an important position in Biomechanics of the future. But the subject 
has not been advanced far enough today to explain all the mechanical prop
erties of the tissues and organs discussed in this volume. A planned volume by 
Skalak et aI., entitled Biomechanics of Cells, to be published by Springer
Verlag, contains an excellent exposition of the subject. 

4.12.1 Active Amoeboid Movement 

The machinery, mechanism, and mechanics of active movement and adhesion 
ofleukocytes, amoebae, and other cells are extremely important to physiology, 
pathology, and bioengineering. For example, activated leukocytes can adhere 
to the endothelial wall, increase resistance to blood flow, or, in capillaries, 
block the flow (Schmid-Schonbein 1987). Sometimes they are seen to penetrate 
the endothelial cells and move from the blood to the interstitial space. But the 
mechanical properties of the cell constituents in the active state are largely 
unknown. See Holberton (1977). 
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4.12.2 Stretch-Activated Channels and Cell Volume Regulation 

The application of patch-clamp technique has lead to the discovery of a class 
of "gated" channels in cell membrane. These channels are activated by simply 
stretching the membrane and appear to be triggered by tension or stress devel
opment in cytoskeletal elements closely associated with the cell membrane. 

Stretch-activated channels have been identified in the plasma membrane 
of E. Coli, yeast, plant, invertebrate, and vertebrate cells. The majority prefer 
monovalent cations and are mildly selective for K + over Na +, but there are 
several reports of anion-selective stretch activated channels, and Ca + channels 
(Sachs, 1990). 

Schultz (1989) suggests that the stretch-activated channels regulates the cell 
volume of all cells. When the osmotic pressure outside a cell is decreased, the 
cell swells in response and stretches its membrane, and activates the stretch
activated channels. Then K + (and anion) inside ofthe cell will pass out through 
the stretch-activated channels, decreasing the osmotic pressure inside the cell, 
and achieving some degree of volume regulation and tension control. 

4.12.3 Asymmetry of the Lipids in Cell Membranes 

Op den Kamp (1979) has shown that in platelet and red cell membranes the 
two layers oflipids in the bi-Iayer structure of a cell membrane are asymmetric, 
Fig. 4.12: 1. The outer layer is composed ofphosphatidy1choline and sphingo-

Intact cell 

~CHEMICAL PROBE 

PHOSPHOLIPASE 

PHOSPHOLIPID -
TRANSFER PROT. 

\... 

lysed cell 

Figure 4.12: 1 Principle of localization experiment of cell membrane. Circles with two 
tails represent phospholipids. Although not depicted, equal amount of phospholipids 
are present in inner and outer layers. Large black shapes are membrane proteins. Some 
ofthe reagents used are listed in the middle of the figure. Arrowheads indicate reactions 
with reagents. Adapted from Op den Kamp (1979) by Zwaal (1988). Reproduced by 
permission. 
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myelin, both of which have a phospho choline head group. The inner layer has 
phosphatidylethanolamine and phosphatidylserine, both of which have 
amino group in their head group. This discovery was made by an experiment 
whose principle is shown in Fig. 4.12: 1. Intact and lysed cells are treated with 
reagents (chemical probe, see Fig. 4.12: 1) that cannot permeate the intact cells. 
In experiments with intact cells, the reagents react with the outer layer only. 
In experiments with lysed cells, the reagents react with both the inner and 
outer layers. After the reactions are completed, the lipids can be extracted and 
those that were susceptible to the probes can be identified. By comparison of 
the two results, information is obtained about the inner layer alone. 

The tails are also asymmetric. The choline-phospholipids are more satu
rated than the amino-phospholipids. The amount of cholesterol in the outer 
layer is about twice that in the inner layer. 

Zwaal (1978, 1988) has done experiments which show that the activation 
of platelets causes a redistribution of the phospholipids in the two layers of 
the platelets cell membrane. Cell membrane phospholipids react with activat
ing factor X; hence offering a local control of blood clotting. 

4.12.4 Biochemical Transduction of Mechanical Strain 

Lanyon et ai. (1982, 1984) and Rubin and Lanyon (1985) first measured 
the amount of deformation in bone during normal loading in animals and 
humans. Strains < 5 x 10-4 were not found to stimulate, those between 
5 x 10-4 and 1.5 x 10-3 appeared to maintain bone mass, and strains 
> 1.5 x 10-3 increased bone mass. Peak strains during strenuous exercises 
are in the range of 3 x 10-3 and the strain rate about 5 x 10-3 per second. 
Microcrack failure occurs at a strain of 3 x 10- 2 • Jones et ai. (1991) tested 
osteoblast-like cells and skin fibroblasts and found that only periostal (bone 
surface) osteoblasts are sensitive to strains biochemically within the physiolog
ical range. Osteoblasts derived from the haversian system and skin fibroblasts 
do not respond biochemically except at higher strains. Jones et ai. (1991) found 
that the transduction mechanism is located in the cytoskeleton and activates 
the membrane phospholipase C. Application of strains > 10- 2 results in a 
change of morphology of osteoblasts to become fibroblast-like. 

4.12.5 Effect of Mechanical Forces in Organogenesis 

Mechanical forces play important growth regulatory roles in bone (DeWitt 
et aI., 1984), cartilage (Klein-Nulend et aI., 1987), connective tissue (Curtis 
and Seehar, 1978), epithelial tissue (Odell et aI., 1981), lung (Rannels, 1989), 
cardiac muscle (Morgan et aI., 1987), smooth muscle (Leung et aI., 1976), 
skeletal muscle (Stewart, 1972; Strohman et aI., 1990; Vandenburgh, 1988), 
nerve (Bray 1984), and blood vessels (Leung et aI., 1976, Folkman and 



156 4 Mechanics of Erythrocytes, Leukocytes, and Other Cells 

Handenschild, 1980; Ingber and Folkman, 1989). Vandenburgh and Karlisch 
(1989) have used computerized equipment to impose mechanical forces during 
cell culture, and demonstrated the organogenesis from a single cell (skeletal 
muscle myoblast) in vitro. Tissue transformation from muscle into bone in 
vivo is reported by Khouri et al. (1991). An interesting mathematical descrip
tion of morphogenesis is given by Odell et al. (1981). 

Problems 

4.1 Show that a circular cylindrical surface and a circular cone are both applicable 
to a plane, i.e., they can be deformed into a plane without stretching and tearing. 
See Sec. 4.5.2. The same is true for cylinders and cones of arbitrary cross section. 
Note that the statement is true only in the sense of differential geometry; and not 
in a global sense. To deform a whole cylinder into a plane, a cut has to be made. 
The cut cylindrical surface can then be spread out into a plane. Verify that the 
deformations shown in Fig. 4.5: 4 are applicable deformations. 

4.2 According to Schmid-Schoenbein and Wells (1969), a red blood cell can be seen 
"tank-treading" in a shear flow; that is, under the microscope its wall seems to 
rotate about itself like the belt of a tank (Fig. P4.2). Different points on the belt 
take turns being at the front, bottom, rear, and on top. It follows that the material 
of the red cell membrane at the dimples and the equator is not fixed. 

Show that, in accordance with the analysis given in Sec. 4.5, the biconcave 
disk is applicable to itself when it "tank-treads" (Fig. P4.2). Would the membrane 
stress in the cell membrane be changed in such a motion? 

Figure P4.2 "Tank treading" of red blood cells in shear flow. 

4.3 Imagine an arbitrary continuous curve in a three-dimensional space. A tangent 
line can be drawn at every point on the curve. As one moves continuously along 
the curve, the tangent lines of successive points form a continuum and sweep out 
a surface that is called a tangent surface. Show that a tangent surface generated 
by an arbitrary space curve is developable, i.e., it is applicable to a plane. 
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4.4 Prove that, for two surfaces to be applicable to each other as defined in Sec. 4.5.2, 
the total curvature (product of the principal curvatures) must remain the same 
at the corresponding points. 

4.5 Draw Mohr's circles for the stress states in the cell membrane corresponding to 
uniaxial tension, biaxial tension, and various stages of osmotic swelling illustrated 
in Fig. 4.6: 1. Draw Mohr's circles for the corresponding strain states; thus verify 
the discussions of experiments presented in Sec. 4.6. 

4.6 Study an original paper in which one of the experiments discussed in Sec. 4.6 
was first published (see Evans and Skalak, 1979, Chapter V, for detailed history 
and references). Discuss the analysis carefully from the point of view of con
tinuum mechanics. Are the equations of equilibrium, the constitutive equation, 
the equation of continuity, and the boundary conditions satisfied rigorously? 
What are the approximations introduced? How good are these approxima
tions? In which way can the approximations seriously affect the accuracy of the 
result? 

4.7 Why is a red cell so deformable but a white cell is less so? 

4.8 What are the sources of bending rigidity of a red cell membrane? 

4.9 What is the evidence that the bending rigidity of a red cell membrane exists? In 
what circumstances is the bending rigidity important? 

4.10 What is the evidence that the hydrostatic pressure in the red cell is about the 
same as that outside the cell? 

4.11 What are the factors that determine the cell volume of a red blood cell? Most 
cells have mechanisms regulating their volume, see Sec. 4.12.2. Is red cell an 
exception? Explain the apparent contradiction. 

4.12 How can a cell deform without changing its surface area and volume? Can a 
sphere do it? Formulate a mathematical theory for such a deformation. 

4.13 What is the evidence that the hemoglobin in the red blood cell is in a liquid state? 
When a hemoglobin solution is examined under an x ray, a definite diffraction 
pattern exists. Why does the existence of such a crystalline pattern not in conflict 
with the idea that the solution is in a liquid state? Why is it so difficult to assign 
a cell membrane thickness to a red cell? The values of red cell membrane thickness 
given in the literature vary over a wide range. 

4.14 A diver dives 30 m underwater. What is the internal pressure in the diver's red 
blood cells? Give a theoretical proof of your conclusion. 

4.15 A red blood cell moves in a small, tightly fitting capillary blood vessel. What are 
the equations governing the flow of plasma around the red cell in the vessel? 
What are the boundary conditions? How could you prove the "lubrication" effect 
that arises in this situation as pointed out by Lighthill (Sec. 5.8)? 

4.16 A spherocyte (a spherical cell) of radius a is squeezed between two flat plates. 
When the force is F, the area of contact between the cell and the plate is a small 
circle of radius b, b « a. What is the internal pressure in the cell? What is the 
stress resultant in the cell membrane? 
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F 

Pe= 0 

Fig. P4.l6 

4.17 The membrane of an erythrocyte carries electric charge. How would the cell 
deform in a high-frequency electric field? How is the cell deformation related to 
the frequency and intensity of the electric field? How can this deformation be 
measured? See Kage et al. (1990). 
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CHAPTERS 

Interaction of Red Cells with Vessel Wall, 
and Wall Shear with Endothelium 

5.1 Introduction 

The sizes of the visco meters cited in Chapter 3 are so large that blood can be 
treated as a homogeneous fluid in them. The size of the individual red cells is 
many orders of magnitude smaller than the dimensions of the viscometers. 
The same condition holds in large blood vessels. The diameters of the capillary 
blood vessels, however, are comparable with the dimensions of the red cells. 
Hence in the capillaries, red blood cells must be treated as individuals. Blood 
must be regarded as a two-phase fluid: a liquid plasma phase and a deformable 
solid phase of the blood cells. 

The necessity to consider the tight interaction between red cells and the 
walls of capillary blood vessels is very clearly shown by the photograph 
reproduced in Fig. 4.1 : 2. It is through this interaction that the red cells are 
severely deformed (compare the shape of cells shown in Fig. 4.1:2 to that 
shown in Fig. 4.1 : 1). The influence of the vessel wall on the red cells in blood, 
however, is not limited to the capillaries. In arterioles and venules, whose 
diameters range from 1 to 10 or 20 times the diameter of the red cell, the 
distribution of red cells in the vessel is also affected by the blood vessel wall. 
The cell distribution is rarified in the neighborhood of the vessel wall (Sec. 
3.5); and the apparent viscosity of the blood is reduced (Sec. 5.2). In Sees. 5.3 
and 5.4, we discuss the flow of red cells in narrow tubes. In Sec. 5.5, we discuss 
the flow of red cells in capillary blood vessels. In Secs. 5.6 and 5.7, we consider 
very narrow tubes whose diameters are smaller than the diameter of the red 
cell. 

On the wall of the blood vessel there is a layer of endothelial cells. These 
cells cannot move, but can deform. They response to the shear stress imposed 
on the vessel wall by the flowing blood. They form a continuous layer through 
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which any exchange of matter between the tissue and the blood must take 
place. Therefore they are believed to playa significant role in the genesis of 
such disease as atherosclerosis. We devote Secs. 5.9-5.15 to discuss how does 
the endothelium respond to the shear stress. 

5.2 Apparent Viscosity and Relative Viscosity 

The need to consider cell-vessel interaction makes the rheology of blood 
in micro-blood vessels very different from ordinary macroscopic rheology. 
To link these topics together, let us consider two intermediate terms that are 
useful in organizing experimental data, namely, the apparent viscosity and 
the relative viscosity. To explain their meaning, consider a flow through a 
circular cylindrical tube. If the fluid is Newtonian and the flow is laminar, 
we have the Hagen- Poiseuille formula [Eq. (8) of Sec. 3.3]: 

,1p 8J1. 
,1L = na4Q, (1) 

where ,1p is the pressure drop in length ,1L, J1 is the coefficient of viscosity of 
the fluid, a is the radius of the tube, and Q is the volume rate of flow. If the 
fluid is blood, this equation does not apply; but we can still measure ,1p/,1L 
and Q, and use Eq. (1) to calculate a coefficient J1: 

na4 1 ,1p 
J1 = 8 Q ,1L' (2) 

The J1 so computed is defined as the apparent coefficient of viscosity for the 
circular cylindrical tube, and is denoted by J1.pp ' If J10 denotes the viscosity 
of plasma, which is Newtonian, then the ratio J1'Pp/J1o is defined as the 
relative viscosity, and is denoted by J1,. Note that the unit of apparent viscosity 
is (force' time/area), or the poise (P), whereas the relative viscosity is 
dimensionless. 

The concept of relative viscosity can be generalized to an organ system. To 
measure the relative viscosity of blood in such a system we perfuse it with 
a homogeneous fluid and measure the pressure drop ,1p corresponding to 
a certain flow Q. We then perfuse the same system with whole blood and 
again measure the pressure drop at the same flow. The ratio ,1p/Q for whole 
blood divided by ,1p/Q for the specific fluid is the relative viscosity, J1" of 
blood relative to that fluid. 

The concept of apparent viscosity can be extended to any flow regime, 
including turbulent flow, as long as we can compute it from a formula that is 
known to work for a homogeneous Newtonian fluid. The concept of relative 
viscosity can be extended to any flow system, even if we do not know its 
structural geometry and elasticity, as long as flow and pressure can be 
measured. Neither J1.pp nor J1, needs to be constant. They are functions of all 
the dimensionless parameters defining the kinematic and dynamic simi-



5.2 Apparent Viscosity and Relative Viscosity 167 

larities; and if the system is nonlinear, they are functions of pressure p and 
flow Q. 

Apparent and relative viscosities are not intrinsic properties of the blood; 
they are properties of the blood and blood-vessel interaction, and depend on 
the data reduction procedure. There are as many definitions for apparent 
viscosities as there are good formulas for well-defined problems. Examples 
are: Stokes flow around a falling sphere, channel flow, flow through an 
orifice, and flow in a cylindrical tube. But if a vessel system has a geometry 
such that the theoretical problem for homogeneous fluid flow has not been 
solved, then we cannot derive an apparent viscosity for flow in such a system. 
But we can determine a relative viscosity if we can perform flow experiments 
in the system both with blood and with a homogeneous fluid. 

Figure 5.2: 1 A view of the pulmonary capillary blood vessels of the cat photographed 
when the focal plane of the microscope is parallel to the plane of several interalveolar 
septa. The large white spaces are the alveolar air spaces (AL). The capillaries are the 
interconnected small channels seen on the septa. The islandlike spaces between the 
capillaries are called "posts" (P). "]" is an interalveolar septum perpendicular to the 
page. Courtesy of Dr. Sidney Sobin. 
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5.2.1 An Example 

Let us consider the flow of blood in the capillary blood vessels of the lung. 
As an introduction, a few words about the anatomy of these vessels is 
necessary. The lung is an organ whose function is to oxygenate the blood. The 
venous blood of peripheral circulation is pumped by the right ventricle of the 
heart into the pulmonary artery. The artery divides and subdivides again and 
again into smaller and smaller blood vessels. The smallest blood vessels are 
the capillaries. Pulmonary capillaries have very thin walls (about 1 J1.m 
thick) across which gas exchange takes place. The oxygenated blood then 
flows into the veins and the heart. The pulmonary capillaries form a closely 
knit network in the interalveolar septa. Figure 5.2:1 shows a plan view of 
the network. Figure 5.2: 2 shows a cross-sectional view of the network. It is 
clear that the network is two-dimensional. From a fluid dynamical point of 
view, one may regard the vascular space as a thin sheet of fluid bounded by 
two membranes that are connected by an array of posts. The thickness of the 
sheet depends on the transmural pressure (blood pressure minus alveolar gas 
pressure). If the transmural pressure is small and tending to zero, the sheet 
thickness tends to 4.3 J1.m in the cat, 2.5 J1.m in the dog, and 3.5 J1.m in man. In 
this condition the sheet thickness is smaller than one-half the diameter of 
the undeformed red blood cells of the respective species. Hence the red cells 
have to flow either sideways or become severely deformed. The sheet thick
ness increases almost linearly with increasing transmural pressure: at a rate 
of 2.23 J1.m/kPa (0.219 J1.m per cm H 20) in the cat, 1.24 J1.m/kPa in the dog, 
and 1.29 J1.m/kPa in man. 

For blood flow through such a complicated system we would want to 
know how the resistance depends on the following factors: the hematocrit, 
the geometry of the network (sheet), the thickness of the sheet relative to the 
size of the red blood cells, the rigidity of the red cells, the Reynolds number, 
the size of the posts, the distance between posts, the pattern of the posts, the 
direction of flow relative to the pattern of the posts, and so on. If we know 
how the resistance depends on these factors, then we can make model 
experiments, discuss the effects of abnormalities, compare the lungs of 
different animal species, etc. 

To deal with the problem, we first make a dimensional analysis. Let p be 
the pressure, J1. be the apparent coefficient of viscosity, U be the mean velocity 
of flow, h be the sheet thickness, w be the width of the sheet, 8 be the diameter 
of the post, a be the distance between the posts, and () be the angle between 
the mean direction of flow relative to a reference line defining the postal 
pattern. The postal pattern is further described by the ratio of the volume 
occupied by the blood vessels divided by the total volume of the sheet, called 
the vascular-space-tissue ratio and denoted by S. Sobin et a!. (1970, 1972, 
1979) have experimentally measured S in the lungs of the cat, rabbit, and man. 
Let us consider first the flow of a homogeneous Newtonian viscous fluid in 
this system. We want to know the relationship between the pressure gradient 
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Figure 5.2 : 2 Another view of pulmonary capillary blood vessels of the cat photo-
graphed when the focal plane of the microscope cuts three interalveolar septa nearly 
perpendicularly. Courtesy of Dr. Sidney Sobin. 

(rate of change of pressure with distance, a vector with components (jp/(jx, 
(jp/(jy and denoted by Vp), and the velocity, U, the viscosity coefficient, j1, 

the sheet thickness, h, and the other factors, W, E, a, e, S, and p. The physical 
dimensions of these quantities are, with F denoting force, L denoting length, 
and T, the time: 

pressure: FL -2, pressure gradient: FL -3, 

velocity: LT- 1, sheet thickness: L, 
coefficient of viscosity = stress/shear rate: FL -2T, 
density of fluid, p = mass/vol: FT2L -4, 

h, W, E, a: L, e, S: dimensionless. 
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By simple trial we see that the following groups of parameters are 
dimensionless: 

w 
h' s, h e 

f), , , 
e a 

Uhp 
-- == N R (Reynolds' number). 

/l 
(3) 

These dimensionless parameters are independent of each other and they form 
a set from which any other dimensionless parameters that can be formed by 
these variables can be obtained by proper combinations of them. 

Now, according to the principle of dimensional analysis, any relationship 
between the variables p, U, /l, h, etc. must be a relationship between these 
dimensionless parameters. In particular, the parameter we are most interested 
in, that connecting the pressure gradient with flow velocity, may be written as 

(4) 

where F is a certain function that must be determined either theoretically 
or experimentally. For a homogeneous Newtonian fluid flowing in a pul
monary interalveolar septum, in which the Reynolds number is much smaller 
than 1, the theoretical problem has been investigated by Lee and Fung (1969), 
Lee (1969), and Fung (1969). Yen and Fung (1973) then constructed a simu
lated model of the pulmonary alveolar sheet with lucite, and used a silicone 
fluid (which was homogeneous and Newtonian) to test the accuracy of the 
theoretically determined function F(w/h, ... ) given by Lee and Fung; and 
it was found to be satisfactory. 

We do have, then, a verified formula, Eq. (4), which is applicable to a 
homogeneous Newtonian viscous fluid. We can then use this formula for 
experimental determination of the apparent viscosity of blood flowing in 
pulmonary alveoli. From the experimental values of Vp, U, h2 , etc. we can 
compute the apparent viscosity /lapp from the following formula: 

U (w h ) Vp= -h2/lappF h'e'·· .. (5) 

The apparent viscosity is influenced by the plasma viscosity, the con
centration of the red blood cells, the size of the red cells relative to the blood 
vessel, the elasticity ofthe red cells, etc. Let H be the hematocrit (the fraction 
of the red cell volume in whole blood), let Debe the diameter of the red cell, 
and let /lplasma be the viscosity of the plasma; then the apparent viscosity of 
blood in pulmonary alveoli must be "a function of /lplasma' H, Dc/h, etc. Hence, 
again on the basis of dimensional analysis, we can write 

/lapp = /lPlasmaf( H, ~<, ... ). (6) 
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where f is the function to be determined, and the dots indicate the cell 
elasticity and other parameters not explicitly shown. 

Dimensional analysis is the basis for model experiments. For mechanical 
simulation the model must be geometrically and dynamically similar to the 
prototype. For geometric similarity the kinematic parameters listed in the 
first line ofEq. (3) must be the same for the model and prototype. For dynamic 
similarity the parameters in the second line of Eq. (3) must be the same for 
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Figure 5.2: 3 The relative viscosity of simulated whole blood (gelatin pellets in silicone 
oil) in a pulmonary alveolar model. Here Dc is the diameter ofthe red cell, h is the thick
ness of the alveolar sheet, tc is the thickness of the red blood cell, and a, b are constants 
in Eq. (8). The model is so large that h is in centimeters, although in a real lung h is only 
a few microns. From Yen and Fung (1973). 
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them. When these parameters are simulated, any relationship obtained from 
the model is applicable to the prototype. Yen and Fung (1973) experimented 
on a scale model of the pulmonary alveolar sheet, with the red blood cells 
simulated by soft gelatin pellets and with the plasma simulated by a silicone 
fluid. Their results show that the pressure-flow relationship is quite linear, 
and that for hie < 4, the relative viscosity of blood with respect to plasma 
depends on the hematocrit H in the following manner: 

Ilrelative = 1 + aH + bH2. 

Thus, the apparent viscosity of blood in pulmonary capillaries is 

Ilapp = IlPlasma(1 + aH + bH2). 

(7) 

(8) 

Since Eq. (4) is verified for the plasma, Eq. (8) can be used in Eq. (6). These 
relations are illustrated in Fig. 5.2: 3, where the values of the constants a 
and b are listed. 

This rather complex example is quoted here to show that (a) the definition 
of apparent viscosity is not unique, and (b) that it may not be simple. The 
selection of definition -is guided only by its usefulness. 

5.3 Effect of Size of the Blood Vessel on the Apparent 
Viscosity of Blood: The Fahraeus-Lindqvist Effect 

For blood flow in cylindrical vessels, the apparent viscosity decreases with 
decreasing blood vessel diameter. This is shown in Fig. 5.3: 1. This was first 
pointed out by Fahraeus and Lindqvist (1931), who tested blood flow in 
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Figure 5.3: I The change of relative viscosity of blood with the size of blood vessel. 
The data are Kiimin's, analyzed by Haynes (Am. J. Physiol. 198, 1193, 1960). 
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(a) 

(b) 

Figure 5.3:2 The capillary tubes used by (a) Fahraeus and Lindqvist (1931) and (b) 
by Barbee and Cokelet (1971) to measure the dependence of the apparent viscosity of 
blood on the diameter of circular cylindrical tubes. 

glass tubes connected to a feed reservoir in an arrangement illustrated in 
Fig. 5.3: 2. They showed this trend in tubes of diameter in the range 500-
50 /lm. Barbee and Cokelet (1971) extended this experiment and showed that 
the trend continues at least to tubes of diameter 29 /lm. (Human blood was 
used. Remember that the average human red cell diameter is 7.6 /lm.) These 
experiments were done at rates of flow so high that the apparent viscosity 
does not vary significantly with the flow rate. 

An explanation of the Fahraeus-Lindqvist effect was provided by Barbee 
and Coke1et (1971) and is based on an observation made by Fahraeus 
himself. Fahraeus (1929) found that when blood of a constant hematocrit is 
allowed to flow from a large feed reservoir into a small tube, the hematocrit 
in the tube decreases as the tube diameter decreases. This trend was shown by 
Barbee and Cokelet (1971) to continue down to a tube diameter of 29 /lm 
(cf. Fig. 5.3: 2). Barbee and Cokelet then showed that if one measures the 
apparent viscosity of blood in a large tube (say, of a diameter about 1 mm) as 
a function of the hematocrit, and use the data to compute the apparent 
viscosity of the same blood in the smaller tube at the actual hematocrit in 
that tube, a complete agreement with the experimental data can be obtained. 
This is an important finding, because it not only extends the usefulness of 
the apparent viscosity measurements, but also furnishes insight into the 
mechanism of flow resistance in microcirculation. 

Verification of these statements is shown in Figs. 5.3: 3 and 5.3: 4. Figure 
5.3: 3 shows Barbee and Cokelet's result on how the average hematocrit of 
the blood in a tube (H T) varies with the tube size and the feed reservoir blood 
hematocrit (HF)' The "relative hematocrit" HR , plotted on the ordinate, is 
the ratio HT/HF • This figure demonstrates the Fahraeus effect. Figure 5.3:4 
shows how the Fahraeus effect can be used to explain the Fahraeus-Lindqvist 
effect. The experimental data on the wall shear stress ('w) are plotted vs. U, 
the bulk average velocity of flow divided by the tube diameter. The data are 
plotted this way since it can be shown that for a fluid for which the rate of 
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Figure 5.3: 3 The Fahraeus effect: when blood flows from a reservoir into and through 
a small diameter tube, the average hematocrit in the tube is less than that in the reservoir. 
The tube relative hematocrit is defined as the average hematocrit of the blood flowing 
through a tube divided by the hematocrit of the blood in the reservoir feeding the tube. 
Numbers to the left of the lines are the tube diameters. From Barbee and Coke let (1971), 
by permission. 

deformation is just a function of the shear stress, the same function applying 
at all points in the tube, the data should give one universal curve, even when 
the data are obtained with tubes of different diameters. The top curve in the 
figure represents data obtained with an 811 f.1m tube with HF = 0.559. 
On the next curve, the circles represent experimental data obtained with a 
29 f.1m tube with HF = 0.559. These two sets of data should coincide if the 
shear stress-shear rate relationships are the same in these two tubes. But they 
do not agree, because the hematocrits in these two tubes are different. The true 
tube hematocrit is HT = 0.358. If we obtain flow data in an 811 f.1m tube with 
H F = 0.358 (= H T), we find that these data are represented by the solid curve, 
which happens to pass through the circles. Other data points corrected for 
hematocrit show similar good agreement. Thus, in spite of the nonuniform 
distribution of red cells in the tubes, the Fahraeus-Lindqvist effect appears 
to be due entirely to the Fahraeus effect for tubes larger than 29 .urn. 

Why does the hematocrit decrease in small blood vessels? One of the 
explanations is that a cell-free layer exists at the wall. See Chapter 3, Fig. 3.5: 1. 
Another explanation is that the red cells are elongated and oriented in a shear 
flow. See Chapter 3, Fig. 3.4:5. The cell-free layer reduces the hematocrit. 
The smaller the vessel, the larger the fraction of volume occupied by the 
cell-free layer, and the lower the hematocrit. Furthermore, if a small side 
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Figure 5.3: 4 The flow behavior of blood in a 29 J.l diameter tube. The symbols are the 
actual flow data, recorded as the wall shear stress Tw and the bulk average velocity 
divided by the tube diameter, U. The solid curves through the points represent the 
behavior of the blood predicted from the data obtained in an 811 J.l diameter tube when 
the average tube hematocrit is the same as that experimentally found in the 29 J.l tube. 
In an 811 J.l tube, Hi' the feed reservoir hematocrit, and Hr, the average tube hematocrit, 
are equal. From Barbee and Cokelet (1971). 

branch of a vessel draws blood from the vessel mainly from the cell-free layer, 
the hematocrit in the side branch will be smaller. This is usually referred to as 
plasma skimming. 

The cell orientation effect reinforces the effect of plasma skimming. If a 
small side branch having a diameter about the same size as that of the red 
cell draws blood from a larger tube (such as a capillary branching from an 
arteriole) the entry condition into the small branch is affected by the orienta
tion of the red cells. If the entry section is aligned with the red cells it will be 
easier for the cells to enter. If the entry is perpendicular to the cells, some cells 
skim over the small branch and do not enter, and the hematocrit in the small 
branch will be decreased. 

With a cell-free layer, the viscosity at the wall is that of the plasma and is 
smaller than that of whole blood. We have seen (Fig. 3.1: 1) that the viscosity 
of blood increases with hematocrit. In a tube the hematocrit is higher at the 
core. Here the viscosity of blood in the blood vessel is higher at the core 
and lower at the wall. This affects the velocity profile. The apparent viscosity 
is a result of both of these factors. 
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5.4 The Distribution of Suspended Particles in Fairly Narrow 
Rigid Tubes 

Mason and Goldsmith (1969) conducted an exhaustive series of experiments 
with suspensions of variously shaped particles, which may be rigid, de
formable, or merely viscous immiscible droplets flowing through straight 
rigid pipes. Their results provide the best insight into the cell-free layer 
mentioned in the preceding section. 

For a suspension of neutrally buoyant rigid spheres, the explanation of 
the cell-free layer is primarily geometrical, in that the center of the spheres 
must be at least a radius away from the wall. At a very low Reynolds number, 
whether there is any dynamical effect tending to force spheres away from the 
wall is still uncertain. Isolated rigid spheres in Poiseuille flow can be shown to 
experience no net radial force; they rotate, but continue to travel in straight 
lines; thus they cannot create a cell-free layer. 

When inertia force is not negligible, rigid spheres in a Poiseuille flow do, 
in general, experience a radial force. They exhibit a tubular pinch effect 
demonstrated experimentally by Segre and Silberberg (1962), in which 
particles near the wall move toward the axis, and particles near the axis 
move toward the wall. This effect is probably unimportant in arterioles or 
capillaries, where the Reynolds number is less than 1. Similar results are 
obtained for suspensions of rigid rods and disks. There is no overall radial 
motion unless inertial effect is important. 

When the particles in suspension are deformable, Mason and Goldsmith 
found that they do experience a net radial hydrodynamic force even at very 
low Reynolds numbers, and tend to migrate towards the tube axis. The 
mechanism of this phenomenon is obscure, and a full theoretical analysis is 
not yet available. 

5.5 The Motion of Red Cells in Tightly Fitting Tubes 

Many capillary blood vessels in a number of organs have diameters smaller 
than the diameter of the resting red cell. It is extremely difficult to make in 
vivo measurements of velocity and pressure fields in these small blood vessels. 
To obtain some details, two alternative approaches may be taken: mathe
matical modeling and physical modeling. In this section we shall consider 
larger-scale physical model testing. 

In Chapter 4, Sec. 4.6, we described how thin-walled rubber models of 
red blood cells can be made. These cells have a wall thickness to cell diameter 
ratio ranging from 1/100-1/150. Lee and Fung (1969) used these rubber 
models as simulated red cells in testing their interaction with tightly fitting 
tubes. An independent, similar testing was done by Sutera et al. (1970). 
Figure 5.5: 1 shows a schematic diagram of the apparatus. The test section 
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Figure 5.5: 1 Schematic diagram of the testing apparatus. The fluid in the open 
reservoir at the right enters the test tube through the conical entry section, flows to 
the left, and exits into the closed reservoir. The wavy lines in the reservoirs indicate 
the fluid levels. 

was made of interchangeable lucite tubes, 61 cm long, and with inner 
diameters 2.54, 3.15, 3.81,4.37, and 5.03 (± 0.03) cm. A conical section with 
a 60° inclination from the tube axis was used to gUIde the flow into the test 
section. The flow was controlled by a pressure reservoir. A constant mean 
velocity ranging from 0.03 to 3 cm/sec could be maintained throughout each 
experiment. A silicone fluid with a viscosity 295 P at room temperature and 
a specific gravity 0.97 was used to simulate the plasma. The cell has a diameter 
of 4.29 ± 0.05 cm, a volume of 16.5 cm3, a wall thickness of 0.042 ± 0.Q1 cm 
in one model, and 0.03 in another, and is filled with the same silicone fluid. A 
nipple on the cell marks the pole location. The Reynolds number based on 
the cell diameter was in the range 0.0004-0.04. 

If the tube diameter is larger than the cell diameter by more than 15%, 
the cell will flow in the stream without significant deformation. If the tube 
diameter is about equal to the resting cell diameter, then significant cell 
deformation occurs. Figure 5.5: 2 shows such a case. Here VM denotes the 
mean flow velocity, and ~ denotes the cell velocity. If the tube diameter is 
considerably smaller than the cell diameter, then large deformation of the 
cell occurs; there is severe buckling of the cell membrane; the leading edge 
of the cell bulges out, the trailing end caves in; and the natural tendency of 
the cell is to enter the tube sideways, or edge-on (with its equatorial plane 
parallel to the cylinder axis). Forcing the cell to the other orientation (with 
the axis of the cell and the tube parallel) was not successful. In the case in 
which the tube diameter is equal to the resting cell diameter, the edge-on 
configuration is more stable. It is possible in this case for the cell to assume an 
axisymmetric configuration, as is shown in frame 0 in Fig. 5.5: 2, but this 
seems to be an unstable situation and is rarely seen. 
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Figure 5.5: 2 Change of shape of the 4.29 cm thin-walled cell in the 4.37 cm tube 
as the velocity increases: (A) Cell velocity ~ = 0.12, mean flow velocity Vm = 0.10; 
(B) ~ = 0.36, Vm = 0.28; (C) ~ = 2.49, Vm = 1.95; (D) ~ = 2.59, Vm = 2.16. All veloc
ities are in cm/sec. Direction of flow: from left to right. From Lee and Fung (1969). 

5.5.1 The Streamline Pattern and Cell Motion 

The streamlines around the cell were determined in the 3.15 cm tube by 
photographing with short-duration exposure and are shown in the upper 
panel of Fig. 5.5: 3. When the streamlines are redrawn to coordinates moving 
with the cell, they appear as bolus flow as shown in the lower panel of 
Fig. 5.5:3. 

The cell velocity is related to the mean flow velocity. The experimental 
data can be fitted by the equation 

v" = k(VM - a) 

for VM greater than a. The constants determined are: 

Cell/tube diameter ratio k IX (cm/sec) 
1.69 1.00 0.0 
1.36 1.10 0.02 
1.13 
0.98 

1.17 
1.26 

0.10 
0.015 

(1) 
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Figure 5.5 : 3 Short time exposures (0.5 sec) of tracer particles as a thin-walled cell 
of diameter 4.29 cm moves to the left in a 3.15 cm tube with a cell velocity ~ = 

0.93 cm/sec. The lower figure shows the streamlines relative to the cell. In the upper 
panel the cell is moving to the left. In the lower panel the streamlines are drawn with 
the cell held stationary and the tube moves to the right. From Lee and Fung (1969). 

This is consistent with the observation that as the tube becomes larger, the 
cell will be more centrally located, where the velocity is higher than in the 
wall region. 

5.5.2 Pressure Measurement 

Figure 5.5 : 4 shows a typical record of pressure at a point midway in the 
3.15 cm tube (cell diameter 4.29 cm). The pressure dropped at once as the fluid 
was sucked into the tube. When the cell approached the entrance, the pres
sure decreased further. After the cell passed the tap, the pressure returned 
approximately to the level in the tube before the entry of the cell. The dif
ference between the pressure just upstream of the cell, Pu , and that just 



180 5 Interaction of Red Cells with Vessel Wall, and Wall Shear with Endothelium 

"6 
o ,-----.,- TIME 

"'--FLOW 
STARTED 

.;' -10 

E 
~ -20 
w 

"~~==~ __________________ ~r 
~ II PRESSURE L 

TAP 

0:: 
:::> 

CELL ENTERING 

~ -30 B D P 
w 
0:: 
CL -40 

TEST SECTION 7 
~_--,Pd,---_ .... A C 1--612----1 \ 

CELL LEAVING1 
TEST SECTION 

Figure 5.5: 4 A typical record of the history of the pressure at the tap about midway 
in the test section and the change of fluid level in the open reservoir. The 4.29 cm cell 
moved at a velocity of 1.23 cm/secin a 3.15 cm tube. The mean velocity was 1.18 cm/sec. 
The position of the cell at any given instant of time can be found roughly by drawing a 
vertical line from the time scale to the tube sketched above the graph. Note the change 
of pressure at the cell's entering the test section, passing the pressure tap, and leaving 
the test section. In the time intervals .1t! and .1t2, the cell was more than one cell diameter 
away from the ends of the test section and the pressure tap. The pressure in .1t! is the 
downstream pressure Pd, that in .1t2 is the upstream pressure PU. From Lee and Fung 
(1969). 

downstream of the cell, Pd, is a measure of the resistance to the motion of 
the red cell. It is a function of the cell velocity and the ratio of the diameters 
of the cell and tube, as is shown in Fig. 5.5: 5. 

The details of the pressure change as the cell passes over the tap are very 
interesting. At the leading edge of the cell (point A in Fig. 5.5: 4), the pressure 
rises rapidly. It reaches a peak at point B (on the front portion of the cell). 
Then comes a valley at point C (near the trailing edge of the cell), where the 
pressure is lower than that at the rear of the cell. This kind of pressure distri
bution is consistent with the predictions oflubrication layer theory (Sec. 5.8). 
The higher pressure at B than C will tend to push fluid into the gap between 
the cell and the wall toward the rear of the cell, thus reducing the velocity 
gradient at the wall, and decreasing the wall friction and apparent viscosity 
of the blood. 

5.5.3 Critique of the Model 

One unsatisfactory feature of the red cell model made of rubber is that the 
rubber elasticity is quite different from that of the red cell membrane. For 
the rubber membrane, the shear modulus and areal modulus are of the same 
order of magnitude. For the red cell membrane, the two moduli differ by a 
factor of 104 (see Chapter 4, Sec. 4.6). Hence the cell membrane elasticity 
was not simulated. Furthermore, the bending rigidity of the red cell mem
brane is probably derived from electric charge or from fibrous protein at
tached to the membrane (see Chapter 4, Sec. 4.8), whereas that of the rubber 
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Figure 5.5:5 The resistance to red cell motion in 3.15, 3.81, and 4.37 cm tubes ex
pressed in terms of the loss of pressure over and above that of the Poiseuille flow head, 
Pu - Pd, as a function of the cell velocity. The variation in the pressure difference was a 
result of minor shape changes of the red cell model and corresponds to the fluctuations 
of the downstream pressure. From Lee and Fung (1969). 

membrane can be obtained only from the bending strain of the solid rubber. 
This failure to simulate the material properties could have effects which, 
however, are still unclear. 

5.5.4 Observation of Red Cell Flow in Glass Capillaries 

Figure 5.5:6 (from Hochmuth et aI., 1970) shows data obtained from motion 
pictures of red cells traversing glass capillaries. The apparent plasma-layer 
thickness was calculated by taking the difference between the known capillary 
diameter and the maximum transverse dimension of the deformed cell. The 
plasma layer thickness seems to reach an asymptotic value at a velocity of 
about 2 mm/sec. The scatter of the data is due in part to the random orienta
tion of the cells relative to the plane of focus. 

The increased clearance between cell and vessel wall reduces shear stress 
at the capillary wall due to the passing of the red cell. Hence according to 
Fig. 5.5: 6, the apparent viscosity of blood in the capillary should decrease 
as the velocity of flow increases; and by physical reasoning, the clearance will 
increase if the cell is more flexible, so the more flexible the cell is, the smaller 
the additional pressure drop due to the red cell. 
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Figure 5.5:6 Variation of apparent plasma-layer thickness with red cell velocity in 
glass capillaries. Human red cells were used. From Hochmuth et al. (1970), by per
mission. 

5.6 Inversion of the Fahraeus-Lindqvist Effect in Very 
Narrow Tubes 

According to the result shown in Fig. 5.5: 5 the additional pressure drop due 
to the motion of a single red blood cell increases greatly when the tube 
diameter becomes smaller than that of the resting red cell; and the smaller the 
tube, the higher is the resistance. Hence unless there is an extraordinary 
decrease in the number of red cells in the tube (which is not the case, as we 
shall show in Sec. 5.7), the resistance can be expected to increase with decreas
ing tube diameter when the tube is smaller than the red cell. This is the reverse 
of the F ahraeus-Lindq vist effect. 

To calculate the resistance of red cells in a tightly fitting tube, we must 
know the interaction between the neighboring cells. Sutera et al. (1970) 
found that the additional pressure drop caused by a single cell is unaffected 
by a neighboring cell if the two are separated by a distance equal to or greater 
than one tube diameter. This short interaction distance is expected in low 
Reynolds number (N R) flow. (In low Reynolds number tube flow the devel-
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opment length is of the order of one tube diameter, with a lower limit of 0.65 
DT in the limit N R -+ 0; see Lew and Fung (1969b, 1970).) Therefore, when 
the cells are separated by a space equal to or greater than one tube diameter, 
we can calculate the total pressure drop in the tube by adding the additional 
pressure drop due to individual cells to the Poiseuillean value. Since the 
pressure gradient in a Poiseuille flow is - 32J1.o VM/D} (using notations of 
the previous section, with VM denoting the mean flow velocity, and DT the 
tube diameter), we can write the total pressure drop per unit length of the 
tube as 

op 
ax 

32J1.oVM A * 
D} + nLJp , (1) 

where n is the number of cells per unit length, and Llp* is the additional pres
sure drop per single cell. J1.o is the coefficient of viscosity of the suspending 
fluid (plasma). If H T is the hematocrit in the capillary tube, then n is equal 
to the volume of the tube per unit length divided by the volume of one red 
blood cell: 

HTnD} n = ---=---''--
4(RBC vo!.)· 

(2) 

Llp*, as presented in Fig. 5.5 :6, can be made dimensionless with respect to 
the characteristic shear stress J1.o VM/DT· It is a function of Dc> DT, VM, J1.o, 
and the elasticity of the cell. Let the elastic modulus ofthe cell membrane for 
pure shear be denoted by Ec (see Chapter 4, Sec. 4.7); then a dimensionless 
parameter is J1.o VM/(EcDT). This parameter is the ratio ofa typical shear stress 
J1.o VM/D T to the membrane elasticity modulus, and thus can be called a 
characteristic membrane strain. 

Figure 5.6: 1 shows the normalized additional pressure drop of a single 
cell given by Sutera et a!. (1970). We can then combine Eqs. (1) and (2) as 

op 32J1.oVM nHTD} ( Llp* ) J1.0VM 
- ax = D} + 4(RBCvol.) J1.o VM/D T ----V;. (3) 

But if we invoke the concept of apparent viscosity, we can also write 

(4) 

Comparing Eqs. (4) and (5), we obtain the relative apparent viscosity J1.r: 

J1. = J1.app = 1 + nHT ( Df ) ( IIp* ) (5) 
r J1.o 128 RBCvol. J1.oVM/DT · 

If the data of Fig. 5.6: 1 are examined in light of this equation, it will be 
found that J1.r increases with decreasing DT/Dc when DT/Dc < 1, for any 
fixed values of HT . This is opposite to the Fahraeus-Lindqvist effect. If a 
simplified expression relating the hematocrit in the tube, H T, to that in the 
reservoir, H F, as given in Eqs. (1) and (2) of Sec. 5.7, is used in Eq. (5) above, 
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Figure 5.6: 1 Additional pressure drop due to a single cell as a function of strain param
eter, from large-scale model. In this figure, Dv is used in place of DT , the vessel or tube 
diameter, and 0 is used in place of VM the mean flow velocity. From Sutera et al. (1970), 
by permission. 

then the results shown in Fig. 5.6: 2 are obtained at a reservoir hematocrit 
of 40%. 

Equations (1)-(5) are derived under the assumption that the red cells 
are sufficiently apart from each other in the tube. If the cells are more closely 
packed, the situation is more complex. Sutera (1978), citing his model experi
ments (1970), believes that these equations are applicable irrespective of the 
spacing between the red cells, so that the resistance is linearly proportional 
to the hematocrit without limitation on the hematocrit value. A similar 
conclusion is reached by Lighthill's (1968, 1969) lubrication layer theory, 
because the interaction between the red cell and the endothelium of the 
capillary blood vessel is localized. Experiments by Jay et al. (1972), however, 
showed that the relative viscosity of blood tends to be independent of the 
hematocrit for human blood flowing in glass tubes of 4 to 15 Jim in diameter. 
Earlier, such a phenomenon was also described by Prothero and Burton 
(1961, 1962). Jay et al. believed that this is a direct contradiction to the 
Lighthill-Fitz-Gerald theory. Chien (1972) points out, however, that the 
theoretical analysis by Skalak et al. (1972) showed that when the spacing 
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Figure 5.6:2 Apparent relative viscosity of blood in capillaries according to model 
experiment results of Sutera et al. (1970) and calculated for the "reservoir" or "feed" 
hematocrit HF = 40%. From Sutera (1978), by permission. 

between the red cells is small, the plasma trapped between the cells moves 
with the cell. Hence when the hematocrit is sufficiently high, the cell-plasma 
core moves almost like a rigid body, and the apparent viscosity will be 
independent of the hematocrit. Furthermore, the size of the core depends on 
the deformation of the red cell. One can estimate the size of the red cell core 
from the experimental results shown in Fig. 5.5: 6. It is seen that even in 
very narrow capillaries there is a sizable gap between the cell and endothe
lium if the blood flows at a speed close to the in vivo value. The gap becomes 
very small only if the flow velocity becomes very small, i.e., in a near stasis 
condition. 

Summarizing, we conclude that the relative viscosity of single-file flow 
of red cells in very narrow capillaries is proportional to the tube hematocrit 
if the spacing between the red cells is of the order of a tube diameter or larger. 
If the spacing is smaller, and the flow velocity approaches 1 mm/sec or larger, 
then the cell-plasma core moves like a rigid body, and the relative viscosity 
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will tend to be independent of the tube hematocrit. If the spacing between 
red cells is smaller than the tube diameter and the flow velocity is smaller 
than, say 0.4 mm/sec, then the gap between the cell and endothelium de
creases, the resistance of each cell increases, and the relative viscosity will be 
proportional to the number of red cells per unit length of the vessel. 

5.7 Hematocrit in Very Narrow Tubes 

Since the apparent viscosity of blood depends on hematocrit [see, for ex
ample, Eq. (8) of Sec. 5.2J, we should know the way hematocrit changes from 
one blood vessel to another in a microvascular bed. When one examines 
microcirculation in a living preparation under a microscope, one is impressed 
by the extreme non uniformity in hematocrit distribution among the capillary 
blood vessels, and by the unsteadiness of the flow. The red blood cells are 
not uniformly distributed. In a sheet of mesentery or omentum, or a sheet 
of muscle, sometimes we see a long segment of the capillary without any red 
cells; at another instant we see cells tightly packed together. In any given 
vessel, the velocity of flow fluctuates in a random manner (Johnson and 
Wayland, 1967). Similarly, in the capillaries of the pulmonary alveoli, the 
velocity of flow fluctuates (Kot, 1971). The distribution of red cells appears 
"patchy" at any given instant of time (Warrell et a!., 1972), i.e., the distribution 
is nonuniform in the alveolar sheet: capillaries in certain areas have a high 
density of red cells, while neighboring areas have few red cells. 

These dynamic features have many causes. Figure 5.7:1 shows some 
examples. Consider a balanced circuit connecting a vessel at pressure Pl to 
another at pressure Po (Fig. 5.7: 1). Let us assume that all branches, A, B, C, D, 
E, are of equal length and diameter. Let us also assume that at the beginning 
all the red cells are identical and are uniformly distributed in all vessels. Then 
it is clear that there will be uniform flow in the branches A, B, C, D, but no 
flow in E. Now suppose that branch B receives one red cell more than A. The 
balance is then upset. The pressure drop in B will be increased, and a flow 
is created in the branch E. The same will happen if branch B, instead of 
getting an extra cell, gets a red cell that is larger than those in A, or a leukocyte. 
The flow in E, thus created, will continue unless the resistance is balanced 
again. Thus, because of the statistical spread of the red cell sizes, and the 
existence of leukocytes, continued fluctuation in branch E is expected. Finally, 
active control due to sphincter action of vascular smooth muscle will have 
the same effect, as is shown in the lower right panel in Fig. 5.7: 1. 

Another cause of flow fluctuation is the basic particulate nature of the 
blood. To clarify the idea, consider the situation shown in Fig. 5.7: 2, in which 
rigid spherical particles flow down a tube which divides into two equal 
branches. Let the tube diameter be almost equal to the diameter of the 
spheres. Consider a sphere that has just reached the point of bifurcation. We 
shall see that the ball has a tendency to move into the branch in which the 
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Figure 5.7: 1 An idealized capillary blood flow circuit. (Left), balanced. (Right), balance 
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Figure 5.7: 2 At a branch point of a capillary blood vessel, the branch with the faster 
stream gets the red blood cells. (Left), spherical balls flow in a cylindrical tube which 
bifurcates into two equal branches. (Right), the forces acting on the sphere at the moment 
when it is located at the point of bifurcation of the vessel. The resultants of the pressure 
forces (top) and shear stress (bottom) both point to the faster stream. From Fung (1973). 
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flow is faster. Let us assume that the flow in the branch to the left, AB, is 
faster than that in the branch to the right, AC (see the left-hand drawing in 
Fig. 5.7: 2). The reason for the flow in AB to be faster must be that the pres
sure gradient is larger in AB than in AC. Now consider all the forces acting 
on the ball, which is situated centrally at the junction as shown on the right
hand side of Fig. 5.7: 2. These are pressure forces and shear forces. The pres
sure on the top side of the ball is nearly symmetric with respect to right and 
left. The pressure on the underside is lower on the left as we have just ex
plained. Therefore, the net pressure force will pull the ball into the left branch. 
Next consider the shear stress. Assume that the ball comes down the vertical 
tube without rotation. At the junction, the ball is temporarily stopped at the 
fork. The fluid will tend to stream past the ball at this position. This streaming 
is more rapid on the left-hand side, because we have assumed that the branch 
at the left has a faster flow. Therefore, the shear strain rate and the shear stress 
are larger on the left. The net shear force is a vector pointing into the left 
channel. Therefore, in this configuration both the pressure force and the 
shear force tend to pull the ball into the faster stream. 

When the next ball reaches the junction the same situation prevails. 
Therefore, under the assumption made above the more rapid stream will 
get all the balls. If the velocity in AB is twice that in AC, the theoretical ratio 
ofthe density ofred cells in AB to that in AC is not 2 to 1, but infinity. 

In capillary blood flow, each blood cell would have to make the same 
decision when it reaches a crossroad: which branch should it go into? The 
decision making is influenced by the size of the blood cell relative to the blood 
vessel, the flexibility of the blood cell, and the ratio of the velocities in the 
branches. A detailed investigation of these factors has been made by the 
author and R. T. Yen (Yen and Fung, 1978). We showed that when a capillary 
blood vessel bifurcates into two daughter vessels of equal diameter, the red 
cells will be distributed non uniformly to the two daughter branches if the 
velocities in the two branches are unequal. The faster side gets more cells. 
If the cell-to-tube diameter ratio Dc/Dt is of the order of 1 or larger, and the 
velocity ratio of the flow in the two branches is less than a certain critical 
value, then the hematocrit ratio in the two branches is proportional to the 
velocity ratio. If the velocity ratio exceeds a critical value, then the faster 
branch gets virtually all the red cells. In that case the hematocrit in the slower 
branch is zero. The critical velocity ratio is of the order of 2.5, with the exact 
value depending on the cell-to-tube diameter ratio Dc/Dt and the elasticity 
of the red cell. 

A way to produce a large velocity ratio in capillary branches is to occlude 
the downstream end of a vessel. Svanes and Zweifach (1968), using a micro
occlusion technique, have shown that it is possible to clear any capillary 
vessels of its red cells. 

Our discussion so far has stressed the importance of the entry condition 
of flow into branches of equal diameter on the hematocrit distribution. How 
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Figure 5.7:3 A small vessel branching out from a larger one. 

about flow into branches of unequal diameter? Or flow from a reservoir into a 
small tube (as in Fahraeus' experiment, Fig. 5.3: 2)? Or from a larger tube 
into a smaller side branch as in the case of a capillary blood vessel issuing 
from an arteriole (Fig. 5.7:3)? In these cases the hematocrit in the smaller 
branch may be reduced for three reasons: 

(1) Due to the entry condition into the capillary (affected by the geometry of 
the entry section of the tube, and the flow just outside of the entrance 
section). 

(2) Due to a decrease of hematocrit at the wall of the larger tube, where the 
capillary siphons off the blood (the plasma skimming effect discussed in 
Chapter 3, Sec. 3.5, and Chapter 5, Sec. 5.3). 

(3) Due to the fact that the red cell moves faster than the plasma in the 
capillary blood vesse1. 

If the effects (1) and (2) are ignored, then we can calculate the effect of (3) 
as follows. Let the mean velocity of blood in a capillary be Vm , and that of 
the red cell be v.,. In a unit interval of time the capillary draws a volume of 
blood equal to VmA from the reservoir, where A is the cross-sectional area 
of the capillary. If the hematocrit of the reservoir is H F , the volume of red 
cells flowing in is VmAHF. At the same time, the volume occupied by the 
red cells (which are arranged in single file in very narrow capillaries) is 
v.,AH T, where H T denotes the hematocrit in the capillary. Thus, obviously, 

VmAHF = VcAHT' 
or 

(1) 

This is a statement of the conservation of red cell volume. Since Vm/v., < 1 
(see Sec. 5.5), we have H T < H F, the Fahraeus effect. 

The effect of the two factors (1) and (2) ignored above, however, may 
render Eq. (1) nonvalid. The actual hematocrit of the blood drawn in by the 
capillary from the arteriole (or reservoir) may not be equal to H F, the average 
hematocrit in the larger vesse1. The hematocrit in the reservoir in the neigh-
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borhood of the entry section can be smaller or larger than H F by a factor F. 
Thus 

(2) 

To clarify the entry effect and determine F, Yen and Fung (1977) made a 
model experiment in which gelatin particles (circular disks) were suspended 
in a silicone fluid to simulate the blood. When the diameter ofthe undeformed 
cell was equal to or greater than the tube diameter, the volume fraction of 
the cells in the tube was found to increase to a value equal to or greater than 
that in the reservoir. This is the reverse of the Fahraeus effect. 

Additional experiments showed that the hematocrit in the tube could be 
greatly influenced by the flow condition outside the entrance to the tube. If 
the tube was nearly perpendicular to the main direction of flow in the 
reservoir (as is the case in most arteriole-capillary junctions), it was found 
that the velocity of flow in the reservoir just outside the entrance to the tube 
could affect the hematocrit in the tube. Some details are given in the following. 

Two models were tested. See Fig. 5.7:4. The first model employs a tube 
with a smooth entry section opening into a still reservoir. For this model an 
"entry cone" is inserted in front of the tube, similar to the configuration 
tested by Fahraeus and Lindqvist [Fig. 5.3:2(a)]. The second model uses a 
tube with an abrupt entry section opening perpendicularly into a stream, 
which has a definite shear gradient. The end of the tube is cut squarely and 
sharply, similar to the configuration tested by Barbee and Cokelet 
[Fig. 5.3: 2(b)]. The reservoir of the second model is a cylindrical tank 
containing a rotating inner core which imparts a steady shear flow to the 
fluid. This is considered to be the mainstream flow. The tube is placed 
perpendicular to the direction of main flow in the reservoir in order to 
simulate the flow condition at an arteriole-capillary blood vessel junction. 

A suspension of gelatin pellets in a silicone fluid was used to simulate 
blood. The pellets were circular cylindrical disks, with a diameter of 1.08 cm 
and a thickness of 0.32 cm in the first model, and a diameter of 0.32 cm and 
a thickness of 0.1 cm in the second model. The buoyancy of the pellets was 
controlled by mixing a suitable amount of alcohol with water in making 
them. The viscosity of the fluid was 100 P, and the Reynolds number based 
on the tube diameter was 10- 2 to 10-4, similar to in vivo values in capillaries. 
In each experiment, the pellets were carefully mixed with the silicone fluid; 
the mixture was stirred until uniform and then poured into the reservoir. 
To determine the particle concentration at any flow condition, the flow was 
suddenly stopped, the number of particles present in the tube was counted, 
and their volume computed. 

Figure 5.7:5(a) shows the ratio of hematocrit in the "capillary" tube to 
that in the reservoir of Model I, plotted against the ratio of particle to tube 
diameters. The HT/HF ratio increases with increasing ratios of Dc/DT' Thus 
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Figure 5.7:4 Schematic diagram of test models : (A) Model I, (B) Model II. For Model 
II , the length of the tygon tubing attached to the outflow end of the test tubes was 6.4 cm. 
The inner diameter of the tygon tubing was equal to the outer diameter of the test tube. 
The three test tubes have inner diameters D, = 0.67, 0.45, and 0.32 cm ; whereas the 
simulated red cells (gelatin pellets) have a diameter of 0.32 cm and a thickness of 0.1 cm. 
From Yen and Fung (1977). 

for a given cell diameter, the tube hematocrit increases when the tube 
diameter decreases (reverse Fahraeus effect). This is more evident at lower 
reservoir concentration. 

Figure 5.7: 5(b) shows the variation of the hematocrit ratio H T/H F as 
a function reservoir hematocrit HF for fixed values of Dj D,. It shows a 
tendency toward increased relative hematocrit in the capillary tube when the 
reservoir hematocrit is lowered. 
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Figure 5.7: 5 Experimental results from Model I, showing mean and standard errors 
of the mean. (a) Plot of ratio of tube hematocrit (H T) to feed hematocrit (H F) as a function 
of ratio of cell diameter (Dc) to tube diameter (D,). (b) Tube hematocrit to feed hematocrit 
ratio (HT/HF) as a function offeed hematocrit (HF ). From Yen and Fung (1977). 

Typical results from Model II are shown in Fig. 5.7: 6. H D is the "discharge" 
hematocrit of the outflow from the tube. H F is the reservoir hematocrit. 
The ratio HDIHF is the factor F ofEq. (2), because by the principle of con
servation of matter (red cell volume), we obtain, by reasoning identical to 
the derivation of Eq. (1), 

H D discharge hematocrit mean speed of pellets ~ 

HT tube hematocrit mean speed oftubeflow - Vm' 

Substituting Eq. (3) into Eq. (2), we obtain 

HD 
F= H F ' 

(3) 

(4) 

Figure 5.7:6 shows that HDIHF, hence the factor F, varies with the ratio 
of the mainstream velocity at the entrance section of the tube, U F, to the 
mean velocity of flow in the tube, UT • The curves are seen to be bell-shaped. 
From a certain initial value of HDIHF, the discharge hematocrit rises to a 
peak value at a ratio of U FIUT in the range 1 to 4. For higher velocity ratios 
(U FlU T from 4 to 17), the discharge hematocrit declines. 

In Fig. 5.7:7 the ratio ofthe hematocrit in the "capillary" tube to that in 
the reservoir is plotted against the ratio of the mainstream velocity in the 
reservoir at the tube entrance to the mean velocity of flow in the tube, for a 
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Figure 5.7:6 Experimental results from Model II, showing mean and standard errors 
of the mean. (a) Relative discharge hematocrit as a function of the ratio of tangential 
velocity in the reservoir at tube entrance and mean tube flow velocity for feed hematocrit 
Hp = 25%. (b) The same for feed hematocrit Hp = 45%. From Yen and Fung (1977). 

reservoir hematocrit of 25% in Model II. A comparison of Figs. 5.7: 7 and 
5.7:6(a) shows that the capillary tube hematocrit and the discharge hemato
crit are not equal. Both H T and H D vary with the mainstream velocity and 
are influenced by the entrance condition. 

Motion pictures of the flow in tubes with DjD t equal to 1 or larger show 
that most of the pellets (disks) enter the tube "edge-on." Thus the force of 
interaction between a pellet and the entry section of the tube is concentrated 
on two areas at the edge ofthe cell. In general, buckling of the cell membrane 
occurs at these points. 

It is clear that the seemingly simple motion of suspended flexible particles 
from a reservoir into a small tube is a complicated phenomenon to analyze. 
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Figure 5.7: 7 Relative tube hematocrit in Model II as a function of the ratio of tangential 
velocity in the reservoir at tube entrance to mean tube flow velocity for feed hematocrit 
HF = 25%. From Yen and Fung (1978). 

5.8 Theoretical Investigations 

Even in very narrow capillary blood vessels, moving red cells never come to 
solid-to-solid contact with the endothelium of the blood vessel. There is a 
thin fluid layer in between. The thicker the fluid layer, the smaller would be 
the shear strain rate, and the smaller the viscous stress. On the other hand, 
for any given thickness of the fluid layer, the shear stress depends on the 
velocity profile in the gap. Is there any way the shear stress on the vessel 
wall (endothelium) can be reduced, thereby reducing the resistance of the 
blood? The answer is "yes": by forcing the fluid into the gap in such a way 
as to reduce the slope of the velocity profile on the vessel wall. This is the 
hydrodynamic lubrication used in engineering, in journal bearings. Lighthill 
(1968, 1969) pointed out that such an effect can be expected from a red cell 
squeezing through a very narrow capillary vessel. The effect is due to a 
"leak-back" in the gap between the cell and the vessel wall. 

The physical" picture is illustrated in Fig. 5.8: 1, from Caro et al. (1978). 
In the figure the velocity vectors are drawn with respect to an "observer" 
moving with the red cell. The cell then appears to be at rest, and the capillary 
wall moving backward with speed U. In Fig. 5.8: 1(a) the velocity profile is 
assumed to be linear. Under this hypothesis the rate of fluid (volume) flow 
in the gap, which is equal to the area of the velocity profile multiplied by the 
length (in the direction perpendicular to the paper), will be nonuniform: 
smaller at the point x in the figure than that at y. This is impossible in an 
incompressible fluid; hence the hypothesis is untenable. It follows that the 
velocity profile cannot be linear everywhere. 
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Figure 5.8: 1 Diagram showing the need for leak-back past a red cell in a capillary 
(cell taken to be at rest, capillary wall moving). (a) Linear profile everywhere leads to 
nonuniform flow rate, which is not permitted. (b) Continuity upheld by the super
position of a parabolic component, requiring a pressure gradient. From Caro et al. 
(1978), p. 404, by permission. 

In Fig. 5.8:1(b), a nonlinear velocity profile is shown at x. This profile 
has a zero velocity on the cell wall and U on the capillary, as the boundary 
conditions demand. In the gap the profile bulges to the left so that the area 
under the profile at x, where the gap is thinner, is equal to the area of the 
triangle at y. Then the principle of conservation of mass is satisfied. The 
slope of the nonlinear velocity profile at the capillary wall at point x is 
smaller than that at y. The shear stress, which is proportional to the slope, is 
therefore smaller at x then at y. In the special case sketched in Fig. 5.8:1(b), 
this slope is negative, so the shear stress acts in a direction to propel the 
blood! 

In general, the more the velocity profile deviates from the linear profile, 
the more reduction of shear stress on the capillary wall is obtained. Corre
spondingly, the negative pressure gradient in the layer is reduced. Let Q be 
the volume flow rate associated with this departure from the linear profile 
(proportional to the area under the velocity profile minus tUh, the area of a 
hypothetical linear profile). Let x be the distance along the capillary wall 
measured from left to right, and let h be the thickness of the layer. Then, 
according to a detailed analysis of force balance, Lighthill shows that the 
pressure gradient (dp/dx) is the sum of two terms, one positive and propor
tional to Q/h3, and the other negative and proportional to - U/h2. Thus 

dp 12JlQ 6JlU 
dx Jl3-Y' (1) 
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where Jl is the viscosity of the plasma, and Q is the leak-back. The lubrication 
quality is derived from Q. 

SO far the analysis is indisputible. To complete it, we must compute the 
thickness h as a function of x. This cannot be done without specifying the 
elasticity ofthe red cell and the endothelium. Lighthill (1968) and Fitz-Gerald 
(1969a,b) assumed both of these behave like an elastic foundation, with 
local deflection directly proportional to local pressure. This assumption is 
questionable, especially with regard to the red cell which, according to what 
is described in Chapter 4, should behave more like a very thin-walled shell 
with a very small internal pressure. For this reason the many interesting 
predictions made by these authors remain to be evaluated. 

The concept of a lubrication layer is pertinent to red cells moving in 
capillary blood vessels so narrow that severe deformation of the cells is 
necessary for their passage. In larger capillaries whose diameters are larger 
than that of the red cells, the deformation of the red cells is minor, and the 
mathematical analysis can be based on Stoke's equation for the plasma, 
which is a Newtonian fluid. Skalak and his students (see reviews in Skalak, 
1972, and Goldsmith and Skalak, 1975) have carried out a sequence of 
investigations of flows of this type: the flow of a string of equally spaced 
rigid spheres in a circular cylindrical tube, the flow of oblate and prolate 
spheroids in the tube, the flow of spherical and deformable liquid droplets 
in the tube, and finally the flow of red blood cells with membrane properties 
specified by Eq. (7) of Sec. 4.7 in the tube. In the last case they also included 
very narrow tubes, which call for large deformation of the cells under the 
assumption that the radius of the cell at any point is linearly dependent on 
the pressure at that point. Among other things, they showed that, in the case 
of the flow of rigid spheres down the center of a tube, the pressure drop 
required for a given volume flow rate increases when the ratio of the diame
ters of the sphere, b, and of the tube, a, increases. But even when b/a = 0.9 
and the spheres are touching, the pressure drop is only about 2.0 times that 
required by the same flow with plasma only, without spheres. But the appar
ent viscosity of whole blood is at least 2.5 times that of plasma, so the 
lubrication layer effect is operating even when b/a is as small as 0.9. 

Secomb et al. (1986) have summarized the mathematical theories of 
axisymmetric red blood cells in narrow capillaries. 

Skalak and Chien (1983) presented a theoretical model of rouleau forma
tion and disaggregation. Over the years from 1966 to the present, Skalak and 
his students and associates have published a long series of papers on red cell 
flow in capillaries, introducing refinements and generalizations step by step. 
See Skalak (1990) for a summary. 

5.9 The Vascular Endothelium 
The vascular endothelium is a continuum of endothelial cells lining the blood 
vessels, Fig. 5.9: 1. Studies by electron microscopy, molecular biochemistry, 
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Figure 5.9: 1 A schematic drawing of an arterial wall showing blood flow in the upper 
figure, and the enlarged view of the endothelium in the lower figure. The coordinates 
system shown here is used throughout this chapter. From Fung and Liu (1993), by 
permission of ASME. 

gene expression, membrane technology, immunochemistry, etc., have yielded 
a wealth of information about the endothelium (Repin et aI., 1984; Rhodin, 
1980; Simionescu et aI., 1975, 1976). The endothelial cell morphology, metabo
lism, and ultrastructure have been found to vary with the shear strain rate of 
the blood (Caro et aI., 1971; Dewey et aI., 1981; Flaherty et aI., 1972; Fry, 
1968; Gau et aI., 1980; Helmlinger et aI., 1991; Kim et aI., 1989; Levesque 
et aI., 1985; Nerem et aI., 1990; Nollert et aI., 1991; Sato et aI., 1987, 1990; 
Sprague et aI., 1987; Theret et aI., 1988; Zarins et aI., 1987). We would like to 
study the stresses in the endothelial cells. However, little is known about the 
mechanical properties of its internal parts, so we are not ready to make a full 
stress analysis. In this Section, we explore those aspects of the system which 
do not need the details of the cell model and the constitutive equations. We 
recognize only that the endothelial cells form a continuous layer, and that the 
cell membrane is an indispensible part of every cell. We assume that the 
endothelial cell membrane is solid-like because the cells can maintain their 
shape while they are subjected to a life-long shear force from the flowing blood. 
It reacts to the shear force with a deformation, not with a flow, and hence is 
a solid. The content of the endothelial cell can be represented as a composite 
mixture. Some components, such as the nucleus and actin fibers, may be 
expected to be solid-like, but the mixture as a whole may be fluid-like. At this 
time, the rheological properties of the content of endothelial cell are unknown. 
Hence, we shall make two mutually exclusive but together exhaustive hypo
theses: either (1) the content is fluid-like, so that the cell membrane plays a 
dominant role in maintaining the shape of the endothelium; or (2) the content 
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is solid-like, so that the cell membrane and the cell content together maintain 
the endothelium geometry. We investigate the consequences of these alter
native hypotheses. 

Under the hypothesis that the content of the endothelial cells is fluid-like, 
then in the steady state there is no internal flow and no shear stress in the cell 
content. Consequently, the cell membrane is the structure that resists the shear 
load from the blood flow at steady state. 

The cell membrane is very thin. A very thin membrane is very easy to bucke 
(see Sec. 4.5) and cannot sustain a significant amount of compressive stress in 
its own plane. Hence we assume that (1) the cell membrane is so thin that it 
buckles easily and cannot support compression in its plane; and (2) a situation 
exists in which one of the principal strains in the deformed membrane is 
positive while the other one is negative or negligible. A stress analysis based 
on these assumptions is called a tension field theory. The analysis in Sec. 
5.11-5.13 is based on this theory. 

5.10 Blood Shear Load Acting on the Endothelium 

In 1968, Fry called attention to the existence of a relationship between the 
shape of the endothelial cells and their nuclei and the shear stress in the blood. 
In 1969 Caro et al. called attention to a possible connection between arterio
sclerossis and the shear stress imparted by the flowing blood. In human 
coronary arteries, Giddens et al. (1990) have shown that the axial shear stress 
varies in the range of 1 to 2 N/m2, with a mean value around 1.6 Pa. Rodbard 
(1970) and Kamiya et al. (1980, 1984) have observed that the shear stress in 
flowing blood at the endothelial surface is of the same order of magnitude in 
all generations of arteries, large and small, including the aorta and capillaries. 
This, then, is the order of magnitude of the shear load acting on the endothelial 
cell membrane of arteries in contact with the flowing blood. The exact value 
will depend on the local condition: entry, exit, branching, flow separation, 
secondary flow, etc. The shear stress of the flow acting on the venules and 
veins is smaller because the volume flow rate is similar but the diameter of 
veins of any generation is larger than that of the arteries of the same genera
tion. At a given flow, the wall shear scales inversely as the third power of the 
diameter. If the diameter is larger by 26%, the shear stress at the wall will be 
smaller by a factor of 2 at the same flow. 

The stresses in the media and adventitia are much larger. See Chapter 8. 
In normal physiological conditions, the circumferential and longitudinal ten
sile stresses in rabbit arteries are in the order of 60 to 110 kPa. The radial 
stress is compressive. The maximum shear stress at the inner wall is equal to 
one-half of the difference between the max principal stress and the min 
principal stress, acting on a plane which is inclined at 45° to the principal axes. 
This is four orders of magnitude larger than the shear stress acting on the 
surface of the endothelium due to blood flow. The maximum shear stress 
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elsewhere in the media is similarly several thousand times larger than the shear 
stress of the blood acting on the endothelial cell surface. 

Test equipment to impose shear stress on cultured cells has been described 
by Dewey et al. (1981), Strong et al. (1982), Sakariassen et al. (1983), Koslow 
et al. (1986), and Viggers et al. (1986). 

5.11 Tension Field in Endothelial Cell Membranes 
Under the Fluid Interior Hypothesis 

Figure 5.9: 1 shows a flow of blood which causes a shear stress to act on the 
blood vessel wall. A coordinate system is attached to the vessel wall. Below 
the blood vessel is shown a magnified schematic drawing of the endothelium, 
with a longitudinal cross section in the front. 

Due to the special geometry of the endothelium, different parts of the cell 
membrane of each endothelial cell are subjected to different forces. The upper 
cell membrane is in contact with the blood. The lower cell membrane is 
adhered to the basal lamina. The side cell membranes connect the upper and 
lower membranes. Each endothelial cell membrane has a system of internal 
stress and strain. The components of stress in an upper cell membrane can be 
seen on a free-body diagram of a small rectangular element of the cell mem
brane as 'shown in Fig. 5.11: 1. With reference to a rectangular Cartesian frame 
of reference with coordinates x, y, z, with the x axis pointing in the direction 
of the blood flow and the y axis normal to the membrane, the stress tensor 

C1yy = blood pressure 

1 'txy = blood shear 't 

..,-- I 0 under fluid hypothesis 
'txy = Intfracellular shear I E't under solid hypothesis 

C1 .. =0 

C1yy=intracellular normal stress 

Figure 5.11: 1 The components of stress acting on a small element of the upper 
endothelial membrane. The tensile stress Gxx is usually much larger than all the other 
stresses. G:: is zero under the tension field assumption. On the top side of the membrane 
acts the blood pressure and shear. On the underside of the membrane acts the normal 
and shear stress of the cell content at the interface. Two alternative hypotheses are 
made with regard to the static stresses in the cell content. From Fung and Liu (1993), 
by permission of ASME. 
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has nine components: 

(1) 

of which six are independent, because 'xy = 'yx, 'yz = 'zy' 'zx = 'xz' In the 
upper cell membrane, the magnitude of some component of stress is much 
larger than that of the others. The normal stress ayy is equal to the blood 
pressure on the top side, and to the intracellular normal stress on the under 
side. The shear stresses 'xz, 'yz are most likely to be very small at steady state 
if the fluid-mosaic concept of the lipid bilayer promulgated by Singer et al. 
(1972) is valid. If we accept this concept, then 

(2) 

The shear stress 'yx on the upper surface of the upper endothelial cell mem
brane which is in contact with the flowing blood must be equal to the viscous 
shear stress of the blood, ,. The shear stress 'yx on the bottom of the upper 
cell membrane depends on the rheological behavior of the cell content. Under 
the hypothesis that the cell content is fluid-like, then 'yx would be zero if the 
plasma streaming inside of the cell can be ignored. Plasma streaming is 
believed to be small. Hence, in the upper cell membrane, 

on the surface in contact with blood flow, 

on the surface facing cell interior under the 
fluid interior hypothesis 

(3) 

There are two normal stresses, a xx and a w left to be considered. We shall show 
that axx is much larger than " and azz is nearly zero. To explain the reasoning 
leading to this conclusion, we follow the conventional theory of plates and 
shells by introducing the stress resultants or membrane tensions as working 
variables. The stree resultants or membrane tensions Nx , Nz are defined by the 
integrals of ax x' a zz throughout the thickness of the membrane, h: 

f: a xx dy = Nx , f: a zz dy = Nz · (4) 

The units of stress being Newton/m2 , those of Nx and Nz are Newton/m. Now, 
the equation of equilibrium of forces in the x direction acting on an element 
of the membrane is (Chapter 2) 

oaxx + O'Xy + o'xz = O. (5) 
ax oy OZ 

Multiplying every term with dy and integrating all terms with respect to y 
from y = 0 to Y = h, and noting Eqs. (2) and (3), we obtain 

oNx ax +, = 0, (6) 
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where r is the shear stress in the blood at the endothelium. Assuming r to be 
a constant in the length of an endothelial cell and integrating Eq. (6) with 
respect to x, we obtain 

(7) 

where No is an integration constant, which is independent of x, but can be a 
function of z. If Nx = 0 when x = 0, then the integration constant is zero, and 
Nx is seen to increase linearly with - x. If the endothelium is flat and is L m 
long, then at x = - L, 

Nx = rL Newton/m. (8) 

The stress Uxx in the cell membrane is essentially uniform throughout the 
thickness because bending stress is negligible in a very thin membrane. Hence 
Nx = uxxh and at the left edge x = - L, 

(9) 

The value of r is between 1 to 2 N/m2, the length of an endothelial cell is 10 
to 60 .urn. If we take r to be 1 N/m2, L to be 1 cm, and the thickness of the 
endothelial cell membrane h to be 10 nm, then the tensile stress Uxx is equal 
to 106 N/m2. If the length L is taken to be that of a single cell, of order 10 .urn, 
then Uxx = 103 N/m2. If the upper endothelial cell membrane is wavy but the 
curvature is small, Eq. (9) remains a good approximation. 

On the other hand, the equation of equilibrium in the z direction is 

orzx + orZY + oUzz = o. 
ox oy oz (10) 

Noting Eq. (2) and integrating Eq. (10) first with respect to y from y = 0 to 
y = t, then with respect to z from 0 to x, we obtain 

Nz = const. (11) 

If Nz is zero somewhere, then it is zero everywhere. 
Thus, if we assume the cell content to be fluid-like and introduce the tension 

field hypothesis named in Sec. 5.9, then Nz = 0 and the stress distribution in 
the endothelial membrane is extremely simple: the circumferential tension is 
zero everywhere, the longitudinal tension increases linearly in the direction 
opposite to the flow. 

5.12 The Shape of Endothelial Cell Nucleus Under the 
Fluid Interior Hypothesis 

So far we have assumed the upper cell membrane to be a plane. In reality, that 
membrane is not a plane because of the existence of th nucleus (Fig. 5.9: 1). 
To clarify the mechanical interaction between the nucleus, the cell membrane, 
and the blood flow in the vessel, let us assume, as a first step, that the nucleus 
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Figure 5.12: 1 A perspective drawing of a rectangular cell containing a spherical 
nucleus. The upper cell membrane has tension in the x direction, and is pushed up by 
the nucleus. From Fung and Liu (1993), by permission. 

F 

(A) Elevation View (8) Side View 

Figure 5.12: 2 The elevation and side views of the nucleus, showing some geometric 
relations. The x axis points in the direction of blood flow. (A) View in line of the z axis. 
(8) View in line of the x axis, showing the deformation of the nucleus. From Fung and 
Liu (1993), by permission. 

is a sphere whose diameter, 2R, is somewhat larger than the average thickness 
of the endothelium. An idealized perspective sketch is given in Fig. 5.12: 1. 
The lower cell membrane is attached to the basal lamina. The upper cell 
membrane is in contact with the nucleus. In the area of contact the vertical 
displacements of the membrane and nucleus must be the same. A coordinate 
system with x parallel to the direction of flow, y perpendicular to the basal 
lamina and passing through the center of the sphere, and a z axis normal to x, y 
is used. A plane normal to the z axis and at a distance to the origin equal to 
z ( < R) will intersect the sphere in a circle whose radius is [see Figs. 5.12: 2(A) 
and 5.12:2(B)] 

Rz = R sinq>, 

where q> is the polar angle defined by 

z = Rcos q>. 

Solving Eq. (2) for cos q> and substituting into Eq. (1) yields 

Rz = R(1 - cos2 q»1/2 = R(1 - z2jR2)1/2. 

(1) 

(2) 

(3) 
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Now, let us choose a series of planes normal to the z axis. These planes 
intersect the upper cell membrane and the spherical nucleus. The intercepts 
are sketched in Fig. 5.12: 1. They are plane continuous curves whose radius 
of curvature in the area where the upper cell membrane and the nucleus are 
in contact is exactly Rz given in Eq. (3). If we consider each intercept as a thin 
strip of upper cell membrane with a width dz, then, since the upper cell 
membrane has a tension per unit width equal to Nx , the tensile force in the 
strip is Nx dz. This force has a radius of curvature R z over the nucleus, as can 
be seen in Fig. 5.12:2(A). For equilibrium, there must be a distributed lateral 
force which can be computed by Laplace's formula (Chapter 1, Sec. 1.9). This 
lateral force, F, is the force of interaction between the upper cell membrane 
and the nucleus: 

(4) 

This force F is vertical (parallel to the y axis) because the arc Be lies in a plane 
z = const. Thus the force acting on the nucleus due to the endothelial mem
brane is, as shown in Fig. 5.12: 2(B), nonuniform with respect to z (because Rz 

varies with z). 
If the material property of the nucleus is either isotropic or is axisymmetric 

with respect to the vertical central axis, then such a load will produce a 
deformation which is sketched in Fig. 5.12:2(B). The nucleus appears nar
rowed at the shoulder and bUlging at the bottom in the y-z cross section. 
Thus the part of the nucleus protruding above the average height of the cell 
will appear somewhat elongated. Endothelial cell elongation was reported 
by Fry (1968), Kim et al. (1989), Dewey et al. (1981), Flaherty et al. (1972), Gau 
et al. (1980), Helmlinger et al. (1991), and Levesque and Nerem (1985). Al
though they did not present data on the nuclei, such elongation can be seen 
in some of their photographs. 

5.13 Transmission of the Tension in the Upper Endothelial 
Cell Membrane to the Basal Lamina through 
the Sidewalls 

Let us consider a confluent layer of endothelial cells whose profiles are 
schematically drawn in Fig. 5.13: 1. The upper cell membranes are in contact 
with the flowing blood. The lower cell membranes are attached to the basal 
lamina. The side membranes of the neighboring cells are apposed to each other 
and together they are called sidewalls. These sidewalls mayor may not 
transmit some of the tension in the upper cell membrane to the basel lamina. 
If they do, then the growth of the membrane tension in the upper membrane 
in the direction opposite to the blood flow will be reduced periodically by the 
sidewalls. 
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Figure 5.13: 1 A longitudinal profile of the endothelium showing endothelial cells 
adhered to a basal lamina. The nomenclature of the cell numbers, dimensions, angles 
at the junctions, and the equations describing the curve of the upper cell membrane 
relative to the x - y coordinates (y = YI (x), etc.) are given. From Fung and Liu (1993), 
by permission. 

To analyze the force transmission problem, consider the equilibrium of 
forces in the membranes shown in Fig. 5.13: 1. With a frame of reference as 
shown, assume that the condition is two-dimensional and independent of the 
coordinate z. The upper membrane of cell No.1 is described by an equation 
Y = Y1 (x), that of cell No.2 by Y = Yz(x), etc. The tensile stress resultant in 
the upper membrane is denoted by Nx . The value of Nx in cell No.1 at the 
right-hand end (junction with cell No. 0) is denoted by Tll , that at the left
hand end (junction with cell No.2) is denoted by T21 . The slope of the upper 
membrane of cell No.1 at the right-hand is denoted by tan 811 , that at the 
left-hand end is denoted by tan 821 , The first subscript denotes the end, "1" 
for the right, and "2" for the left. The second subscript denotes the cell number. 
The double subscripts system is used because successive cells may have 
different shapes and tensions. The equation of equilibrium of the upper 
membrane of cell 1 is [see Fig. 5.13: 2(A)] 

(1) 

where L1 is the length of the cell No. 1. Now consider the balance of forces 
at the junction of the upper membranes of cell No. 1 and cell No.2 [Fig. 
5.13: 2(B)]. At this junction, the tension in the upper membrane to the left is 
T12 , that to the right is T21 , and that in the sidewall is T3. The conditions of 
equilibrium of forces acting at the junction are 

T21 cos821 - T12 cos812 = T3 cos 83 , 

T21 sin821 + T12 sin 812 = T3 sin83 , 

(2) 

(3) 

where the 8's are the angles of inclination indicated in Fig. 5.13: 1. These 
equations can be used to compute the angle of inclination of the sidewall, 83 

and the membrane tension, T3 • Dividing Eq. (2) by Eq. (3), we obtain 
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Figure 5.13: 2 The shape of the upper cell membrane of cell No.1 is shown in the upper 
drawing with the nomenclature of the angles and tensions indicated. The forces acting 
at the upper junction of cells No. 1 and No.2 are shown in the lower drawings for 
several values of the angles 812 , 821 defined in the first figure. 812 , 821 both positive 
leads to tension in the side wall (T3 > 0).812 ,821 both negative leads to compression 
in the side wall (T3 < 0). 812 ,821 both zero implies T3 = O. From Fung and Liu (1993), 
by permission. 

cot 83 = (T21 cos 821 - T12 cos 812 )/(T21 sin 821 + T12 sin 812), (4) 

Squaring both sides of Eqs. (2) and (3), adding, and simplifying, we obtain 

(5) 

Since T12 , T21 are positive, Eq. (3) shows that the membrane tension T3 in the 
sidewall is positive when 812 , 821 are positive, whereas T3 becomes negative 
when 812 , 821 are negative. 

According to our tension field hypothesis, T3 cannot be negative (compres
sive). The smallest value T3 can have is zero. Setting T3 = 0 in Eqs. (2) and (3), 
we can deduce that 

T12 sin(821 - 812 ) = 0, 

T21 - T12 COS(821 + 812 ) = O. 

Since T12 , T21 are positive, the unique solution of Eqs. (5) and (6) is 

(6) 

(7) 

which says that the upper membrane must be flat at the junction and the 
sidewall must be vertical. This is obviously reasonable because if the sidewall 
has no tension, then the two tensile forces in the membranes must pull each 
other in a single straight line, see the last diagram in Fig. 5.13: 2. 

Hence the sidewall transmits tension in the upper cell membrane to the 
basement membrane if and only if 812 and 821 are positive, i.e., if and only if 
the upper cell membrane bulges into the blood stream. The membrane will 
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bulge outward if there is a static pressure pushing it out. The static pressure 
in a cell is controlled by Starling's law for fluid movement across the cell 
membrane, which states that the rate of outward movement of fluid across 
the cell membrane, rh, is equal to the product of the coefficient of permeability, 
k, and the differences of the static pressure P and the osmotic pressure 1t inside 
the cell (subscript "i") and outside the cell (subscript "0"). Thus [see Fung 
(1990)J 

(8) 

At equilibrium, the fluid movement is zero (rh vanishes), the static pressure 
difference balances the osmotic pressure difference: 

Pi - Po = 1ti - 1to· (9) 

The static pressure difference deflects the cell membrane according to 
Laplace's formula (Chapter 1, Sec. 1.9) 

Nx . curvature = Pi - Po' (10) 

The curvature of the upper membrane of cell No.1 shown in Figs. 5.13: 1 and 
5.13: 2 is equal to the negative of the second derivative ofthe cell membrane 
surface given by the equaton y = Yl (x), ifthe slope of the surface is sufficiently 
small. Hence, for small deflection, the differential equation for the cell mem
brane of the cell No.1 is, on account of Eqs. (5.11: 7) and (10), 

d2Yl 
-(Tu - TX)dx 2 = Pi - Po' (11) 

Introducing the dimensionless variables 

y' = yt/L l , 

we have 

x' = x/L l , P' = (Pi - Po)/T, (12) 

, , d2y' , 
(Tll - X ) dX,2 = - P . (13) 

The boundary conditions are that the deflection Yl must vanish at the two 
ends of the upper membrane (Fig. 5.13: 1): 

y' = 0 when x' = 0 and x' = - 1. 

The solution of Eqs. (13) and (14) is 

dy' 'I (7" ') + dx' = P og ~ll - X C l , 

y' = -P'(T{l - x') [lOg(T{l - x') - IJ + c1x' + C2' 

C2 = p'T{ 1 (log T{ 1 - 1), 

C1 = -P'(T{l + 1)[log(T{1 + 1) - 1J + C2' 

(14) 

(15) 
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Figure 5.13: 3 Theoretical shape of the upper cell membrane as a function of the 
parameters T{ 1 which is equal to the tension per unit width at the right-hand end of 
the cell membrane of cell No.1 divided by the blood shear force per unit width, 1:L. 

The ordinate is dimensionless and is equal to the actual height divided by the product 
of the length of the cell and the dimensionless pressure parameter p', which is equal to 
the static pressure difference (also equal to the osmotic pressure difference) divided by 
the blood shear stress 1:. The abscissa is the longitudinal coordinate. 

It is seen that y' is linearly proportional to p' and y'/p' depends only on one 
variable, T{l. Figure 5.13:3 shows the curves of y'/p' vs. x' with T{l as a 
parameter. 

5.13.1 The Case of Zero Static Pressure Difference Pi - Po = 0 

If Pi - Po = 0, then Eq. (9) requires ni - no = 0, so there will be no osmotic 
pressure difference between the content of the endothelial cell and the blood. 
In this case, Eq. (10) shows that the upper cell membrane must be flat; Eq. 
(15) shows y' = O. Furthermore, the case Pi < Po is unattenable, because this 
will cause the cell membrane to bulge inward, compressing the sidewall [see 
the third figure of Fig. 5.13: 2(B)], causing it to buckle, and returning the cell 
membrane to flat configuration, Pi = Po· 

When the upper cell membranes of successive endothelial cells are all flat 
at the cell junctions, then, in order to bear the shear stress of the flowing blood, 
the membrane tension Nx will increase linearly with the distance in a direction 
opposite to the blood flow. Figure 5.13: 4 shows the consequence of this 
conclusion. The sketch at left shows a flow in a blood vessel with a side branch. 
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Figure 5.13: 4 An illustration of the possible major difference between the distribution 
of blood shear stress acting on the vessel wall and the distribution of the tensile stress 
in the cell membrane of the endothelial cells in contact with the blood. The static 
pressure inside the cell is assume to be equal to the static pressure of the blood. Under 
this assumption, the tension in the cell membrane of one cell can be transmitted to the 
next cell and become accumulated. In the figure at left (A), the velocity profile in a 
vessel with a branch is shown with two separation regions having secondary flow. The 
shear stress is proportional to the velocity gradient (not shown). In the figure at right 
(B), the tensile stress in the upper cell membrane of the endothelial cells is plotted by 
tick marks perpendicular to the vessel wall. The higher the marker, the larger is the 
tensile stress. The dotted profile is that of the tensile stress distribution. From Fung 
and Liu (1993), by permission. 

Two separation zones are shown in which the shear stress is reversed locally. 
In spite of the change oflocal shear stress on the vessel wall due to blood flow, 
in the present case the tensile stress in the upper endothelial cell membrane 
is transmitted from one cell to the next as shown in the diagram at right 
in Fig. 5.13: 4, which indicates the magnitude of the tensile stress in the upper 
cell membrane by tick marks perpendicular to the vessel wall. The higher 
the marks are, the larger the tensile stress. This sketch is drawn for the 
case Pi - Po = O. In this case, the cumulative growth of membrane tension is 
somewhat mitigated by the reversed flow, but the tension remains high in these 
regions. At the apex of the flow divider, the tensile stress reaches a peak. 

If the osmotic or static pressure difference were positive, Pi - Po > 0, then 
the tensile stress could increase, decrease, or fluctuate depending on the cell 
geometry. See Fung and Liu (1993). 

5.l3.2 An Additional Principle is Needed to Determine 
the Value of T; cos 03 

On a detailed examination, it is found that: 

(a) When Pi - Po = 0: T~ cos 03 = 0, there is no transmission to basal lamina. 
(b) When Pi - Po> 0: 

T~ cos 03 = 1, all incremental tension is transmitted off. 

o < T~ cos 03 < 1, tension increases progressively. 

T~ cos 03 > 1, tension is gradually reduced. 
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The case Pi - Po < 0, if it existed, will be reduced to Pi - Po = 0 by buckling 
of the sidewalls. We see that T; cos ()3 is a key parameter which determines 
the tension in the cell membrane. This is a crucial number for experimenters 
to determine. 

Theoretically, Eqs. (1), (2), and (3), with ()ij as implicit functions of 7;) and 
pi, are three equations for four unknowns: T{ 1, T{ 2, TZ1 ' and T3 cos ()3 if pi is 
regarded as a physiological variable. An additinal equation must be intro
duced before the solution can be definite. 

I propose to invoke the complementary energy theorem, which states that 
of all stress fields that satisfy the equation of equilibrium and boundary 
conditions where stresses are prescribed, the "actual" one is distinguished by 
a stationary value of the complementary energy which is the sum of the strain 
energy expressed in terms of the stress components and the negative of an 
integral of the product of the force and displacement on that part of the 
boundary where displacements are specified. A derivation is given in Fung 
(1965), p. 293. 

Under the fluid-like cell content hypothesis, the strain energy is concen
trated in the cell membranes. We need the stress-strain relationship of the 
cell membrane. If that stress-strain relationship is as given in Sec. 4.7, 

(16) 

where N1 is the stress resultant, Ell is the strain, and 11 is the shear modulus, 
then the strain energy density per unit area of the membrane expressed in 
terms of stress is 

(17) 

The complementary energy for the endothelium in tension field condition is 

1 f 2 1 f 2 Vm = 811 N1 dS + 811' T3 dS, (18) 

where the first integral is taken over the entire area of the upper cell mem
branes in a specified area ofthe endothelium, the second integral is taken over 
all the sidewalls. T3 is tension in the sidewall, 11' is the sidewall's shear modulus. 
Membranes over the basal lamina contribute nothing because their displace
ment is zero. 

Now, N1 and T3 are functions of the shear stress due to blood flow, t, the 
osmotic pressure difference ni - no, the static pressure difference Pi - Po, the 
sidewall parameter T3 cos ()3' and T{ 1, TZ1 ' T{ 2, as discussed in the preceding 
sections. The integration limits involve the height and length of the cells. The 
theorem supplies the desired additional equation: 

aVm 
-·--=0. 
a(T3 cos ()3) 

(19) 

In an obvious way the calculation can be generalized to a three-dimensional 
pattern of cells in an endothelium. Then the morphometric data may be 
predicted, and compared with experiments. 
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5.14 The Hypothesis of a Solid-Like Cell Content 

Let us now consider the alternative hypothesis that rheologically the content 
of the endothelial cell is a solid, i.e., it resists a static stress by a deformation 
from a zero stress state. Under the shear load of the blood, a system of stress 
and strain is induced in the cell through the following boundary conditions 
on the cell content-cell membrane interface (see Fig. 5.11: 1): 

normal stress O"yy of cell content = that of cell membrane, (1) 

shear stress r xy of cell content = that of cell membrane. (2) 

The cell content is loaded through these boundary conditions. Assume that a 
part of the shear load r acting on the top side of the uppper cell membrane is 
transmitted through the membrane to its lower side, i.e., at the interface 

rxy of cell membrane = er, 

then it follows that, at the interface, 

0::::; e < 1, 

r xy of cell content = er. 

(3) 

(4) 

As long as the cell membrane is recognized as an important mechanical part 
of the cell, e i= 1, and the role played by the cell membrane can be examined 
through these boundary conditions. 

For the cell membrane, the shear stress is r on the surface in contact with 
the blood, and is er on the surface in contact with the cell content. The 
equation of equilibrium of the cell membrane now becomes 

oNx ox + (1 - e)r = 0 

under the solid-content hypothesis. Hence, by integration, 

Nx = - f: (1 - e)r dx + No· 

If e were a constant, then 

Nx = -(1 - e)rx + No. 

(5) 

(6) 

(7) 

Hence, with a modification of replacing r by (1 - e)r, all the conclusions 
reached in the preceding sections remain valid. But e may depend on x. 

A similar argument applies to the sidewalls of the cells. If we denote the 
shear stress acting on the sidewall due to the solid content by e'r, where e' is 
a constant which may differ from e, then under the solid-content hypothesis 
the equations of equilibrium of the forces in the cell membranes meeting at a 
junction of cells remain valid except that T 12 , T21 should be reduced by a factor 
of(1 - e), and T3 should be reduced by a factor of (1 - e'). 

To evaluate e and e', we have to know the constitutive equations of the 
internal structure of the endothelial cell, and solve the problem of stress and 
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strain distribution. This is a big problem for the future, a problem which is 
full of exciting opportunities for discovery and clarification. 

With regard to the tension field theory, we note that with a solid interior 
that supports the cell membrane elastically, the critical buckling stress of the 
cell membrane may be so high that the tension field theory may not apply. 
Then we have to analyze the cell as a solid. However, Kim et al. (1989) have 
shown that the F-actin stress fibers in endothelial cells are either bundled 
about the cell periphery, or are aligned with the direction of blood flow. This 
suggests that the elastic support given to the cell membrane by the stress fibers 
lies in the flow direction, and not in the direction perpendicular to the flow. 
Hence the possible compressive stress in the direction perpendicular to the 
flow could be very small compared with the tensile stress in the direction of 
flow, and the simplifying assumption of a tension field in the direction of the 
flow may remain valid. 

5.15 The Effect of Turbulent Flow on Cell Stress 

Experiments by Davies et al. (1986) have shown that turbulent flow with a 
mean correlation length of about five times the cell length can cause large 
increase in cell division and surface cell loss. So a look at the effect of 
turbulence on cell stress is of interest. Because of their small height, the 
endothelial cells lie totally in the laminar sublayer of the turbulent flow in 
Davies et al.'s experiment, and also in blood flow in larger arteries. The 
pressure and shear stress fluctuations of the turbulent flow act on the endo
thelium. Let the blood pressure acting on the upper endothelial cell membrane 
be separated into a mean part and a perturbation: 

Po = Po + p~(x, t), (1) 

where Po is the mean value of Po, and p~(x, r) is a function of space and time 
whose average value over a sufficiently long period of time and a sufficiently 
large area vanishes: 

p~(x, t) = o. (2) 

Similarly, the surface shear stress from the blood is split into a mean and a 
perturbation about the mean: 

r = r + r'(x,t), (3) 

where r is the mean value of r and is a constant, whereas r' is the perturbation 
about the mean, so that its mean value vanishes: 

r'(x, t) = O. (4) 

In response to the external load Po and r, internal stresses are induced in 
the cell membranes and cell contents. Since there is motion in the cells, there 
is shear stress in the cell content under both fluid-like and solid-like hypoth-
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eses. Hence we use Eq. (5.14:4) to describe the shear stress on the inner wall 
of the cell membrane. The equation of motion of the upper cell membrane is 
obtained by adding an inertial force term (mass times acceleration) to the 
equation of equilibrium, Eq. (5.14:5). Under tension field theory and using 
Eq. (3), we have 

aNx , a2u 
ax + (1 - e)[i + t (x,t)] = ph at2 ' (5) 

where p is the mass density of the cell membrane, h is the membrane thickness, 
u is the displacement of the mass particles of the membrane, and t is time. A 
conservative estimate of the order of magnitude of the inertial force term 
is 10-5 N/m2, if we assume p '" 103 kg/m3, h'" 10-8 m, u'" 10-6 m, t '" 
10-3 sec. It is five orders smaller than the shear load i which is of the order 
of 1 N/m2, and can be neglected in Eq. (5). The equation of motion (5) is 
reduced to Eq. (5.14: 5), and the solution is given by Eq. (5.14:6). The cell mem
brane's stress response to the turbulent flow is instantaneous and quasi-static. 

Thus, in a turbulent flow, the tensile stress in the upper cell membrane 
reacts to the pressure Po + p'(x, t) and shear i + t'(x, t) in the same way as 
described in Secs. 5.13 and 5.14. 

A major effect of turbulence on the tensile stress in the cell membrane is 
revealed by this analysis. Suppose that the static pressure difference Pi - Po 
fluctuates around a mean value of zero, i.e., Pi - Po = O. The instantaneous 
pressure difference Pi - Po takes on positive and negative values. When Pi - Po 
is instantaneously positive, the tension in the upper cell membranes can be 
transmitted to the basal lamina. When Pi - Po is instantaneously negative, the 
transmission in the sidewalls ceases and the tensile stress from one cell is 
transmitted to the next and the stress accumulates. The larger the turbulence 
scale the more severe is the accumulation. This is a kind of off-and-on chain 
reaction, whose interval, duration, and severity are statistical. 

Thus in a turbulent flow, the tension in the upper cell membranes fluctuates, 
transiently tending to pull neighboring cells apart. Separation is possible if 
the adhesion of the sidewalls is not perfect at the junction at all times. The 
sidewall tension also tends to pull the cell away from the basal laminar. In the 
meantime, as described in Sec. 5.12, the upper cell membrane tension will 
compress the nuclei. When the cell membrane tension oscillates, the dynamic 
action will induce an oscillatory motion in the nuclei. These transient events 
are more severe whenever Pi - Po can be negative, irrespective of the mean 
value of Pi - Po. This suggests that these fluctuations may contribute to the 
surface cell loss observed by Davies et al. (1986). 

In conclusion, we see that when cells form a continuum, the stress in one 
cell is affected by stresses in all cells. 

Nollert et al. (1991) have shown that mass transport through endothelium 
is affected by shear stress. They did not look into the tensile stress in the cell 
membrane. The classical Pappenheimer's (1953) "pore" concept of mass trans
port through a membrane suggests the importance of the tensile stress in the 
membrane because the pore dimension must be sensitive to the tensile stress. 
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Other mechanisms of mass transport, channels, pumps, etc., may be affected 
by membrane tension. Markin and Martinac (1991) have proposed such a 
theory. 

Problems 

5.1 Show that, theoretically, in man the average circulation time for red blood cells is 
different from the average circuation time of blood plasma. Do you feel uneasy 
about this concept? 

Note. A flowing river carries sand in its current; the average speed ofthe water 
does not have to be equal to that of the sand. 

5.2 Discuss the hematocrit variation III the large and small arteries and veins, 
arterioles, venules, and capillaries. 

5.3 Discuss the ways in which an entry section can influence the hematocrit 
distribution. 

5.4 Since red blood cells and albumin or other plasma proteins can be selectively 
labeled with radioactive substances, one should be able to measure the circulation 
time of red blood cells and plasma by the indicator dilution technique. Look into 
the literature on indicator dilution for evidence of the different circulation time 
of red cells and plasma. 

5.5 Formulate a mathematical theory of flow of a fluid in a pipe containing particles 
(spherical or otherwise) whose diameters are comparable to that of the pipe. Write 

Figure P5.6 Flow into a small branch from a larger vessel. The tendency of a particle 
to enter the branch depends on the resultant force acting on the particle when it is in the 
neighborhood of the entry section. 
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down all the field equations and boundary conditions. Show that the problem is 
mathematically well defined (theoretically solvable and has a unique solution). 
Outline a precedure to determine the apparent viscosity of the fluid and particle 
mixture as a function of the size and shape of the particles and the vessel. 

5.6 A small capillary vessel leaves a larger vessel at a right angle (Fig. PS.6). The fluid 
contains particles whose diameter is comparable to that of the small branch. 
Consider first spherical particles. Analyze the tendency for the sphere to enter the 
small branch as a function of the ratio of the average velocity in the larger vessel 
to that in the small branch. Then consider red cells. In shear flow the red cells 
tend to be elongated and lined up with the flow. What is the chance for a red cell 
to be sucked into the capillary branch? Use the result to discuss the expected 
hematocrit ratio in the two branches. 

5.7 Blood flow in arteries with severe stenosis often gives out bruit (vibrational noise 
of the arterial wall) due to flow separation (Fig. PS.7). Flow separation can also 
occur at arterial bifurcation points if the velocities in the two daughter branches 
are very different. Describe the change of apparent viscosity of flow in these vessels 
due to flow separation as a function of the flow velocities. 

Figure PS.7 Flow separation in divergent flow. Divergence can be seen from the pattern 
of the streamlines. 

5.8 Consider the bifurcating circular cylindrical tube .shown in Fig. S.7: 2. Let the 
spheres shown in the figure be replaced by flexible disks (such as red blood cells 
in small capillaries). Analyze the new situation and determine the direction of 
motion of the pellets. 

Use this result to analyze single-file flow of red cells in a bifurcating capillary 
blood vessel and derive a relationship between the hematocrits in the two daugh
ter branches and the velocity ratio VdV2 (cf. Yen and Fung, 1978). 

5.9 Consider turbulent flow in a blood vessel. Turbulences consist of eddies of various 
sizes. The statistical features of these eddies can be stated in the form of velocity 
correlation functions in space and time. From these correlation functions, scales 
of turbulence can be defined. Now let the fluid be blood, and consider two related 
questions: (a) the effect of red cells on turbulence, especially on the transition 
from laminar to turbulent flow, and (b) the effect of turbulence on the stresses 
induced in the membranes of red cells and platelets. These interactions obviously 
depend on the ratio of the red cell diameter to the scale of turbulence, or the 
spatial correlation of the velocity field. Present a rational discussion of these 
questions. 

5.10 The question (a) of the preceding problem is relevant to the shear stress imparted 
by the fluid on the blood vessel wall, and hence may be significant with respect 
to the genesis of artherosclerosis. The question (b) is relevant to hemolysis and 
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thrombosis. Discuss the significance of the solutions of Problem 5.9 with regard 
to the situation described in Problem 5.7. 

5.11 Consider the flow of water in a circular cylindrical pipe. As the flow velocity 
increases, the flow becomes turbulent. How does the apparent viscosity change 
with velocity of flow? 

Note. The theory of turbulence is complex. See Kuethe and Chow (1986) for 
an introductory exposition. 
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CHAPTER 6 

Bioviscoelastic Fluids 

6.1 Introduction 

Most biofluids are viscoelastic. Our saliva, for example, behaves more like 
an elastic body than like water. Mucus, sputum, and synovial fluids are well 
known for their elastic behavior. Viscoelasticity is an important property 
of mucus. In the respiratory tract mucus is moved by cilia lining the walls of 
the trachea and bronchi. If the mucus were a Newtonian fluid, the ciliary 
motion will be less effective in moving it. Similar ciliary motion is responsible 
for the movement of the ovum from ovary to uterus through the fallopian 
tube. 

Clinical observers have noted that in many obstructive pulmonary 
diseases such as chronic bronchitis and cystic fibrosis, there is an increase 
in the "viscosity" of the mucus secretion. Many treatment modalities have 
been adopted in an attempt to reduce the viscosity and hence increase the 
clearance rate of secretions. Thus measurement of viscoelasticity is a useful 
tool for clinical investigation, and artificial control of viscoelasticity of mucus 
secretion is an objective of drug research. The social importance of such 
studies becomes evident when one thinks of the working days lost in the nation 
due to broncho-pulmonary disease. 

There are many ways viscoelasticity of a fluid can be revealed. For 
example, if one swirls a synovial fluid in a flask and stops the movement 
suddenly, the elastic recoil sets it rotating for a moment in the opposite 
direction. Another striking demonstration was given by Ogston and Stainier 
(1953). A drop of fluid was placed on an optically flat surface and a convex 
lens was set on top (see Fig. 6.1: 1). The lens was pressed down and the inter
ference patterns known as Newton's rings were used to measure the distance 
between the lens and the optical flat (cf. Problem 6.1 at the end of this chapter). 
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Figure 6.1: 1 Ogston and Stainer's (1953) demonstration of the elasticity of synovial 
fluid by Newton's ring. 

When the experiment was done with water, the lens was easily pressed into 
contact with the optical flat. The same happened with blood plasma diluted 
to have the same protein composition as synovial fluid. With glycerol, the 
lens moved very slowly down toward the flat. With synovial fluid, the lens 
stopped moving while it was still some distance above the optical flat. The 
distance depended on the load pressing it down. Moreover, when the load 
was removed, the lens moved slightly up again due to elastic recoil. This 
property of synovial fluid suggests that it may be impossible to squeeze it 
out entirely between the articulating surfaces in joints, just as it cannot be 
squeezed from between a lens and an optical flat. This would obviously be a 
valuable property for a lubricant. 

Accurate quantitative measures of viscoelasticity can be obtained with a 
rheogoniometer (see Chapter 2, Sec. 2.l4). But there are occasions in 
which it is difficult to collect a sufficient amount of test samples, or the 
samples may be quite inhomogeneous, or it may be suspected that testing 
in a rheometer would disturb the structure of the fluid too much from the 
in vivo condition for the results to be meaningful. In these situations special 
methods are used. A typical example is the study of protoplasm, which, like 
blood, tends to coagulate when removed from the cell, or when the cell is 
injured. Hence methods must be found to measure viscosity within the 
cell itself. 

The properties of protoplasm, mucus, etc., tend to be very complex, and 
the literature is replete with various qualifying words which are supposed 
to describe the properties of these materials. Some knowledge of these terms 
is useful. In the first place, the term rheology is defined as the science of the 
deformation and flow of matter. It is a term coined by E. C. Bingham. The 
term biorheology, the rheology of biological material, was introduced by 
A. L. Copley. The meaning of hemorheology, the study of blood rheology, is 
obvious; but terms like thixotropy, rheopexy, dilatancy, spinability, etc., are 
sometimes confusing. The word thixotropy was introduced by H. Freundlich 
to describe sol-gel transformation of colloidal solutions. Many suspensions 
and emulsions (solid and liquid particles, respectively, dispersed in a liquid 
medium) and colloids (liquid mixture with very fine suspended particles that 
are too small to be visible under an ordinary light microscope) show a fall in 
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viscosity as the shear stress is increased, and the fall in viscosity (or "consis
tency") is recovered slowly on standing. This recovery is called thixotropy. A 
typical example of a thixotropic material is kitchen jello, which in a gel form 
can be liquified if violently shaken, but returns to gel form when left standing 
for some time. Thixotropy is generally associated with a change from liquid 
state into a gel. Some rheologists, however, use the term thixotropy to describe 
all recoverable losses in consistency produced by shearing. 

If the consistency or viscosity falls when shearing increases, the material 
is said to show shear thinning. The reverse effect, an increase in viscosity with 
increasing shear rate, is called shear thickening. If the material consistency is 
increased when sheared but "softens" when left to stand, it is said to show 
reverse thixotropy or negative thixotropy. Shear thinning is often explained 
by breaking up of the structure by shearing, as in the example of whole blood 
(see Chapter 3, Sec. 3.1). One of the possible reasons for shear thickening is 
the crowding of particles, as sand on a beach: the closely packed particles 
have to move apart into open packing before they can pass one another. This 
is called dilatancy. 

The term rheopexy was used by some authors to describe certain thixo
tropic systems that reset more quickly if the vessel containing them is 
rotated slowly. But other authors use the term for negative thixotropy. 
Thus the meaning of the word is not unique. 

Of course, the precise description of a rheological property is the con
stitutive equation. If a mathematical description is known, all looseness 
is gone. 

6.2 Methods of Testing and Data Presentation 

The most prevalent viscoelastic biofluid is protoplasm, the contents of all 
living cells. It is also the most complex and difficult to test. It is rheologically 
complex because in its various forms it shows almost all the modes of be
havior that have been found in other fields. It is difficult to test because it 
coagulates when it is taken out of the cell, or when the cell membrane is 
injured. To test the mechanical properties of the protoplasm one should 
test it inside the living cell. The methods are therefore specialized and 
limited. We shall discuss some of them in Sec. 6.3. 

Most other biofluids can be collected and tested in laboratory instruments. 
Generally speaking, there are two kinds of tests: (a) small perturbations from 
an equilibrium condition, and (b) measurements in a steady flow. In the 
first case we think of the material as a solid. We speak of strain. We measure 
the relationship between stress and strain history. Deviations from static 
equilibrium are kept small in the hope that the material behavior will be 
linear, that is, the stress will be linearly related to strain history. In the second 
case we think of the material as a fluid. We speak of flow and velocity gra
dient. We focus attention not only on viscosity, but also on normal stresses. 
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Many interesting features of rheological properties of biofluids are 
revealed in experiments not belonging to these two classes. Some call for 
large deformation from equilibrium. Others call for accelerated or de
celerated flow, or transition from rest to steady motion. Pertinent experi
ments of this last category will be mentioned later when occasion arises. In 
the present section we shall consider the two main categories of experiments. 

6.2.1 Small Deformation Experiments 

The most common tests are creep, relaxation, and oscillations. The instru
ments mentioned in Chapter 2, Sec. 2.14, namely, the concentric cylinder 
viscometer, the cone-and-plate viscometer, and the rheogoniometer, can be 
used for this purpose. 

For testing very small samples, say 0.1 ml or less, the oscillating magnetic 
microrheometer may be used. We shall discuss a model used by Lutz et al. 
(1973) in some detail to illustrate the principle of this instrument and the 
method of data analysis and presentation. A sketch of the instrument is 
shown in Fig. 6.2: 1. In this instrument, the fluid is stressed by moving a 
microscopic sphere of iron (with a diameter of the order of 200 .um) through 
the fluid under the influence of a magnetic force. The motion ofthe sphere is 
transduced into an electric signal by an instrument called an "optron." The 
fluid is held in a cavity hollowed out in a copper block so that with circulating 
water good temperature control can be obtained. 

An analysis of the instrument is as follows. The force that acts on the 
particle, F m' in a magnetic field generated by an electromagnet, is propor
tional to the square of the current, 1, passing through the coils; thus 

(1) 

where c is a constant. In the instrument shown in Fig. 6.2:1, two magnets 
were used, and the circuit is hooked up in such a way that the force is given by 

F m = cUI - 1~), (2) 

where 11 , 12 are the currents in the two magnets: 

(3) 

so that 

F m = 4cI 01 A sin rot. (4) 

10 and 1A are, respectively, the d.c. and a.c. amplitudes of the currents from a 
signal generator; ro is the frequency. The constant c can be determined by 
calibration of the instrument with a particle in a Newtonian fluid. 

Since the driving force F m(t) is sinusoidal, the movement of the sphere, 
x(t), tracked by the optron, must be sinusoidal also, as long as the amplitude 
of oscillation is small, so that the system remains linear. Hence we can use 
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Figure 6.2: 1 Schematic diagram of an oscillating magnetic micro rheometer. From Lutz, 
Litt, and Chakrin (1973), by permission. 

the complex representation of a harmonic oscillation (Chapter 2, Sec. 2.12) 
to write 

(5) 

where F 0, xo, and c5 are real numbers. c5 is the phase lag of the displacement 
x from the force F m(t). Recall that the physical interpretation of F m(t) is 
either the real part of F oeiwr, namely, F 0 cos wt, or the imaginary part, 
F 0 sin wt. Similarly, xoe - ill eiwt means 

x(t) = Xo cos(wt - 6) or Xo sin(wt - 6). (5a) 

The force F m(t) is balanced by the viscoelastic drag and inertia. To cal
culate the drag force acting on the sphere, we need the stress-strain relation
ship of the fluid. Let rand y be the shear stress and shear strain, both 
represented by complex numbers. We shall write the stress-strain relationship 
in the form 

r = G(iw)y, (6) 

where G(iw) is the complex shear modulus of elasticity (see Chapter 2, Sec. 2.12). 
If we write 

G(iw) = G'(w) + iG"(w), (7) 

then G'(w) is called the storage shear modulus of elasticity, whereas G"(w) is 
the loss shear modulus of elasticity. These names are associated with the fact 
that if the material obeys Hooke's law, G" is zero, and the strain energy stored 
in the material is proportional to G'. On the other hand, if the material behaves 
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like a Newtonian viscous fluid, G' = 0, and the energy dissipated is propor
tional to Gil. 

Equation (6) is also written frequently as 

where 

Hence 

r = IlY = iWIlY, 

1 
Il(W) = J1' + ill" = -;- G(iw). 

lW 

G' = -WIl", G" = WIl'. 

(8) 

(9) 

(10) 

The advantage of the form given by Eq. (8) is that it is identical with the 
Newtonian viscosity law. Using it in the basic equations of motion and 
continuity, it can be shown (Problem 6.3) that ifthe amplitude of the motion 
is very small (so that the square of velocity is negligible), the fluid drag 
acting on the sphere is given by Stokes' formula [see Biodynamics: Circulation 
(Fung, 1984), pp. 250-256, for derivation]: 

(11) 

where r is the radius of the sphere, and v is the velocity of the sphere relative 
to the fluid container which is much larger than the sphere. The difference of 
Fm and F D is equal to the mass of the sphere times acceleration. Hence 

4 3 d2x dx 
-nr PS-2 = Fm - 6nW~d . 
3 dt t 

(12) 

Here Ps is the density of the iron sphere. Substituting Eq. (5) into Eq. (12), we 
obtain 

(13) 

Solving for Il, we have 

Il = -- - e'b + - nr3psw2 -i (Fo. 4 ) 
6nrw Xo 3 

(14) 

and, by Eq. (9), 
F 0 ., 2 2 2 G(iw) = -- e'u + - psr W . 

6nrxo 9 
(15) 

Note that ifr is very small, so that the last term is negligible, then Eq. (15) 
yields 

F G' = __ 0_ cos b 
6nrxo ' 

G" Fo . ~ =---smu. 
6nrxo 

(16) 

Experimental results for G' and G" are often plotted against the frequency 
W on a logarithmic scale. Typical examples will be shown in the following 
sections. The curves of G', G" are often interpreted in terms of Maxwell and 
Voigt models and their combinations, as discussed in Chapter 2, Sec. 2.l3. 
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Complementing the oscillation tests, there are relaxation and creep tests. 
These can be done with a rheogoniometer or similar instrument. Theo
retically, information on creep, relaxation, and small oscillations are 
equivalent: from one the others can be computed. 

6.2.2 Flow Experiments 

Flow tests on viscoelastic fluids can be done by the same means as for 
ordinary viscous fluids considered in Chapter 2, Sec. 2.14. Attention is called, 
however, to the tensile stresses associated with shear flow. The coefficient of 
viscosity of a biofluid measured in a steady viscometric flow should not be 
expected to agree with the complex viscosity coefficient measured by oscilla
tions of small amplitude. In a steady flow, the strain rate is constant; the strain 
therefore increases indefinitely. The molecular structure of the fluid will not 
be the same as that in the equilibrium condition. Hence the coefficient of 
viscosity will be different in these two cases. 

6.3 Protoplasm 

Protoplasm is the sum of all the contents of the living cell, not including the 
cell membrane that surrounds the cell. It consists of a continuous liquid phase, 
the cytoplasm, with various types of particles, granules, membraneous struc
tures, etc., suspended in it. One hopes to gain a better understanding of the 
interaction of the various parts in the cell through a study of the rheological 
properties of the protoplasm. 

Since protoplasm tends to coagulate when removed from the cell, it is 
desirable to measure its rheological properties within the cell in vivo. One way 
to do this is to measure the rate of movement of granules existing within the 
cell, or by introducing particles into the cell artificially and then to measure 
their rate of movement. In the latter case one has to show that the rheological 
behavior of the protoplasm is not unduly disturbed. A centrifuge can be used 
to drive the particles. However, if iron or nickel particles are inserted, a mag
netic field can be used. The viscosity ofthe protoplasm can be computed from 
the force and the rate of movement of the particles. The Stokes formula (see 
Problem 6.2 at the end of this chapter) needs corrections for a particle of 
nonspherical shape, influence of the finite container (cell membrane), and the 
influence of neighboring particles. The last correction is especially important 
because small granules are present in large quantities in protoplasm. The 
specific gravity of the granules can be determined by floating them (if this 
can be done) in sugar solutions of different concentrations and finding the 
specific gravity of the solution in which they neither rise nor fall. 

Another way for assessing the viscosity of protoplasm is based on Brown
ian motion of the granules. The usual technique is to centrifuge the granules 
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to one side of the cell and measure their return. According to Albert Einstein 
(1905) the displacement Dx of a particle in Brownian motion is related to the 
time interval t, by the formula 

D~ = 14.7 X 10-18 Tt, 
I]a 

(1) 

where T is the absolute temperature, a is the diameter of the particle, and 
I] is the coefficient of viscosity. This formula was later improved by von 
Smoluchowski by multiplying the right-hand side by a factor of about 1.2. 
Many simplifying assumptions are involved, and the value for the viscosity 
obtained can be only approximate. For this and other formulas based on 
Brownian motion, see the review article by E. N. Harvey (1938). 

By means ofthese methods, L. V. Heilbrunn (1958) and others have shown 
that protoplasm has a complex rheological behavior. Heilbrunn suggests 
that the granule-free cytoplasm of plant cells has a viscosity of about 5 cP 
(i.e., about five times the viscosity of water), and that the entire protoplasm, 
including granules, has a viscosity several times as great. For protozoa, 
amoeba and paramecium have been studied extensively. Paramecium proto
plasm shows shear thickening. Slime moulds show even more complex fea
tures, shear thickening, shear thinning, thixotropy, self-excited oscillations, 
viscoelasticity, and complex inhomogeneity. 

Marine eggs of sea urchins, starfish, worms, and clams are spherical in 
shape and have become standard objects of study. Heilbrunn (1926) deter
mined the viscosity of the protoplasm of the egg of Arbacia punculeta 
(Lamarck) to be 1.8 cP, using the colorless granules that constitute a majority 
of the inclusions. These granules of various sizes interfere with one another, 
and the value for the viscosity of the entire protoplasm is given as 6.9 cPo 
The alternative Brownian movement method yielded a viscosity value of 5 cPo 

6.4 Mucus from the Respiratory Tract 

The viscoelasticity of mucus is strongly influenced by bacteria and bacterial 
DNA, and questions arise whether certain properties of sputum are basic to 
certain diseases or are due to the concomitant infection. Because of its very 
high molecular weight, DNA solution is elastic even at low concentration. It 
is very important to collect samples that can be called normal. For dogs this 
can be done by the tracheal pouch method (Wardell et aI., 1970). In this 
preparation, a 5-6 cm segment of cervical trachea is separated, gently moved 
laterally, and formed in situ into a subcutaneously buried pouch. The respira
tory tract is anastomosed to reestablish a patient airway. After the opera
tion, the pouch retains its autonomic innervation and blood circulation, as it 
is histologically and histochemically normal reflection of the intact airway. 
Milliliter quantities of tracheal secretions that accumulate within the pouch 
may be collected periodically by aspiration through the skin. 
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With this method of collection, Lutz et al. (1973) showed that normal 
mucus of the respiratory tract is heterogeneous, and shows considerable 
variation in dry weight/volume and pH from sample to sample from the 
same animal from day to day, as well as from animal to animal. A typical 
example of the experimental results is shown in Fig. 6.4: 1, which shows the 
storage modulus G' and loss modulus Gil as a function offrequency for whole 
secretions over a period of time. The variations of pH and weight concentra
tion are also shown in the figure. At the lowest pH, the G' curve is almost flat, 
showing little indication of dropping off even at low frequency, and thus 
suggesting an entangled or cross-linked system. At higher pH the moduli are 
smaller. Samples from other dogs show that considerable variation exists 
also in concentration. At a weight concentration of 5%-6%, the values of G' at 
1 rad/s are on the order of 100 dyn/cm2. 

To clarify the physical and chemical factors influencing mucus rheology, 
Lutz et al. collected mucus from dogs with similar blood type over a period 
of many weeks, and immediately freeze dried and stored the samples. After 
a sufficient amount of material had been collected, it was pooled, dialyzed 
against distilled water to remove electrolytes, and lyophilized, to obtain the 
dried polymer. The material was then reconstituted in 0.1 M tris buffer at the 
desired weight concentration, pH, and sodium chloride concentration. Test
ing of such reconstituted mucus makes it possible to study the individual 
chemical factors. Data show that lowering of the pH not only gives elevated 
values of G' and Gil, but also that the curves do not fall off sharply with de
creasing frequency. The effect of pH on Gil is smaller, implying that pH 
affects elastic components of the dynamic modulus, but does not as signiif
icantly change the viscous components. Ionic strength changes can also 
bring about significant changes of G' and Gil. Interpretation of these changes 
in terms of the molecular configuration of the mucin glycoprotin is discussed 
by Lutz et al. 

These examples show that the viscoelasticity of normal mucus varies 
over a quite wide range. Hence in clinical applications one must be careful 
on interpreting rheological changes. 

Testing mucus by creep under a constant shear stress is one of the simplest 
methods for examining its viscoelastic behavior. An example of such a test 
result is shown in Fig. 6.4:2, from Davis (1973). A cone-and-plate rheogo
niometer was used. A step load is applied at time zero. The load is removed 
suddenly at a time corresponding to the point D. The curve ABeD gives the 
creep function. 

Mathematically, the creep function and the complex moduli G'(w) and 
G"(w) can be converted into each other through Fourier transformation. 
In practice, creep testing furnishes more accurate information on G'(w), G"(w) 
at low frequency (say, at w < 10-2 rad/sec), than the direct oscillation test. 
On the other hand, the complex modulus computed from the creep function 
at high frequency (say, at w > 10-1 rad/sec), is usually not so accurate. A 
combination of these two methods would yield better results over a wider 
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Figure 6.4: 1 Viscoelasticity of normal mucus of the respiratory tract of the dog. 
(a) Storage modulus vs. frequency; (b) loss modulus. From Lutz, Litt, and Chakrin 
(1973), by permission. 
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Figure 6.4: 2 Creep characteristics for sputum at 25°C. The different segments of the 
curve are: A-B, elastic region; B-C, Voigt viscoelastic region; C-D, viscous region. 
From Davis (1973), by permission. 

range of frequencies, with G'(w), G"(w) computed from the creep function at 
lower frequencies, and measured directly from oscillation tests at higher 
frequencies. 

6.4.1 Flow Properties of Mucus 

Mucus from the respiratory tract is so elastic that it is rarely tested in the 
steady flow condition, because one fears that the structure of the mucus would 
be very different in steady flow as compared with that in vivo. But the response 
of mucus to a varying shear strain that goes beyond the infinitesimal range is 
of interest, because it reveals certain features not obtainable from small 
perturbation tests. Figure 6.4: 3 shows a record for sputum that was tested 
in a cone-and-plate viscometer, the control unit of which gave uniform accel
eration of the cone to a preset maximum speed and then a uniform decelera
tion. The stress history shows a large hysteresis loop. There exists a yield 
point on the loading curve at which the mucus structure apparently breaks 
down. Beyond the yield point, the stress response moves up and down, very 
much like steels tested in the plastic range beyond their yield point. On the 
return stroke the curve is linear over a considerable part of its length, but 
does not pass through the origin. It cuts the stress axis at another point, D, 
which is a residual stress left in the specimen after the completion of a strain 
cycle. 

It is not easy to explain the yield point in detail. Other investigators, using 
different instruments and different testing procedures, have obtained yield 
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Figure 6.4:3 A typical rheogram for sputum subjected to varying shear strain at 2Ye. 
Data from Davis (1973). 

stresses that are much smaller than that of Davis. The usefulness of the 
information is not yetcIear. 

An excellent paper discussing the mechanics of clearance of mucus in cough 
is given by Basser et al. (1989). 

6.5 Saliva 

It is interesting to learn that saliva is elastic. A typical test result on a sample 
of saliva of man tested in a rheogoniometer is shown in Fig. 6.5: 1, from 
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Figure 6.5: 1 Viscoelasticity data for saliva and sputum (25°C) subjected to a small 
oscillation test in a Weissenberg rheogoniometer. Abscissa: log frequency (rad/sec). 
Ordinate: log dynamic viscosity J-I' (P), log storage, and loss moduli (G', G") (N/m2 ). 

Solid symbols: saliva. Open symbols: sputum. From Davis (1973), by permission. 
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Davis (1973). The value of the real part of the complex viscosity coefficient, 
.u'[ = G"/w; see Eq. (10) of Sec. 6.2] is seen to be very dependent on frequency, 
having a value in excess of 100 P at low frequency, falling to less than 0.5 P 
at high frequency. The storage modulus G' gradually increases with fre
quency and has a value between 10 and 50 dyn/cm2 • Also shown in Fig. 6.5: 1 
are typical curves of the sputum obtained by the same author. The variations 
in G' and .u' with frequency are similar for both sputum and saliva, except 
that the latter is approximately half as elastic and half as viscous at any given 
frequency. 

Since it is easy to collect saliva samples, it has been proposed to use it to 
test mucolytic drugs. 

6.6 Cervical Mucus and Semen 

Sex glands produce viscoelastic fluids. The mucus produced in glands in the 
uterine cervix is viscoelastic. Research on the viscoelasticity of cervical mucus 
has a long history, mainly because it was found that the consistency of the 
mucus changes cyclically in close relationship with various phases of ovarian 
activity. Gynecologists suggested that measurements of consistency may 
yield an efficient way to determine pregnancy. Veterinarians suggested that 
changes in cervical mucus viscoelasticity may indicate the presence of "heat" 
in cows and other animals. In extreme climatic conditions of low or high 
temperature, the physical symptoms of "in heat" may become obscure, and 
a mechanical test can be very helpful. For a farmer, being able to tell when a 
cow is in heat is to eliminate a waste of time if reproduction is desired. 

A detailed account of the history of this topic is given by Scott Blair (1974). 
Figure 6.6: 1, from Clift et al. (1950), shows the type of results to be expected 
in man. Samples were taken with great care from the os of the cervix. Clift 
et al. measured the varying pressure required to extrude the mucus from a 
capillary tube at a constant rate of extrusion. As an "index" of consistency, 
they took the logarithm of the slope of pressure vs. flow curve (i.e., dp/dQ, 
where Q is the flow rate). The time scale in Fig. 6.6:1 is in days (of menstrual 
cycle) for nonpregnant women, and in weeks for pregnant women. The data 
show a marked minimum of the index of consistency at the time of ovulation 
(as confirmed by endometrial biopsy and temperature), and a less marked 
minimum before menstruation. Some patients showing relatively low con
sistency in early pregnancy later aborted. 

What is the meaning of the variation of viscoelasticity of the cervical 
mucus? Chemically, the changing viscoelasticity reflects the effect of hor
mones on the mucus composition. Physically, what purpose does the chang
ing consistency serve? Many people have looked for an answer through a 
study of the swimming of spermatozoa in semen and in cervical mucus. 
Von Khreningen-Guggenberger (1933) showed that sperm cannot move ver
tically upward in a salt solution, but they do so in vaginal mucus. Lamar et 
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Figure 6.6: 1 Average log (slope dp/dQJ of cervical secretions at different stages of 
menstrual cycle or of pregnancy in 86 nonpregnant women (solid circles) and 35 
pregnant women (open circles). Areas of circles are proportional to the number of cases 
included in the average, the smallest circle representing one case. The slope of the 
pressure (p) vs. flow (<2) curve was obtained by extruding the mucus from a capillary 
tube. From Clift et al. (1950), by permission. 

ai. (1940) placed little "blobs" of cervical mucus and semen in a capillary tube, 
separated by air bubbles. The sperms thus had to pass along the very thin, 
moist layer on the wall of the tube to reach the cervical mucus. It was found 
that the penetration by the sperm was maximal for cervical mucus collected 
at about the 14th day of the menstrual cycle. 

The swimming of spermatozoa is a problem of great interest to mechanics. 
G. I. Taylor (1951, 1952) first showed that sperm will save energy to reach a 
greater distance if they swim in shoals with their bodies nearly parallel to 
each other in executing wave motion. Following Taylor, much work has 
been done on the mechanics of swimming of microbes in general, and sperm 
in particular (see Wu et aI., 1974). 

6.7 Synovial Fluid 

Our elbow and knee joints have a coefficient of friction which is much smaller 
than that of most man-made machines. It is much smaller than the friction 
between the piston and cylinder in an aircraft engine, or that between the shaft 
and journal bearing in a generator. What makes our joints so efficient? For 
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one thing, the cartilage on the surfaces of the joints is an amazing material. 
Cartilage against cartilage has a coefficient of friction much lower than teflon 
against teflon. For another, there is the synovial fluid, whose rheological prop
erties seem to be particularly suited for joint lubrication. 

Synovial fluid fills the cavities of the synovial joints of mammals. It is 
similar in constitution to blood plasma, but it contains less protein. It contains 
some hyaluronic acid, which is a polysaccharide combined with protein, with 
a molecular weight in the order of 10 million. Synovial fluid is much more 
viscous than blood, and this seems to be due to the hyaluronic acid. A synovial 
fluid that contains less hyaluronic acid than normal has a lower viscosity. An 
enzyme that destroys the hyaluronic acid greatly reduces the viscosity. In a 
steady shear flow, which tends to straighten out the long chain molecules and 
line them up, the viscosity will decrease if the shear rate is increased. 

The anticipated elasticity was confirmed by Ogston and Stanier's (1953) 
experiment on Newton's ring and the elastic recoil mentioned in Sec. 6.1. 
Balazs (1966) showed further that hyaluronic acid solutions above a certain 
minimum concentration and salt content exhibit extremely elastic properties 
at pH 2.5, and form a viscoelastic paste. 

6.7.1 Small Deformation Experiments of Synovial Fluid 

The viscoelasticity of hyaluronic acid solution can be measured by the two 
types of experiments discussed in Sec. 6.2: small perturbations from equilib
rium and steady flow. A typical result of a test of the first kind is shown in 
Fig. 6.7:1, from Balazs and Gibbs (1970), who used an oscillating Couette 
rheometer. The real and imaginary part ofthe complex dynamic shear mod
ulus G*(iw), i.e., the storage modulus G' and the loss modulus G", are plotted 
against the angular frequency. It is seen that as the frequency of oscillation 
is increased, the modulus of rigidity of the fluid, the vector sum of G' and G", 
increases. More importantly, the curves representing the loss and storage 
moduli cross each other. Thus hyaluronic acid solutions are predominantly 
viscous at low frequencies, and predominantly elastic at high frequencies. 
This means that at low frequencies configurational adjustments of the poly
saccharide chain, through Brownian motion, are rapid enough to allow the 
chains to maintain the random configurations under the imposed strain and 
to slip by each other, resulting in viscous flow. At high frequencies the chains 
cannot adjust as rapidly as the oscillating strain and thus are deformed 
sinusoidally. 

The magnitude of the moduli were found to increase with increasing con
centration of hyaluronic acid. The frequency at which the crossover of G' and 
G" occurs depends strongly on the concentration of hyaluronic acid, the pH, 
and the concentration of NaCl in the solution. 

In a similar way, the viscoelasticity of synovial fluids from old and osteo
arthrotic persons was tested by Balazs and his associates. Their results are 
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Figure 6.7:1 Dynamic storage moduli G' (open and solid squares) and dynamic loss 
of moduli G" (open and solid circles) of a hyaluronic acid solution and synovial fluid 
from normal young male knee joints plotted against frequency, after reduction of data 
at various temperatures to 37c C. The concentration of hyaluronic acid and its limiting 
viscosity number, ['1J, are given for each sample. From Balazs and Gibbs (1970), by 
permission. 

shown in Fig. 6.7: 2. The synovial fluids of the normal knee joints of young 
(27-39 years) and older (52-78 years) human donors did not show significant 
differences in concentrations of hyaluronic acid, proteins, and sialic acid. The 
moduli curves in both groups exhibited rapid transition from viscous to 
elastic behavior. However, the curves for young and older persons were signi
ficantly different at higher frequencies, at which the loss modulus G" of the 
synovial fluid from young persons was found to be much smaller than that of 
fluid from older persons. Thus the ratio of energy stored to energy dissipated 
at high frequencies decreases with aging. 

Balazs found that G' and G" depend strongly on the concentration and 
size of the hyaluronic molecule. The logarithm of IG*(iw)1 was shown to be 
linearly proportional to the logarithm of the product of the hyaluronic acid 
concentration and molecular weight. A lO-fold change of the latter product 
results in approximately a lOO-fold change inIG*(iw)l. 
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Figure 6.7:2 Dynamic storage moduli G' (open symbols) and dynamic loss moduli G" 
(solid symbols) of three human synovial fluid samples plotted against frequency, after 
reduction of data from various temperatures to 37°C. Broken vertical lines indicate the 
frequencies that correspond approximately to the movement of the knee joint in 
walking and running. The concentration of hyaluronic acid and its limiting viscosity 
number, ['1], in each sample are given in parentheses. Reproduced from Balazs (1968), 
by permission. 

Figure 6.7:2 also shows the moduli of synovial fluids from osteoarthritic 
patients. Chemically, these fluids have lower hyaluronic acid and higher 
protein concentrations than normal persons. Rheologically, the lower hya
luronic acid concentration resulted in a significantly lower shear modulus, 
and caused the crossover from viscous to elastic behavior to occur at a much 
higher frequency. 

Tests of synovial fluids obtained from patients with gout, chondroca1cin
osis, traumatic synovitis, and arthritis also exhibited a lower G*(iw) than 
normal fluids. In patients treated with corticosteroids, it was shown that the 
rheological properties are rapidly restored. 
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The viscoelastic properties of synovial fluid and hyaluronic acid solutions 
led Balazs to hypothesize that the biological function of synovial fluid is to 
serve as a shock absorber. It also led him to propose the use of hyaluronic 
acid as a viscoelastic paste to be injected into the joint when the normal func
tion is impaired. Trials of such injections into race horses and human patients 
have claimed a certain measure of success. 

6.7.2 Flow Properties of Synovial Fluid 

Let us turn to the other type of test of synovial fluid as a liquid in steady 
flow. King (1966) tested synovial fluids of bullocks in a cone-and-plate 
rheogoniometer in the rotation mode. His results are illustrated in Fig. 6.7: 3. 
It is seen that synovial fluid is strongly shear-thinning. Its viscosity is high at 
low shear rate, but decreases rapidly as the shear rate increases. 

As suggested by the theory of "simple fluids," one expects the normal stress 
to develop in a viscometer flow. In a cone-and-plate experiment, the measur
able normal stress is the difference between that normal to the plate, P 11, and 
the radial stress, P22 • King's results are shown in Fig. 6.7:4. It is seen that 
considerable normal stress develops in a pure shear flow. This very interesting 
phenomenon is seen in other polymer solutions. The theoretical formulation 

1~r----'-----.-----.-----r-----.----, 

• Knee joint 
10'~--~~----~----~----~----+---~ 

x Ankle A 
I 

A Ankle 8 

1~~ __ ~ ____ ~~ __ ~ ____ ~ __ ~~ __ ~ 
10-2 10-' 10" 10' 102 10" 

Rate of shear sec·' 

Figure 6.7: 3 Bullock's ankle and knee joint fluids tested in a Weissenberg rheogoniom
eter in the rotation mode. At low shear rates the coefficients of apparent viscosity are 
constant and the fluids exhibit Newtonian characteristics. At higher shear rates they 
are shear-thinning. Note that the knee joint fluid has a much higher apparent viscosity. 
From King (1966), by permission. 
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Figure 6.7:4 The normal stress associated with shear stress in the rotation mode. 
Fluids from bullock's ankle and knee joints. The peak values of the normal stress are the 
ones that developed within a few seconds after the clutch was suddenly turned on. The 
normal stress then fell immediately after the peak, and reached an equilibrium value 
some time later (around 50 sec). For the knee joint fluid the difference between the 
peak and equilibrium values is large. For the ankle joint, the peak value was only 30% 
above the equilibrium value on average, and only the equilibrium values are plotted. 
From King (1966), by permission. 

ofthe constitutive equations of the synovial fluid is reviewed by Lai, Kuei, and 
Mow (1978). 

Problems 

6.1 Newton's Rings. If the convex surface of a lens is placed in contact with a plane 
glass plate with a drop of fluid between them, as in Fig. 6.1 : 1, a thin film of fluid is 
'rormed between the two surfaces. The thickness of the film is very small at the 
center. Such a film is found to exhibit interference colors, produced in the same way 
as colors in a thin soap film. The interference bands are circular and concentric 
with the point of contact. When viewed by reflected light, the center of the pattern 
is black, as it is in a thin soap film. When viewed by transmitted light, the center 
of the pattern is bright. 

Show that, if light travels through the film vertically, dark fringe will occur 
whenever the thickness of the fluid is equal to integral multiples of half-wavelength, 
i.e., V-o, 1.0 , etc. Hence by measuring the radius ofa bright or dark ring, the thickness 
of the film can be found. With reference to Fig. 6.1 : 1, show that the thickness of the 
fluid film, t, is given by 

,2 
t = ho + (R - R cos OJ = ho + -. 

2R 
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Hence, show that in monochromatic light in normal incidence, the radii of dark 
fringes are 

r = J"~iv. - 2Rh~, m = 0,1,2, .... 

See M. Born and E. Wolf, Principles oJOptics, 3rd Edition, Pergamon Press, New 
York, 1965, p. 289, for details. 

6.2 Consider a sphere moving in an incompressible (Newtonian) viscous fluid at such 
a small velocity that the Reynolds number based on the radius of the sphere and 
velocity of the center is much smaller than 1. Write down the governing differential 
equations and boundary conditions. Derive Stokes' result (1850) that the total 
force of resistance, F, imparted on the sphere by the fluid is 

F = 67tJ1.aU, 

where J1. is the coefficient of viscosity, a is the radius of the sphere, and U is the 
velocity of the sphere. 

This result applies only to a single sphere in an infinite expanse of homogeneous 
fluid. If the fluid container is finite in size or if there are other spheres in the neigh
borhood, or if the Reynolds number approaches 1 or larger, then the equation 
above needs "corrections." For Stokes' solution, see C. S. Yih (1977) Fluid Mechanics, 
pp. 362-365. For the correction for inertial forces in slow motion, see "Oseen's 
approximation" in the same book, pp. 367-372. Dynamic effects due to sphere 
oscillation, sudden release from rest, or variable speed are also discussed in Yih's 
book. For the correction for neighboring spheres, see E. Cunningham (1910) Proc. 
Roy. Soc. London A 83, 357. 

6.3 Prove that Stokes' formula, Eq. (11) of Sec. 6.2, is valid for a sphere oscillating at 
an infinitesimal amplitude in a linear viscoelastic fluid obeying the stress-strain 
relationship, Eq. (8) of Sec. 6.2. 

Hint. Write down the equations of motion, continuity, and the stress-strain 
relationship. Show that the basic equations are the same as those of Problem 6.2, 
except that J1. is now a complex number. 

6.4 Consider the magnetic microrheometer discussed in Sec. 6.2. The force F 0 in Eq. (16) 
of Sec. 6.2 cannot be measured directly, but can be calibrated by testing the sphere 
in a Newtonian viscous fluid. Work out details. 

6.5 An important function ofthe mucus in the trachea is to help the cilia clear the dust 
particles carried in by air. Consider cilia motion as a mathematical problem, 
present all the equations needed to analyze the motion of the fluid around the 
moving cilia. Will your set of equations yield a unique solution? How can these 
equations solve the mucus clearing problem? 

6.6. Design a viscometer that can measure the viscoelasticity of a body fluid of small 
quantity. Consistent with accuracy and reliability the smaller the amount of sam
ple fluid needed, the better. The design should meet the following requirements: 

(1) The storage and loss moduluses, i.e., the real and imaginary part of the 
dynamic modulus: G(iw) = J1. + il'/, should be measured. 

(2) The instrument should be reusable sample after sample. It should be able to 
be cleaned, disinfected, and calibrated. 

(3) Any disposable parts should be inexpensive. 
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The report should include: 

(1) A sketch of the instrument. 
(2) A verbal description of its construction and operation. 

6 Bioviscoelastic Fluids 

(3) The formulas to be used to compute the viscosity or viscoelasticity from the 
quantities measured. 

(4) Discussion of its possible applications. 
(5) Comments on the manufacturing or economical aspects. 
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CHAPTER 7 

Bioviscoelastic Solids 

7.1 Introduction 

This chapter is focused on soft tissues. We shall first consider some of the most 
elastic materials in the animal kingdom: abductin, resilin, elastin, and collagen. 
Collagen will be discussed in greater detail because of its extreme importance 
to human physiology. Then we shall consider the thermodynamics of elastic 
deformation, and make clear that there are two sources of elasticity: one 
associated wit change of internal energy, and another associated with change 
of entropy. Following this, we shall consider the constitutive equations of 
soft tissues. Results of uniaxial tension experiments will be considered first, 
leading to the concept of quasilinear viscoelasticity. Then we will discuss 
biaxial loading experiments on soft tissues, methods for describing three
dimensional stresses and strains in large deformation, and the meaning of the 
pseudo-strain energy function. 

In Sec. 7.10 we give an example: the constitutive equation of the skin. 
In Sec. 7.11 we present equations describing generalized vi so elastic rela
tions. The chapter is concluded with a discussion of the method for computing 
strains from known stresses if the stress-strain relationship is given in the 
other way: stresses expressed as functions of strains. 

In the chapters to follow, we consider in detail the blood vessels, skeletal 
muscle, heart muscle, and smooth muscles. Muscles are the materials that 
make biomechanics really different from any other mechanics. Finally, 
in Chapter 12, we discuss bone and cartilage. 

242 



7.2 Some Elastic Materials 243 

7.2 Some Elastic Materials 

7.2.1 Actin 

Actin molecules are present in all muscles, leukocytes, red blood cells, endo
thelial cells, and many other cells. The strength of a single actin filament 
were measured by Kishino and Yanagida (1988). The measurement is based 
on the fact that a single actin filament ( '" 7 nm in diameter) can be clearly 
seen by video-fluorescence microscopy. Actin monomers are globular. 
They polymerize into filaments. Actin filaments labelled with phalloidin
tetramethyl-rhodamine are stable. Both ends of a single actin filament were 
caught using two kinds of microneedles connected to micromanipulators 
under a fluorescence microscope. One of the needles, used for measuring force, 
was very flexible, and the other, used for pulling actin filaments, was stiff. 
Before the experiments, the needles were coated with monomeric myosin to 
increase their affinity with actin. The stiff needle was pulled until the filament 
broke. Force was calculated from the bending of the flexible needle. For 
filaments of length 4 to 32 p.m, the tensile force of the actin filament was found 
to be 108 ± 5 (s.d., n = 61) pN without breaking, and almost independent of 
the filament length. This force is comparable with the force exerted on a single 
thin element in muscle cells during isometric contraction. The tensile strength 
of the actin filament is, on assuming a force of 108 pN sustained by a fiber of 
diameter 7 nm, at least 2.2 x 106 N/m2, or 2.2 MPa. 

7.2.2 Elastin 

Elastin is the most "linearly" elastic biosolid materials known. If a cylindrical 
specimen of elastin is prepared and subjected to uniaxial load in a tensile 
testing machine, a tension-elongation curve as shown in Fig. 7.2: 1 is obtained. 
The abscissa is the tensile strain defined as the change of length divided by 
the initial (unloaded) length of the specimen. The ordinate is the stress defined 
as the load divided by the initial cross-sectional area of the specimen at zero 
stress: Note that the loading curve is almost a straight line. Loading and 
unloading do lead to two different curves, showing the existence of an energy 
dissipation mechanism in the material; but the difference is small. Such elastic 
characteristics remain at least up to A. = 1.6. 

Elastin is a protein found in vertebrates. It is present as thin strands in the 
skin and in areolar connective tissue. It forms quite a large proportion of the 
material in the walls of arteries and veins, especially near the heart. It is a 
prominent component of the lung tissue. The ligamentum nuchae, which runs 
along the top of the neck of horses and cattle, is almost pure elastin. Specimens 
for laboratory testing can be prepared from the ligamentum nuchae of ungu
lates (but cat, dog, and man have very small ligamentum nuchae). These 
ligaments also contain a small amount of collagen, which can be denatured by 
heating to 66°C or above. Heating to this degree and cooling again does not 
change the mechanical properties of elastin. 
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Figure 7.2: 1 The stress~strain curve of elastin. The material is the iigamentum nuchae 
of cattle, which contains a small amount of collagen that was denatured by heating at 
100°C for an hour. Such heating does not change the mechanical properties of elastin. 
The specimen is cylindrical with rectangular cross section. Loading is uniaxial. The 
curve labeled "control" refers to native elastin. The curve labeled "10% formalin" refers 
to a specimen fixed in formalin solution for a week without initial strain. From Fung 
and Sobin (1981). Reproduced by permission of ASME. 

The function of the ligamentum nuchae in the horse is clear: it holds up the 
heavy head and permits its movement with little energy cost. If the horse 
depended entirely on muscles to hold its head up, energy for maintaining 
tension in the muscle would be needed. 

Elastin in the arteries and lung parenchyma provides elasticity to these 
tissues. In skin it keeps the tissue smooth. In humans it is known that the gene 
responsible for synthesizing elastin is turned off at puberty. 

7.2.3 Incomplete Fixation of Elastin in Aldehyde 

One particular property of elastin has probably had a profound influence 
on our knowledge of anatomy and histology. In the microscopic examina-
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Figure 7.2: 2 The stress-strain curve of a specimen of elastin that was first stretched 
30% and then soaked in 10% formalin for two weeks. On releasing the stretch, the 
specimen shortened, but 15% of stretch remained. Subsequent loading produced the 
stress-strain curves shown on the right-hand side. These curves may be compared with 
the "control." The arrows on the curves show the direction ofloading (increasing strain) 
or unloading (decreasing strain). From Fung and Sobin (1981). Reproduced by permis
sion of ASME. 

tion of a tissue, the tissue is usually fixed by formalin, formaldehyde, or 
glutaraldehyde; then embedded, sectioned, and stained. Elastin cannot be 
fixed: when elastin is soaked in these fixation agents for a long period of time, 
(hours, days, or weeks), it retains its elasticity. If an elastin specimen is 
stretched under tension and then soaked in these agents, upon release of the 
tension the specimen does not return to its un stretched length entirely, but it 
can recover 40%-70% of its stretch (depending on the degree of stretch), and 
then still behave elastically. An example is shown in Fig. 7.2: 2, which refers 
to a specimen that was stretched to a length 1.3 times its unstressed length, 
soaked in formalin for two weeks, and released and tested for its stress-strain 
relationship. It is seen that the "fixed" specimen behaves elastically, although 
its Young's modulus is somewhat smaller. 

If the strain (stretch ratio minus one) at which a specimen is stretched 
while soaked in the fixative agent is plotted against the retained strain 
after the "fixed" specimen is released (stress-free), we obtain Fig. 7.2: 3. 
In this figure the abscissa shows the initial stretch during fixation, and the 
ordinate shows the retained stretch upon release. It is seen that elastic 
recovery occurs in elastin at all stretch ratios. In other words, what is com
monly believed to be "fixed" is not fixed at all. 
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Figure 7.2:3 Elastic recovery of elastin after fixation in formalin and glutaraldehyde 
solutions. Specimens of elastin were stretched and then fixed in the solution. Upon 
release from the stretch, the retained elongation of the specimen was measured. The 
retained stretch is plotted against the initial stretch. The distance between the 45° line 
and the curves is the amount of strain recovered elastically. From Fung and Sobin 
(1981). 

Now if a tissue is fixed in one of these fixing agents in a state of tension, 
e.g., an inflated lung, or a distended artery (as these organs are usually fixed 
by perfusion), and then sectioned under no load, the residual stress in the 
elastin fibers will be released, and the length of the elastic fibers will be 
shortened to its length at zero stress state. The fixed part of the tissue, which 
is inextensible, will be buckled (wrinkled) by the shortening of the elastin. As 
a consequence the tissue would appear buckled and uneven. This is illustrated 
in Figs. 7.2: 4(a) and (b). In Fig. 7.2: 4(a) is shown the lung parenchyma of a 
spider monkey, which was fixed in glutaraldehyde and embedded in wax. In 
Fig. 7.2 :4(b) is shown parts of the same lung, which was embedded in celloidin, 
a hard plastic. The elastin fibers in the wax-embedded specimen was allowed 
to shrink when the wax melted at one time, whereas the elastin fibers in the 
celloidin-embedded specimen was never allowed to shrink. The difference in 
the appearance of the pulmonary alveoli in these two photographs is evident. 
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(a) 

Figure 7.2:4 Photomicrographs of the lung tissue of a spider monkey. The lung was 
fixed in the chest by inspiration of glutaraldehyde solution into the airway. The two 
photomicrographs here were taken from histological slides prepared in two different 
ways. The photomicrograph shown in (a) was taken from a slide for which at one stage 
of its preparation the tissue was allowed to shrink in a stress-free state. The photo
micrograph in (b) was taken from a tissue that was not allowed to shrink after it is 
"fixed" in situ. Courtesy of Dr Sidney Sobin. 
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Thus we may say that the wrinkled appearance of most published photomicro
graphs of the lung tissue is an artefact caused by the unsuspected elastic 
recovery of the elastin fibers in the tissue. The elastin fibers are stretched 
in the living condition. If the tension in the fibers is allowed to become zero 
during the preparation of the histological specimen, the fibers will contract 
and change the appearance of the tissue. 

7.2.4 The Elastin Molecule 

The molecular structure of the tropoelastin, a precursor molecule of elastin, 
has been sequenced (Bressan et aI., 1987; Deak et aI., 1988; Indik et aI., 1987; 
Raju et aI., 1987; Tokimitsu et aI., 1987; Yeh et aI., 1987). Mecham and Heuser 
(1991) have shown that tropoelastin is formed intracellularly and then cross
linked extracellularly. The mature, cross-linked elastin molecule is inert and 
so stable that in normal circumstances it lasts in the body for the entire life of 
the organism. 

Repeating sequences in elastin molecule have been noted, and some of their 
analogs have been prepared chemically, and studied thermo-mechanically. Of 
these, poly (V PG VG), poly (V PG F GV GAG), and poly (VPGG) on 
y-irradiation cross-linking have been shown to be elastic. Urry (1991, 1992) 
and his associates have shown that these polypeptides will self-assemble into 
more ordered molecular assemblies on raising temperature, i.e., they exhibit 
inverse temperature transitions. The molecular proocesses that correspond to 
the entropic elastomeric force in the self-assembling (nonrandom) systems 
have been studied in detail. Urry has invented some new bioelastic protein
based polymers on the basis of this research. He has also broadened the view 
that this inverse temperature transitions is a basic mechanism of biological 
free energy transduction. 

The sources of elasticity of elastin, like those of other soft tissues, must be 
a decrease of entropy, or an increase of internal energy with increasing strain, 
(or both see Sec. 7.4). Hoeve and Flory (1958) explained elastin elasticity on 
the entropy theory. Urry (1985,1986) identified a mechanism of lib ration or 
rocking of some peptide segments that contributes to the entropy. The self
assembling mechanism discussed by Urry (1991) has a critical temperature in 
the order of 25°C, above which more ordered aggregation forms. Hence Urry 
predicts a decrease of elasticity at temperature lower than about 25°C. He 
verified the phenomenon in the synthesized polypentapeptide named above. 
Debes and Fung (1992) examined the critical temperature problem very 
carefully in the lung tissue (parenchyma) of the rat, and did not find any critical 
temperature associated with a sudden change of mechanical properties. One 
may conclude that the inverse temperature transition phenomenon identified 
by Urry for a synthetic analog of a part of the elastin molecule may not be a 
major mechanism for the whole elastin. 
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Figure 7.2:5 A plane view of a scallop (Pecten) and a sketch of the hinge and the 
adductor muscle. 

Other models of elastin elasticity are proposed by Partridge (1969), Gray 
(1970), Weisfogh and Anderson (1970), Gosline (1978), and Fleming et al. 
(1980). 

7.2.5 Resilin and Abductin 

A biosolid similar to elastin in mechanical behavior but quite different in 
chemical composition is resilin. Resilin is a protein found in arthropods. It is 
hard when it is dry, but in the natural state it contains 50% to 60% water and 
is soft and rubbery. Dried resilin can be made rubbery again by soaking it in 
water. It can be stretched to three times its initial length. In the range of stretch 
ratio A. = 1 - 2, the Young's modulus is about 1.8 x 107 dyn/cm2 or 1.8 MPa. 
The shear modulus Gis 0.6 MPa. Insects use resilin as elastic joints for their 
wings, which vibrate as an elastic system. Fleas and locusts use resilin at the 
base of their hind legs as catapults in their jumping. 

An elastic protein found in scallops' hinges is abduct in. Scallops use it 
to open the valves (the adductor muscle is used to close the valves). See 
Fig. 7.2: 5. The elastic moduli of abductin and elastin are about the same. 

7.2.6 Elasticity Due to Entropy and Internal Energy Changes 

Elasin, resilin, and abductin, like rubber, are constituted of long flexible 
molecules that are joined together here and there by cross-linking to form 
three-dimensional networks. The molecules are convoluted and thermal 
energy keeps them in constant thermal motion. The molecular configurations, 
hence the entropy, change with the strain. From entropy change elastic 
stress appears (see Sec. 7.4). With this interpretation, Treloar (1967) showed 
that the shear modulus, G, is related to the density of the material, p, the 
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average value of the weight of the piece of molecule between one cross-link 
and the next, M, and the absolute temperature, T, according to the formula 

G=pRT 
M' 

(1) 

where R = gas constant = 8.3 x 107 erg/deg mol. The Young's modulus 
is related to the shear modulus G by the formula 

E=2(I+v)G, (2) 

where v is the Poisson's ratio. If the material is volumetrically incompressible 
so that v =!, then E = 3G. 

In using the formula above for rubbery protein, p should be the con
centration of the protein in g/cm3 of material. Water contributes to density, 
but not to shear modulus, hence its weight should be excluded from p. 
This formula is probably correct for those proteins which are already diluted 
with water at the time they were cross-linked. There is a different rule for 
materials that were not diluted until after they had been cross-linked. In 
the latter case, the dilution then stretches out the molecules so that they 
are no longer randomly convoluted. Rubber swollen with paraffin is such 
an example. 

Crystalline materials derive their elastic stress from changes in internal 
energy. Their elastic moduli are related to the strain of their crystal lattices. 
Equation (1) does not apply to crystalline materials, neither does it apply to 
fibers whose elasticity comes partly from internal energy changes and partly 
from entropy changes. 

Most biological materials that can sustain finite strain have rubbery elastic
ity. But not all. For example, hair can be stretched to 1.7 times its initial length, 
and will spring back, but this is because the protein keratin, of which it is 
made, can exist in two crystalline forms-one with tight ex helices, and one 
with looser, {3 helices (Ciferri, 1963; Feughelman, 1963). When hair is stretched, 
some of the ex helices are changed into {3 helices. Table 7.2: 1 gives the aver
age values of the Young's modulus and tensile strength for several common 
materials. 

7.2.7 Fibers 

Fibers form a distinctive class of polymeric materials. X-ray diffraction 
shows that fibers contain both crystalline regions, where the molecules 
are arranged in orderly patterns, and amorphous regions, where they are 
arranged randomly (see Hearle, 1963). A typical example is collagen bundle. 
Plant fibers and synthetic textile fibers belong to this class. Elastin "fibers" do 
not: they are thin strands of a rubbery material. 
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TABLE 7.2: 1 Mechanical Properties of Some Common Materials 

Young's modulus Tensile strength 
Material (MPa) (MPa) 

Resilin 1.8 3 
Abduction 1-4 
Elastin 0.6 
Collagen (along fiber) 1 x 103 50-100 
Bone (along osteones) 1 x 104 100 
Lightly vulcanized rubber 1.4 
Oak 1 x 104 100 
Mild steel 2 x 105 500 

7.2.8 Crystallization Due to Strain 

Raw (unvulcanized) rubber can be stretched to several times its length and 
held extended. Stress relaxation is almost complete. On release it does not 
recoil to its original length. But this is not a viscous flow, because it can 
be made to recoil by heating. The stress relaxation of rubber is due to cry
stallization. Stretching extends the molecules so that they tend to run parallel 
to each other and crystallize. Heating disrupts the crystalline structure. 
Based on the same principle, crystallization of a polymer solution can be 
induced in other ways. A high polymer solution may be made to enter a 
tube in the liquid state, crystallize under a high shear strain rate, and emerge 
as a fiber. A biological example is silk, which contains two proteins: fibroin 
and sericin. Sericin is a gummy material which dissolves in warm water 
and is removed in the manufacturing of silk thread. Silkworm (Bombyx) 
has a pair of glands which spin two fibroin fibers enveloped in sericin. 
Fibroin taken directly from the silk glands is soluble in water and non
crystalline. It becomes a fiber when it passes through the fine nozzle of a 
spinneret. The Young's modulus of silk is about 104 MPa. It breaks at a stretch 
ratio of about 1.2. Spider's web is similar to silk. 

7.3 Collagen 

Collagen is a basic structural element for soft and hard tissues in animals. It 
gives mechanical integrity and strength to our bodies. It is present in a variety 
of structural forms in different tissues and organs. Its importance to man may 
be compared to the importance of steel to our civilization: steel is what most 
of our vehicles, utensils, buildings, bridges, and instruments are made of. 
Collagen is the main load carrying element in blood vessels, skin, tendons, 
cornea, sclera, bone, fascia, dura mater, the uterian cervix, etc. 
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The mechanical properties of collagen are therefore very important to 
biomechanics. But, again in analogy with steel, we must study not only the 
properties of all kinds of steels, but also the properties of steel structures; 
here we must study not only collagen molecules, but also how the molecules 
wind themselves together into fibrils, how the fibrils are organized into fibers, 
and fibers into various tissues. In each stage of structural organization, new 
features of mechanical properties are acquired. Since in physiology and bio
mechanics, our major attention is focused on the organ and tissue level, we 
must study the relationship between function and morphology of collagen 
in different organs. 

7.3.1 The Collagen Molecules 

A collagen is defined as a protein containing sizable domains of triple-helical 
conformation and functioning primarily as supporting elements in an extra
cellular matrix. The arrangement of amino acids in the collagen molecules 
is shown schematically in Fig. 7.3: 1. Every third residue is glycine. Proline 
and OH-proline follow each other relatively frequently. The individual chains 
are left-handed helices with approximately three residues per turn. The chains 
are, in turn, coiled around each other following a right-handed twist with a 
pitch of approximately 8.6 nm. The three 0( chains are arranged with slight 
longitudinal displacements. The amino acids within each chain are displaced 
by a distance of 0.291 nm, with a relative twist of -110°, making the distance 
between each third glycine 0.873 nm. 

To date 12 types of collagen have been identified. Figure 7.3: 2 shows three 
types of collagen. The 0( chains of Type 1 are designated as 0( 1 (I), 0(2(1), etc. 
The amino acid composition of these chains are listed in Table 7.3: 1. See 
Nimni (1988) for comprehensive data . 

.. 1 

• GLYCINE 

• PREDOMINANTLY AMINO ACIDS 

Figure 7.3: 1 Schematic drawing of collagen triple helix. The individual IX chains are 
left-handed helices with approximately three residues per turn. The chains are, in turn, 
coiled around each other following a right-handed twist. Reproduced from Nimni 
(1988) by permission. 



7.3 Collagen 

G.al 

Gol-Glu 

Gal-Glu Gol-Glu Gal 
01 
01 
ol----~~~~~~~L 

TYPE I 

TVPE II 

Gal Gal-Glu Gal-Glu 

TVPE 1lI 

253 

Gol-Glu 

Gal-Glu Gal-Glu 

Ol--~v-~~~~v-~~~V-~~~V-~~~--'--'----'~----
01 
Ol----~~~~~~, 

Gal-Glu 

Figure 7.3: 2 Diagram of three types of collagen, differing in chain composition and 
degrees of glycosylation. Disulfide cross-linked are only seen in Type III collagen. 
Reproduced from Nimni (1988), by permission. 

TABLE 7.3: 1 Amino Acid Composition of the Human 
Collagen Chains* 

Amino acid 0( 1 (I) 0(2(1) 0( 1(11) O(I(III) 

4-Hydroxyproline 108 93 97 125 
Aspartic acid 42 44 43 42 
Threonine 16 19 23 13 
Serine 34 30 25 39 
Glutamic acid 73 68 89 71 
Proline 124 113 120 107 
Glycine 333 338 333 350 
Alanine 115 102 103 96 
Valine 21 35 18 14 
Leucine 19 30 26 22 
Lysine 26 18 15 30 
Arginine 50 50 50 46 
Others++ 38 63 72 18 

* Residues per 1000 total residues. 
+ + Others include 3-hydroxyproline, half-cystine, methionine, isoleucine, 
tyrosine, phenylalanine, hydroxylysine, histidine, gal-hydroxylysine, and 
g1c-gal-hydrosylysine. 
From Nimni, M. E. (1988), and Semill Arthritis Rheum. 8, 1983. With 
permission. 
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Figure 7.3: 3 Molecular architecture of the aggregates formed by (A) the fiber forming 
collagens; (B) Type IV collagen; (C) Type VI collagen; and (D) Type VII collagen. In 
this illustration, filled circles an arrowheads are used to denote the directionality of 
individual molecules. From Miller (1988). Reproduced by permission from Collagen, 
© CRC Press, Inc., Boca Raton, FL. 

7.3.2 Aggregate Structure 

The close relation of function and structure of collagen aggregates, according 
to E. J. Miller (1988), is shown in Fig. 7.3: 3. (A) shows the fiber-forming 
collagens of Types I, II, III, V, and K. (B) shows Type IV collagen, which is a 
major constituent of basement membranes. (C) shows type VI collagen, which 
is prevalent in placental villi. (D) shows Type VII collagen, whose distribution 
is unknown, but has been isolated from placental membranes. 

Type I collagen is virtually ubiquitous in distribution. It can be isolated 
from virtually any tissue or organ, especially the bone, dermis, placental 
membranes, and tendon. Type II is located chiefly in hyaline cartilag, and 
cartilage-like tissues such as the nucleus pulp os us of the vertebral body, and 
vitreous body of the eye. Type III collagen, along with Type I, is a major 
constituent of tissues such as the dermis and blood vessel walls, and other 
more distensible connective tissues. It is also ubiquitous. Type V is a relatively 
minor constituent in any tissue or organ, but has a distribution similar to that 
of Type I. Type K, which is XI, is distributed like Type II, chiefly in cartilage. 
Two ofthe chains of Type K collagen are highly homologous to those of Type 
II. 
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The collagens of Types IX and X are minor constituents of hyaline carti
lages. The are called short-chain collagens because their polypeptide chains 
are shorter than those of fibrillar procollagens. Type IX collagen molecules 
contain three relatively short triple-helical domains connected by non triple
helical sequences, instead of a single, long triple-helical domain found in 
fibrillar collagens. Type IX collagen is also a proteoglycan in that one of its 
polypeptide subunits serve as the core protein for a chondroitin sulfate side 
chain. A collagen homologous to Type IX was identified by Gordon et al. 
(1987) and is named collagen Type XII. The structure, function, and distribu
tion of Type IX/XII collagens are reviewed by Olsen et al. (1988). It is 
suspected that the Type IX/XII class of molecules playa major role in the 
assembling of collagen fibrils. 

7.3.3 Collagen Fibrils and Fibers 

Consider first the fiber-forming collagen molecules. A collection of tropo
collagen molecules forms a collagen fibril. In an electron microscope, the col
lagen fibrils appear to be cross-striated, as is illustrated in the cases of tendon 
and skin in Fig. 7.3:4. The periodic length of the striation, D, is 64 nm in 
native fibrils and 68 nm in moistened fibrils. A model of the organization 

(a) (b) 

Figure 7.3: 4 Electron micrographs of (a) parallel collagen fibrils in a tendon, and (b) 
mesh work of fibrils in skin ( x 24000). From Viidik (1973), by permission. 
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Figure 7.3: 5 The concept of quarter-stagger of the molecules. The length of each 
molecule is 4.4 times that of a period (D). From Viidik (1973), and Viidik (1977), by 
permission. 

of the fibrils is shown in Fig. 7.3: 5. The length of each molecule is 4.4 times 
that of the period of the striation, D. Hence each molecule consists of five 
segments, four of which have a length D, whereas the fifth is shorter, of length 
O.4D. In a parallel arrangement of these molecules, a gap ofO.6D is left between 
the ends of successive molecules. The gap appears as the lighter part of the 
striation. The alignment of the molecules is shown in Fig. 7.3: 5 as perfectly 
straight and parallel; but another current view is that they are not so per
fect, but are bent somewhat and have varying spacing between neighboring 
molecules, with the degree of bending varying with the attachment of water 
molecules. 

The diameter of the fibrils varies within a range of 20 to 40 nm, depending 
on the animal species and the tissue. 

Bundles of fibrils form fibers, which have diameters ranging from 0.2 to 
12 j1m. Two examples are shown in Fig. 7.3: 4. In the light microscope they are 
colorless; they are birefringent in polarized light. In tendons, they are probably 
as long as the tendon itself. In connective tissues their length probably varies 
considerably; there is no definite information on this point. 

Packaging of collagen fibers has many hierarchies, depending on the 
tissue. In parallel-fibered structures such as tendon, the fibers are assembled 
into primary bundles, or fascicles, and then several fascicles are enclosed in 
a sheath of reticular membrane to form a tendon. Figure 7.3: 3 shows the 
hierarchy ofthe rat's tail tendon according to Kastelic et al. (1978). The fibers 
frequently anastomose with each other at acute angles, in contrast to the 
fibrils, which are considered not to branch at all in the native state. 

7.3.4 The Wavy Course of the Fibers 

Diamont, Baer, and their associates (1972) examined rat's tail tendon in the 
polarized light microscope and found a light and dark pattern with a perio
dicity of the order of 100 .urn, which they interpreted as the waviness of the 
collagen fiber in the fascicle shown in Fig. 7.3: 6. When the tendon is stretched, 
the amplitude of the waviness of the crimped fibers decreases. By rotating the 
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Figure 7.3:6 Hierarchy of structure of a tendon according to Kastelic et al. (1978). 
Reproduced by permission. Evidences are gathered from X ray, electron microscopy 
(EM), scanning electron microscopy (SEM), and optical microscopy (OM). 

tendon specimen between crossed polaroids, Diamont et ai. (1972) and Dale 
et ai. (1972) showed that the wave shape of the crimps is planar. When the 
tendon was teased down to fine bundles, it was observed that the physical 
outlines of these subbundles followed the waveform that was deduced from 
the polarizing optics of the intact tendon bundle. The typical waveform 
parameters are given in Table 7.3: 2. As the fiber is stretched, the "bending 
angle," eo, decreases and tends to zero when the fiber is straight. The fiber 
diameter is age dependent (see Torp et aI., 1974). For example, the rat's tail 
tendon fiber diameter increases from 100 to 500 nm as the rate ages. The 
scatter of data for the wavelength 10 and angle eo can be considerable. 

Thus the basic mechanical units of a tendon are seen to be bent collagen 
fibers. The question arises whether the fibers are intrinsically bent because of 
some fine structural features of the fibrils. Gathercole et ai. (1974), using SEM 
to resolve the individual collagen fibrils about 100 nm in diameter as they 
follow the waveform in a rat's tail tendon, failed to find any specific changes in 
morphology and fine structure along the length of the waveform. It is then 
suggested that the curvature of the fibers might be caused by the shrinking of 
the noncollagen components or "ground substance" of the tendon, i.e., that 
the curvature is caused by the buckling of the fibers. This suggestion is con
sistent with the experience that the integrity of the ground substance is of 
great importance to the mechanical integrity of the tendon. Enzymatic di-
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TABLE 7.3:2 Typical Wave Parameters from Vari
ous Tendons at Zero Strain (Unstretched Condi
tion). From Dale et al. (1972) 

Source and age 

Rat tail (14 months) 
Human diaphragm (51 years) 
Kangaroo tail (11.7 years) 
Human achilles (46 years) 

Definition of wave parameters: 

100 
60 
75 

20-50 

(Jo (deg) 

12 
12 
8-9 
6-8 

gestion directed at the noncollagen components can greatly change the 
mechanical properties of the tendon. The buckling model was investigated 
by Dale and Baer (1974), and it was suggested that hyaluronic acid, which is 
a major space filling material and which has a fairly high metabolic turnover 
rate, may be responsible for the buckling of the collagen fibers. 

In some connective tissues, it has been suggested that elastin and collagen 
together form a unit of composite material. The straight elastic fibers are 
attached to the bent collagen fibers. In the pulmonary alveolar walls 
(interalveolar septa), however, this was found not to be the case (Sobin et ai, 
1988). 

7.3.5 Ground Substance 

Collagen fibers are integrated with cells and intercellular substance in a 
tissue. In a dense connective tissue, the cells are mostly fibrocytes; the inter
cellular substance consists of fibers of collagen, elastin, reticulin, and a hydro
philic gel called ground substance. Dense connective tissues contain a very 
small amount of ground substance; loose connective tissues contain a lot. 
The composition of the ground substance varies with the tissue, but it con
tains mucopolysaccharides (or glycosaminoglycans), and tissue fluid. The 
mobility of water in the ground substance is a problem of profound interest in 
biomechanics, but it is an extremely complex one. The hydration of collagen, 
i.e., the binding of water to the collagen molecules, fibrils, and fibers, is also 
an important problem in biomechanics with respect to the problem of move
ment of fluid in the tissues, as well as to the mechanical properties of the 
tissue. 
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7.3.6 Structure of Collagenous Tissues 

Depending on how the fibers, cells, and ground substance are organized into 
a structure, the mechanical properties of the tissue vary. The simplest struc
ture, from the point of view of collagen fibers, consists of parallel fibers, as in 
tendon and ligaments. The two- and three-dimensional networks of the skin 
are more complex, whereas the most complex are the structures of blood 
vessels, intestinal mucosa, and the female genital tracts. Let us consider these 
briefly. 

The most rigorously parallel-fibered structure of collagen is found in each 
lamina of the cornea. In adjacent laminae of the cornea, the fiber orientation 
is varied. The transparency of the cornea depends on the strict parallelism of 
collagen fibers in each lamina. 

Tissues whose function is mainly to transmit tension can be expected to 
adopt the parallel-fiber strucure. Tendon functions this way, and is quite 
regularly parallel fibered, as is shown in Figs. 7.3:4 and 7.3:6. The fiber 
bundles appear somewhat wavy in the relaxed condition, but become more 
straight under tension. 

A joint ligament has a similar structure, but is less regular, with collagen 
fibers sometimes curved and often laid out at an angle oblique to the direction 
of motion. Different collagen fibers in the ligament are likely to be stressed 
differently in different modes of function of the ligament. Most ligaments are 
purely collagenous, the only elastin fibers being those that accompany the 
blood vessels. But the ligamenta flava of the spine and ligamentum nuchae 
of some mammals are mostly elastin. 

A ligament has both ends inserted into bones, whereas a tendon has only 
one insertion. The transition from a ligament into bone is gradual; the rows 
offibrocytes are transformed into groups of osteocytes, first arranged in rows 
and then gradually dispersed into the pattern of the bone, by way of an inter
mediate stage, in which the cells resemble chondrocytes. The collagen fibers 
are continuous and can be followed into the calcified tissue. The transition 
from a tendon into a bone is usually not so distinct; the tendon inserts broadly 
into the main fibrous layer of the periosteum. 

The other end of a tendon is joined to muscle. Generally the tendon 
bundles are invaginated into the ends of the muscle fibers in the many termi
nal indentations of the outer sarcolemmal layer. Recent investigation suggests 
that collagenous fibrils, which are bound to the plasma membranes as well as 
to the collagen fibers, provide the junction. 

Parallel fibers that are spread out in sheet form are found in those fasciae 
into which muscle inserts, or in those expanded tendons called aponeuroses, 
which are membraneous sheets serving as a means of attachment for flat 
muscles to the bone. The tendinous center of the diaphragm is similarly 
structured. These sheets appear white and shiny because of their tight 
structure. Other membranes that contain collagen but the fibers of which are 
not so regularly structured are opaque. To this group belong the periosteum, 
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perichondrium, membrana fibrosa of joint capsules, dura mater, sclera, some 
fasciae, and some organ capsules. The cells in these membranes are irregular 
both in shape and in arrangement. 

The structure of collagen fibers in the skin is more complex, and must be 
considered as a three-dimensional network of fibrils [see Fig. 7.3:4(b)], al
though the predominant fiber direction is parallel to the surface. These fibers 
are woven into a more or less rhombic parallelogram pattern, which allows 
considerable deformation without requiring elongation of the individual 
fibers. In the dermis, collagen constitutes 75% of skin dry weight, elastin 
about 4%. 

The collagen fiber structure in blood vessels is three-dimensional. A more 
detailed picture is presented in Chapter 8, Sec. 8.2. 

The female genital tract is a muscular organ, with smooth muscle cells 
arranged in circular and spiral patterns. Actually, in the human uterus only 
30%-40% of its wall volume is muscle, and in the cervix only 10%; the rest is 
connective tissue. In the connective tissue of the genital tract the ground 
substance dominates, as the ratio of ground substance to fiber elements is 
1.5: 1 in the nonpregnant corpus and 5: 1 in the cervix near full term. During 
pregnancy, the ground substance grows at the rate of the overall growth, 
while collagen increases more slowly, and elastin and reticulin almost not at 
all. Hence the composition of the connective tissue changes. 

This brief sketch shows that collagen fibers are organized into many dif
ferent kinds of structures, the mechanical properties of which are different. 

7.3.7 The Stress-Strain Relationship 

A typical load-elongation curve for a tendon tested in simple elongation at a 
constant strain rate is shown in Fig. 7.3: 7. It is seen that the curve may be 
divided into three parts. In the first part, from 0 to A, the load increases 
exponentially with increasing elongation. In the second part, from A to B, 
the relationship is fairly linear. In the third part, from B to C, the relationship 
is nonlinear and ends with rupture. The "toe" region, from 0 to A, is usually 
the physiological range in which the tissue normally functions. The other 
regions, AB and BC, correspond to reserve strength of the tendon. The ulti
mate stress of human tendon at C lies in the range 50-100 MPa. The maxi
mum elongation at rupture is usually about 10%-15%. 

If the tissue is loaded at a finite strain rate and then its length is held 
constant, it exhibits the phenomenon of stress relaxation. An example is 
shown in Fig. 7.3: 8, for an anterior cruciate ligament. The figure on the left
hand side (A) corresponds to the case in which the ligament was loaded to 
about one-third of its failure load and then unloaded immediately at a con
stant speed. The figure on the right-hand side (B) corresponds to the case in 
which the ligament was loaded to the same load Fo, and then the length was 
held constant. The load then relaxes asymptotically to a limiting value FA' 
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Figure 7.3: 7 A typical load-elongation curve for a rabbit limb tendon brought to 
failure with a constant rate of elongation. The "toe" part is from 0 to A. The part 
A-B is almost linear. At point C the maximum load is reached. IX is the angle between the 
linear part of the curve and the deformation axis. The slope, tan IX, is taken as the 
"elastic stiffness," from which the Young's modulus listed in Table 7.2: 1 is computed. 
From Viidik (1973), by permission. 
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Figure 7.3: 8 The load-elongation and relaxation curves of an anterior cruciate liga
ment specimen. In (A), the specimen was loaded to about one-third of its failure load 
and then unloaded at the same constant speed. In (B), the specimen was stretched at 
constant speed until the load reached Fo; then the stretching was stopped and the 
length was held constant. The load then relaxed. From Viidik (1973), by permission. 

A third feature should be noted. If a tissue is taken from an animal, put in 
a testing machine, tested for a load-elongation curve by a cycle ofloading and 
unloading at a constant rate of elongation, left alone at the unstressed con
dition for a resting period of 10 min or so until it has recovered its relaxed 
length, and then tested a second time following the same procedure, the load
elongation curve will be found to be shifted. Figure 7.3: 9 shows an example. 
In the first three consecutive tests, the stress-strain curves are seen to shift to 
the right, with an increased region ofthe "toe." The first three relaxation curves 
(shown in the right-hand side panel), however, are seen to shift upward. If the 
test is repeated indefinitely, the difference between successive cycles is de
creased, and eventually disappears. Then the specimen is said to have been 
preconditioned. 
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Figure 7.3: 9 Preconditioning of an anterior cruciate ligament. The load-elongation 
and relaxation curves of the first three cycles are shown. From Viidik (1973), by 
permission. 

The reason that preconditioning occurs in a specimen is that the internal 
structure of the tissue changes with the cycling. By repeated cycling, even
tually a steady state is reached at which no further change will occur unless 
the cycling routine is changed. Changing the upper and lower limits of the 
cycling will change the internal structure again, and the specimen must be 
preconditioned anew. 

These features: a nonlinear stress-strain relationship, a hysteresis loop in 
cyclic loading and unloading, stress relaxation at constant strain, and pre
conditioning in repeated cycles, are common to other connective tissues such 
as the skin and the mesentery. They are seen also in blood vessels and muscles; 
but the degrees are different for different tissues. The hysteresis loop is quite 
small for elastin and collagen, but is large for muscle. The relaxation is very 
small for elastin, larger for collagen, and very large for smooth muscle. Pre
conditioning can be achieved in blood vessels very quickly (in two or three 
cycles) if blood flow into the blood vessel wall (vasa vasorum) is maintained, 
but it may take many cyCles if flow in the vasa vasorum is cut. We shall 
encounter these features again and again in the study of bioviscoelastic 
solids. 

7.3.8 Change of Collagen Molecular Structure with Tension 

In low-angle x-ray diffraction of collagen, a periodicity of about 67 nm can 
be seen. The length of this period (long period) increases when the specimen 
is stretched. The relationship between the long period and the mechanical 
properties of rat tail tendon with the age of the rat has been studied thoroughly 
by Riedl et al. (1980), and Nemetschek et al. (1980). 
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7.3.9 Change of Fiber Configuration with Strain 

By the electron microscopy method, it can be shown that if a tendon is 
stretched 10%, the spacing of the characteristic light and dark pattern in
creases 9%. Thus 1 % of the stretching is due to straightening of the fiber 
(Cowan et al., 1955). It is believed that in the basic alignment of the collagen 
molecules, the fifth segment (see Fig. 7.3: 5) in which the amino acids are more 
or less randomly placed, contributes most of the stretch when a specimen is 
stressed. 

7.3.10 Critical Temperatures 

At 65°C, mammalian collagen shrinks to about one-third of its initial length. 
This is the basis of the technique of making shrunken human heads (Harkness, 
1966). The shrinkage is due to breakdown of the crystalline structure. 
Shrunken collagen gives no X-ray diffraction pattern (Flory and Garrett, 
1958). It is rubbery, with a Young's modulus of about 1 MPa. 

7.3.11 Change with Life Cycle 

As the function of an organ changes in life, the mechanical properties of its 
tissue change also. Perhaps no example is more impressive in this regard than 
the event of childbirth. M. L. R. and R. D. Harkness (1959a) investigated the 
uterine cervix of the rat during pregnancy and after birth. In nonpregnant rat 
the uterine cervix contains 5%-10% of collagen by weight. The rat cervix 
enters the vagina via two canals (horns of uterus). In a transversal section 
through the cervix of a rat uterus the canals appear as flattened ellipses with 
fibers arranged roughly concentric around each canal. The Harknesses used 
cervixes cut from rats at various stages of pregnancy. They slipped a rod 
through each ofthe canals, fixed one rod and applied a force to the other. They 
recorded the extension of the cervix under a constant load. Their results are 
shown in Fig. 7.3: 10. Cervixes from rats that were not pregnant, or had been 
pregnant up to 12 days, were relatively inextensible and showed little creep. 
Later in pregnancy the cervix enlarges and becomes much more extensible, 
and creeps more under a constant load. At 21 days the cervix that is stretched 
by a sufficiently large constant load creeps at a constant rate. It seems that the 
stretching is not resisted by elastic restoring force, but instead by viscosity. 
Within a day after the young have been born the cervix reverts to its original 
properties, although it is still larger than it was before pregnancy. 

The restoration of mechanical properties of the cervix was studied in 
greater detail by Viidik and Rundgren (see Viidik, 1973). Figure 7.3: 11 shows 
both the load-length relationship and the "stress" -strain relationship. The 
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Figure 7.3: 10 The creep curves of the cervixes of rats in various stages of pregnancy, 
stretched by the loads indicated. From Harkness and Harkness (1959), by permission. 

change of length at zero load with days post partum shows the rapid change 
of the size of the cervix. The distensibility increases but the strength decreases 
with days post partum. If "stress" is calculated by excluding ground sub
stance and including only the estimated collagen fibers' cross-sectional 
area, then Fig. 7.3: 11 (b) shows that the collagen framework per se is actually 
stronger at one day post partum than in the virgin state. Then the strength 
decreases during the resorptive and restorative phase to well below the 
values for the virginal animal. 

It was suggested by the Harknesses (1959b) that the creep characteristics 
of the near-term uterine cervix are due to changes in the ground substance. 
They treated the cervix with the enzyme trypsin, which does not attack 
collagen, and found that the creep rate was greatly increased. They also 
found that the uterus of the nonpregnant rat undergoes cyclic changes in 
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Figure 7.3: 11 The mechanical behavior of the uterine cervix of the rat, virginal (V), 
and 1, 5, and 18 days post partum. Figure on the left (A) shows load vs. length, with 
specimens relaxed at zero load and then loaded until failure. Figure on the right (8) 
shows "stress-strain" curves for the same experiment. From Viidik (1973), who attrib
uted the data to Dr. A. Rundgren. Reproduced by permission. Uc stands for the 
estimated total cross sectional area of the collagen fibers in the uterine cervix specimen. 

water content but not in dry weight, whereas the maximum tensile strength 
decreases when the tissue is swollen. Thus a swollen cervix with increased 
water content and changed ground substance properties may be the reason 
for the dramatic distensibility of uterine cervix in the process of giving 
birth. 

7.4 Thermodynamics of Elastic Deformation 

In the preceding sections we considered a number of elastic solids. It would 
be interesting to consider the relationship between the elasticity and the 
internal constitution of the material: whether it is crystalline or amorphous. 
Without going into the details of molecular structure and material consti
tution, we can clarify the essence of the problem from thermodynamic 
considerations. 

There are two sources of elastic response to deformation: change of 
internal energy, and change of entropy. To see this, let us consider the laws 
of thermodynamics connecting the specific internal energy Iff (internal 
energy per unit mass), specific entropy S (entropy per unit mass), absolute 
temperature T, pressure p, specific volume V, density p, stress aij' strain 
eij' and stress and strain deviations a;j, e;j. The first law of thermodynamics 
(law of conservation of energy) states that in a given body of material of 
unit volume an infinitesimal change of internal energy is equal to the sum 
of heat transfered to the body, dQ, and work done on the body, which is 
equal to the product of the stress aij and the change of strain deij' i.e., aij 
deij. Expressing all quantities in unit mass (mass in unit volume is p), we 
obtain 
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1 
dC = dQ + P uijdeij. (1) 

Note that the summation convention for indexes is used here: a repetition 
of the index i or j means summation over the range 1, 2, and 3. 

The second law of thermodynamics states that the heat input dQ is equal 
to the product of the absolute temperature T and the change of entropy 
dS: 

dQ = TdS. (2) 

Combining these expressions, we have 

1 
dC = TdS + P uijdeij. (3) 

(See Y. C. Fung, Foundations of Solid Mechanics, p. 348 et seq. for further 
details.) In mechanics it is useful to separate out the pressure (negative of the 
mean stress) from the stress and write 

(4) 

where Utj represents the stress deviations. Correspondingly, the strain is 
separated into a volumetric change and a distortion part: 

(5) 

where eaa is the change of volume dV, and etj represents the strain deviations. 
Using Eqs. (4) and (5), we can write Eq. (3) as 

dC = TdS - pdV + ~ Utjdetj. (6) 

If C and S are considered as functions of the strain eij and temperature T, 
then we obtain from Eq. (3): 

U··=P --T-( ac as) 
'J aeij aeij T· 

(7) 

This equation shows that the stress uij arises from two causes: the increase 
of specific internal energy with respect to strain, oC /oeij' and the decrease 
of the specific entropy with respect to strain, - oS/oeij' both converted to 
values per unit volume of the material through multiplication by the density 
p. Alternatively, we may use the change of specific volume (vol. per unit 
mass), dV = eaa/p and the strain deviations to describe the deformation; 
then the use of Eq. (6) yields 

U;j = P (~~ - T ~~) , 
Ueij ueij T 

(8) 
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_p = (arC _ T as) 
av av T' 

(9) 

From Eq. (7) we see that if the entropy does not change (isentropic process), 
then 

(10) 

But if the internal energy does not change, then the stresses arise from the 
entropy, 

(1ij = - pT as I . 
aeij 8, T 

(11) 

According to statistical mechanics, entropy is proportional to the log
arithm of the number of possible configurations that can be assumed by 
the atoms in a body. The more the atoms are randomly dispersed or in 
random motion, the higher the entropy. If order is imposed, the entropy 
decreases. The entropy source of stress arises from the. increased order or 
decreased disorder of the atoms in a material when strain is increased. 

There are two ways with which the entropy of a body can be changed: 
by conduction of heat through the boundary, and by internal entropy pro
duction through internal irreversible processes such as viscous friction, 
thermal currents between crystals, polymer chain changes, and structural 
configuration changes. In laboratory experiments isentropic condition is 
not easy to achieve. If the internal entropy production does not vanish, 
then to maintain a constant entropy in the specimen a certain exact amount 
of heat must be conducted away from the surface. Hence in practice, the 
use of Eq. (10) is limited. 

On the other hand, an isothermal (constant temperature) condition is 
easier to maintain. If temperature and strain are considered as the inde
pendent variables, we can transform Eq. (3) by introducing a new dependent 
variable 

F = rC - TS, (12) 

which is called the specific free energy (i.e., free energy per unit mass). Dif
ferentiating Eq. (12) and using Eq. (3), we obtain 

dF = drC - TdS - SdT 

1 
= P (1;jdeij - S dT. (13) 

In analogy with Eq. (7), we obtain 

(1ij = p(aF + S ilT) , 
aeij oeij S 

(14) 
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which is another way of stating the sources of stress: through change of 
free energy and temperature. In the particular case of an isothermal process, 
T = const., we obtain 

Uij = Pa
aF I. eij T 

(15) 

Equations (10), (11), and (15) can also be derived by observing that for any 
function F of T and eij, we must have 

aFI aFI dF = aT dT + ~ deii' 
e e'l T 

which, when compared with Eq. (13), yields 

~ uij = aF I ' 
P aeij T 

-s= aFI. 
aT e 

(16) 

(17) 

(18) 

Differentiating Eq. (15) with respect to T and Eq. (18) with respect to eij' 
we see that they are both equal to a2F/aTaeij' Hence 

~(Uij) __ as (19) 
aT P - aeij' 

Substituting back into Eq. (7), we have 

as I a I Uij = P- + T-(ui) . 
aeil" T aT e"" 

'J 

(20) 

The factor p in the last term can be canceled because p does not change 
when eij is held constant. 

Equation (20) is a transformation of Eq. (7) into a form more convenient 
for laboratory experimentation. We see from Eqs. (20) and (19) that the 
contribution to stress due to entropy change can be measured by measuring 
the change of stress Uij with respect to temperature under the condition of 
constant strain. Let a piece of material be held stretched at constant strain 
while the temperature T is altered. The equilibrium stress uij is measured, 
which gives uij as a function of T. We can then compute T(auu/aT), which 
gives us the contribution of entropy change to stress response to changing 
strain. Note that T(auu/aT) isequal to (auu/a In T); hence if uij at constant 
strain is plotted against loge T, then the slope of the curve of Uij vs. loge T is 
equal to the stress due to entropy, the second term of Eq. (20). 

Experiments of this sort have been done on rubber, and it has led to the 
conclusion that rubber elasticity is derived mainly from entropy change. 
Similar experiments can be done on biological materials, except that the 
range of temperature at which a living tissue can remain viable is usually 



7.5 Behavior of Soft Tissues Under Uniaxial Loading 269 

very limited, and the range of log T could be too small to be useful. If the 
material changes with changing temperature, then again the method can
not be applied. For example, it does not work for table jelly, whose cross
links break as the temperature rises. It does not work for elastin, which 
takes up water from the surroundings as the temperature changes. 

Engineers are familiar with the concept of strain energy function. If a 
material is elastic and has a strain energy function W, which is a function 
of the strain components el b e22, e33, e12, e23, e31, then the stress can be 
obtained from the strain energy function by differentiation: 

aw 
(21) 

This equation appears very similar to Eqs. (10) and (17). Hence tli.e strain 
energy function can be identified with the internal energy per unit volume 
in an isentropic process, or the free energy per unit volume in an isothermal 
process. In a .more general situation, entropy and internal energy both 
change, or free energy and temperature both change; then Eq. (21) would 
have to be identified with Eqs. (7) or (14). Thus the strain energy function 
depends on the thermodynamic process. The identification of Eq. (21) with 
the thermodynamic equations (7), (10), (11), (14), and (15) is considered to 
be a justification of the assumption of the existence of the strain energy 
function. 

Finally, note that all the discussion above presupposes that the state 
variables are T, S, and eij, that is, the internal energy and the free energy 
are functions of the strain eij, and not of the history of strain, or strain rate, 
or any other factors such as pH, electric charges, chemical reaction, etc. 
If these other variables are also significant, then the stress will depend 
not only on strain, but also on the other variables. In other words, the dis
cussion above is applicable only to elastic bodies and elastic stress. The 
concept of strain energy function embodied in Eq. (21) is applicable only 
to elastic bodies. 

7.5 Behavior of Soft Tissues Under Uniaxial Loading* 

So far we have discussed some more or less "pure" biological materials. From 
here on we shall consider tissues that are composed of several of these mate
rials and ground substances. 

From the point of view of biomechanics, the properties of a tissue are 
known if its constitutive equation is known. The constitutive equation of a 
material can only be determined by experiments. 

* The following material up to p. 285 is taken from the author's paper "Stress-Strain-History 
Relations of Soft Tissues in Simple Elongation," in Biomechanics: Its Foundations and Objectives, 
Y. C. Fung, N. Perrone, and M. Anliker (eds.) Prentice-HaIl. 1972. 
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The simplest experiment that can be done on a biosolid is the uniaxial 
tension test. For this purpose a specimen of cylindrical shape is prepared and 
stretched in a testing machine. The load and elongation are recorded for 
prescribed loading or stretching histories. From these records we can deduce 
the stress-strain relationship of the material under uniaxial loading. 

That the stress-strain relationship of animal tissues deviates from Hooke's 
law was known to Wertheim (1847), who showed that the stress increases 
much faster with increasing strain than Hooke's law predicts. It is also known 
that tissues in the physiological state are usually not unstressed. If an artery is 
cut, it will shrink away from the cut. A broken tendon retracts away; the lung 
tissue is in tension at all times. 

If a segment of an artery is excised and tested in a tensile testing machine 
by imposing a cyclically varying strain, the stress response will show a hys
teresis loop with each cycle, but the loop decreases with succeeding cycles, 
rapidly at first, then tending to a steady state after a number of cycles (see 
Fig. 7.5 :1). The existence of such an initial period of adjustment after a large 
disturbance seems common to all tissues. From the point of view of me chan i
cal testing, the process is called preconditioning. Generally, only mechanical 
data of preconditioned specimens are presented. 

The hysteresis curves of a rabbit papillary muscle (unstimulated) are shown 
in Fig. 7.5:2. Simple tension was imposed by loading and unloading at the 
rates indicated in the figure. It is seen that the hysteresis loops did not depend 
very much on the rate of strain. In general, this insensitivity with respect to 
the strain rate holds within at least a 103- fold change in strain rate. 

Figure 7.S: 3 shows a stress-relaxation curve for the mesentery of the 
rabbit. The specimen was strained at a constant rate until a tension T 1 was 
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Figure 7.5: 1 Preconditioning. Cyclic stress response of a dog's carotid artery, which was 
maintained in cylindrical configuration (by appropriate inflation or deflation) when 
stretched longitudinally. ;'1 is the stretch ratio referred to the zero-stress length of the 
segment; 37°,0.21 cycles/min. Physiological length Lp = 4.22 em. Lp/Lo = 1.67. Diam
eter at physiological condition = 0.32 cm. Ao = 0.056 cm2• Dog wt., 18 kg. From Lee, 
Frasher, and Fung (1967). 
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Figure 7.5: 2 The length-tension curve of a resting papillary muscle from the right 
ventricle of the rabbit. Strain rates 0.09% length/sec; 0.9% length/sec; and 9% 
length/sec. Length at 9 mg force = 0.936 cm. 37°C. Ao = 1.287 mm2• From Fung 
(1972), by courtesy of Dr. John Pinto. 

80 

Z 60 E 
oj 

~ 40 
.£ 

20 

0 

0 

Tl 

----------------------~~ 

II - 3 RABBIT MES. 
La =1.47, I,m = 3.40 cm 
RATE TO PEAK 1.27 cm/min 

2 3 
TIME, MINUTES 

Figure 7.5:3 Relaxation curve of a rabbit mesentery. The specimen was stressed at a 
strain rate of 1.27 em/min to the peak. Then the moving head of the testing machine 
was suddenly stopped so that the strain remained constant. The subsequent relaxation 
of stress is shown. From Fung (1967). 
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Figure 7.5:4 Long-term relaxation of rabbit mesentery. Solid curve shows the mean 
reduced relaxation function for 16 different initial stress values. The dashed curve 
refers to one test at a much lower stress level. By H. Chen; reproduced from Fung (1972). 

obtained. The length of the specimen was then held fixed and the change of 
tension with time was plotted. In a linear scale of time only the initial portion 
of the relaxation curve is seen. Relaxation in a long period of time is shown in 
Fig. 7.5 :4, in which the abscissa is log t. It is seen that in 17 hours a large 
portion of the initial stress was relaxed. If the initial stress is sufficiently high, 
the relaxation curve does not level off even at t = 105 sec (see the solid curve 
in Fig. 7.5 :4). If, however, the initial stress is lower than a certain value, the 
stress levels off at the elapse of a long time, as shown by the dashed curve in 
Fig. 7.5 :4. Apparently, at the higher stress levels, the relaxation has not 
stopped even at 105 sec. The reduced relaxation function G(t) shown here is 
defined by Eq. (1) infra. 

Figure 7.5: 5 illustrates the creep characteristics of the papillary muscles of 
the rabbit loaded in the resting state under a constant weight. The change of 
length was recorded and replotted on a logarithmic scale of time. The creep 
characteristics depend very much on the temperature and the load. 

These features of hysteresis, relaxation, and creep at lower stress ranges 
("physiological") are seen on all materials tested in our laboratory: the 
mesentery of the rabbit and dog, the femoral and carotid arteries and the 
veins of the dog, cat, and rabbit, the ureter of several species of animals, in-
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Figure 7.5: 5 Creep characteristics of the papillary muscle of the rabbit. By 1. Pinto; 
reproduced from Fung (1972). 

cluding human, and the papillary muscles at the resting state. The major 
differences among these tissues are the degree of distensibility. In the physio
logical range, the mesentery can be extended 100%-200% from the relaxed 
(unstressed) length, the ureter can be stretched about 60%, the resting heart 
muscle about 15%, the arteries and veins about 60%, the skin about 40%, and 
the tendons 2%-5%. Beyond these ranges the tissues usually have a large 
reserve strength before they rupture and fail. 

7.5.1 Stress Response in Loading and Unloading 

In the following we speak of stress and strain in the Lagrangian sense. For a 
one-dimensional specimen loaded in tension, the tensile stress T is the load P 
divided by the cross-sectional area of the specimen at the zero stress state, Ao; 
whereas the "stretch ratio" ;. is the ratio ofthe length of the specimen stretched 
under the load, L, divided by the initial length at the zero stress state, Lo. Thus 

P 
T=··

A' o 
(1) 

The zero stress state of the specimen must be identified. The identification 
may not be easy because in the neighborhood of the zero stress state a soft 
tissue can be very soft and difficult to handle. But this step cannot be omitted. 
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For an incompressible material, the cross-sectional area of a cylindrical 
specimen is reduced by a factor 1/A. when the length of the specimen is in
creased by a factor A.. Hence the Eulerian stress 0" (which is referred to the 
cross section of the deformed specimen) is A. times T: 

p p 
O"=-=-A.=TA.. 

A Ao 
(2) 

Consider first the relationship between load and deflection in the loading 
process. If the slope of the T vs. A. curve as shown in Fig. 7.5: 2 is plotted 
against T, the result as shown in Fig. 7.5:6 is obtained. As a first approxi
mation, we may fit the experimental curve by a straight line in the range of T 
exhibited and by the equation 

dT 
dA. = rx(T + 13)· (3) 

Then, an integration gives 

T + 13 = celX.l.. (4) 
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Figure 7.5: 6 The variation of the Young's modulus with stress at a strain rate of 0.9% 
length/sec, illustrating the method of determining the constants ~1' Pl' Near the origin, 
a different straight line segment is required to fit the experimental data. From Fung 
(1972). 
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The integration constant can be determined by finding one point on the curve, 
say T = T* when A = A*. Then 

T = (T* + p)ea(A-A*) - p. (5) 

Note that if A is referred to the natural state, we must have, by definition, 
T = 0 when A = 1; this is possible only if 

T*e-a(A*-l) 

P = 1 a(A* 1)· -e 
(6) 

Equation (3) includes Hookean materials, for which 

dT 
dA = const. (7) 

A more refined representation of the experimental data shown in Fig. 7.5: 6 
can be made by several straightline segments, e.g., 

dT 
dA =cx1(T+Pd for 0::; T::; T1 , I<A::;A1, (8a) 

dT 
dA = cx2(T + P2) for T1 ::; T::; T2, A ~ A1 • (8b) 

This is often a good practical choice because in the analysis of organ function 
the quantity dT/dA appears frequently, and it is desirable to have it represented 
by as simple a form as possible. In this case, the integrated curve must be 
represented by two expressions in the form of Eq. (5), matched at the juncture 
T= T1 . 

Unloading at the same strain rate results in similar straight lines with 
different slopes, as shown by the dotted curve in Fig. 7.5: 6. 

7.5.2 Other Expressions 

One of the best known approaches to the elasticity of bodies capable of finite 
deformation is to postulate the form of an elastic potential, or strain energy 
function, W. For example, if a body is elastically isotropic, the strain energy 
function must be a function of the strain invariants. Well-known examples 
of strain-energy functions are those of Mooney (1940), Rivlin (1947), and 
Rivlin and Saunders (1951). See the treatise of Green and Adkins (1960), where 
references are given. 

Valanis and Landel (1967) presented a strain-energy function 

3 

W = L J(ln Ai)' (9) 
i=l 

where A1 , A2, A3 are the principal stretch ratios and J is a certain function. 
Specific applicaton of Valanis's form to soft tissues was made by Blatz et al. 
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(1969), who proposed the following: 

J(ln A;) = C(At - 1). (10) 

When applied to the rabbit's mesentery, Blatz et al. (1969) found a = 18. For 
skeletal muscle in the resting state, they found a = 8; for latex rubber, a = 1.5. 

Blatz et al. (1969) proposed also the following: 

J(lnA;) = C[ea('<f-l) - 1], (11) 

for which the uniaxial tension case of an incompressible material gives 

a = (~) {Aea(F-l) _ ~ea[(1/'<)-11}. 
a + 1 .12 

(12) 

Veronda and Westmann (1970) proposed the following form for the strain 
potential of an isotropic material expressed in terms of the strain invariants 
11 ,12 ,13 : 

where C b C 2, [3, are constants and g is a function which becomes zero if the 
material is incompressible, gel) = O. For cat's skin, they suggested the 
following constants: 

C 1 = 0.00394, [3 = 5.03, C2 = -0.01985. 

Equation (13) presupposes isotropy. However, most biological tissues are not 
isotropic. 

Other expressions proposed, but not reduced to the form of strain energy, 
and not pretending to be generally valid for three-dimensional stress states, 
are the following: 

Wertheim (1847) 

Morgan (1960) 

Kenedi et al. (1964) 

a = B[eme - 1], 
Ridge and Wright (1964) I: = C + kab , 

I: = X + Y log a . 

(14) 

For example, cornea is a clear window comprising the most anterior 
portion of the eye. It is comprised of five layers: the epithelium, Bowman's 
membrane, the stroma, Descemet's membrane, and the endothelium. The 
fibers in each layer are parallel, and in successive layers run in alternate 
orthogonal directions. Hoeltzel et al. (1992) measured the mechanical prop
erties of bovine, rabbit, and human corneas under uniaxial tension. Cyclic 
tensile tests were performed over the physiological range, up to a maximum 
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TABLE 7.5: 1 Hoeltzel et al.'s (1992) Results on the Uniaxial Tensile Stress
Strain Relationship of Cornea in the Third Cycle of Loading 

Human Rabbit Bovine 

Parameter or; (MPa) 99 134 121 
Exponent f3 1.98 1.99 2.10 
Correlation R2 0.997 0.996 0.995 
Av. thickness (mm) 0.82 0.50 1.53 
Time postmortem when tested (hrs) 36 < 12 36-48 

of 10% strain beyond slack strain. The stress-strain relationships were found 
to be nonlinear. An empirical formula is used to fit the experimental data: 

In (1 = In ex + pln(e - es ), 

where (1 is stress, e is strain, es represents the slack strain (the difference between 
zero strain and the smallest strain to initiate load bearing in the specimen), 
and ex and P are constants. This is 

(1 = ex(e - est 

Table 7.5: 1 shows the numerical results. R2 is the correlation coeffi
cient. Edema, environmental factors, and change of dimensions during test are 
discussed in the original paper. 

7.6 Quasi-Linear Viscoelasticity of Soft Tissues 

The experimental results illustrated in Figs. 7.5: 1 through 7.5: 6 show that 
biological tissues are not elastic. The history of strain affects the stress. In 
particular, there is a considerable difference in stress response to loading and 
unloading. 

Most authors discuss soft tissue experiments in the framework of the linear 
theory of viscoelasticity relating stress and strain on the basis of the Voigt, 
Maxwell, and Kelvin models, Sec. 2.11. Buchthal and Kaiser (1951) formulated 
a continuous relaxation spectrum that corresponds to a combination of an 
infinite number of Voigt and Maxwell elements. A nonlinear theory of the 
Kelvin type was proposed by Viidik (1966) on the basis ofa sequence of springs 
of different natural length, with the number of participating springs increasing 
with increasing strain. 

It is reasonable to expect that for oscillations of small amplitude about an 
equilibrium state, the theory oflinear viscoelasticity should apply. For finite 
deformations, however, the nonlinear stress-strain characteristics of the living 
tissues must be accounted for. 

Instead of developing a constitutive equation by gradual specialization of 
a general formulation, I shall go at once to a special hypothesis. Let us 
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consider a cylindrical specimen subjected to tensile load. If a step increase in 
elongation (from A = 1 to A) is imposed on the specimen, the stress developed 
will be a function of time as well as of the stretch A. The history of the stress 
response, called the relaxation function, and denoted by K(A, t), is assumed to 
be of the form 

K(A, t) = G(t)T(e)(A), G(O) = 1, (1) 

in which G(t), a normalized function of time, is called the reduced relaxation 
function, and T(e)(A), a function of A alone, is called the elastic response. We 
then assume that the stress response to an infinitesimal change in stretch, 
DA(r), superposed on a specimen in a state of stretch A at an instant of time 
r,is,fort>r: 

( _ )aT(e>[A(r)] ~1() 
G t r aA VA r . (2) 

Finally, we assume that the superposition principle applies, so that 

( ) = fl G( - ) aT(e)[A(r)] aA(r) d 
T t _ 00 t r a), ar r, (3) 

that is, the tensile stress at time t is the sum of contributions of all the past 
changes, each governed by the same reduced relaxation function. 

Rewriting Eq. (3) in the form 

T(t) = roo G(t - r)t(e)(r) dr, (4) 

where a dot denotes the rate of change with time, we see that the stress 
response is described by a linear law relating the stress T with the elastic 
response T(e). The function T(e)(A) plays the role assumed by the strain 8 in 
the conventional theory of viscoelasticity. Therefore, the machinery of the 
well-known theory oflinear viscoelasticity (see Chapter 2, Sec. 2.11, and the 
author's Foundations of Solid Mechanics, Chapter 15) can be applied to this 
hypothetical material. 

The inverse of Eq. (4) may be written as 

(5) 

which defines the reduced creep function J(t). Let T(e)(A) = F(A) and ), = 
F- 1(T(e») be the inverse of F(A), i.e., the stretch ratio corresponding to the 
tensile stress T(e). Then for a unit step change of the tensile stress T at t = 0, 
the time history of the stretch ratio is 

A(t) = F-l[J(t)]. (6) 

The lower limits of integration in Eqs. (3), (4), and (5) are written as - 00 

to mean that the integration is to be taken before the very beginning of the 
motion. If the motion starts at time t = 0, and aij = eij = ° for t < 0, Eq. (3) 
reduces to 
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T(t) = T(e)(o+ )G(t) + f: G(t - r) aT(e~~).(r)] dr. (7) 

If aT(e)jat, aGjat are continuous in 0 ~ t < 00, the equation above is equi
valent to 

(8a) 

a it = at Jo T(e)(t - r)G(r)dr. (8b) 

Equation (8a) is suitable for a simple interpretation. Since, by definition, 
G(O) = 1, we have 

T(t) = T(el[ ).(t)] + it T(e)[ ).(t - r)] aG(r) dr. 
Jo ar 

(9) 

Thus the tensile stress at any time t is equal to the instantaneous stress re
sponse T(e)[ ).(t)] decreased by an amount depending on the past history, 
because aG(r)/ar is generally of negative value. The question of experimental 
determination of T(e)().) and G(t) will be discussed in the following sections. 

7.6.1 The Elastic Response T(e)(A) 

By definition, T(e)().) is the tensile stress instantaneously generated in the 
tissue when a step function of stretching ). is imposed on the specimen. 
Strict laboratory measurement of T(e)(A) according to this definition is dif
ficult, because at a sudden application of loading, transient stress waves 
will be induced in the specimen and a recording of the stress response will 
be confused by these elastic waves. However, if we assume that the relaxation 
function G(t) is a continuous function, then T(e)(A) may be approximated 
by the tensile stress response in a loading experiment with a sufficiently 
high rate of loading. In other words, we may take the T(A) obtained in Sec. 
7.5 as T(e). 

A justification of this procedure is the following. The relaxation function 
G(t) is a continuously varying decreasing function as shown in Fig. 7.5:4 
(normalized to 1 at t = 0). Now, if by some monotonic process A is increased 
from 0 to ). in a time interval e, then at the time t = e we have, according to 
Eq. (9), 

Je aG(r) 
T(e) = T(e)(A) + T(e)[A(e - r)] --dr. 

o ar 
(10) 

But, as r increases from 0 to e, the integrand never changes sign, hence 

(11) 
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where 0 S c s e. Since cGjo, is finite, the second term tends to 0 with e. 
Therefore, if e is so small that e loGjo'l « 1, then 

T(e)(A) == T(e). (12) 

7.6.2 The Reduced Relaxation Function G(t) 

It is customary to analyze the relaxation function into the sum of exponential 
functions and identify each exponent with the rate constant of a relaxation 
mechanism; thus 

(13) 

Two important points are often missed: 

(1) If an experiment is cut off prematurely, one may mistakenly arrive at an 
erroneous limiting value G( (0), which corresponds to Vo = 0 in Eq. (13). 

(2) The exponents Vi should not be interpreted literally without realizing that 
the representation of empirical data by a sum of exponentials is a non
unique process in practice. 

As an example of the first point, the relaxation curves of Buchthal and 
Kaiser (1951) terminate at 100 ms. However, the data in Fig. 7.5:4 show that 
relaxation goes on beyond 1000 min! Examples of the second kind lead to 
the observation that a measured characteristic time of a relaxation experi
ment often turns out to be the length of the experiment. Lanczos (1956, p. 276) 
gives an example in which a certain set of24 decay observations was analyzed 
and found that it could be fit equally well by three different expressions for x 
between 0 and 1: 

f(x) = 2.202e- 4.45x + 0.305e-1.58x, 

f(x) = 0.0951e- x + 0.8607e- 3x + 1.5576e- 5X, (14) 

f(x) = 0.041e- o.5x + 0.7ge- 2 .73x + 1.68e- 4.96x. 

Lanczos comments, "It would be idle to hope that some other modified 
mathematical procedure could give better results, since the difficulty lies not 
with the manner of evaluation but with the extraordinary sensitivity of the 
exponents and amplitudes to very small changes ofthe data, which no amount 
of least-square or other form of statistics could remedy." 

Realizing these difficulties, we conclude first that for a living tissue, a 
viscoelasticity law based on the fully relaxed elastic response, G(t) as t -+ 00, 

is unreliable. In fact, a formulation based on G( (0) may run into a true dif
ficulty because often it seems that G(t) -+ 0 when t -+ 00. Secondly, one 
should look into other experiments, such as creep, hysteresis, and oscillation, 
in order to determine the relaxation function. 
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7.6.3 A Special Characteristic of Hysteresis of Living Tissues 

The hysteresis curves of most biological soft tissues have a salient feature: the 
hysteresis loop is almost independent of the strain rate within several decades 
of the rate variation. This insensitivity is incompatible with any viscoelastic 
model that consists of a finite number of springs and dash pots. Such a model 
will have discrete relaxation rate constants. If the specimen is strained at a 
variable rate, the hysteresis loop will reach a maximum at a rate corresponding 
to a relaxation constant. A discrete model, therefore, corresponds to a discrete 
hysteresis spectrum, in opposition to the feature ofliving tissues that we have 
just described. This suggests at once that one should consider a continuous 
distribution of the exponents Vi: thus passing from a discrete spectrum ai 
associated with Vi to a continuous spectrum a(v) associated with a continuous 
variable V between 0 and 00. 

7.6.4 G(t) Related to Hysteresis 

Let us consider a standard linear solid (Kelvin model), for which the governing 
differential equation is [see Chapter 2, Sec. 2.11, Eq. (2.11: 7)] 

(15) 

where '" "I' ER are constants. Equation (15) is subjected to the initial con
dition 

(16) 

However, our special definition of the reduced relaxation function requires 
that 

T(e)(o) = T(O), G(O) = 1, (17) 
hence 

(18) 

By integrating Eq. (15) with the initial condition specified above, we obtain 
the response T(e) to a unit step increase in stress T(t) = l(t): the creep function 

J(t) = ;R [1 -(1 -::) e-t/taJ l(t). (19) 

Conversely, the relaxation function is obtained by integrating the differential 
equation for stress T for a unit step increase in the elastic response: 

(20) 

With these expressions the meaning of the constants '''' '" ER are clear. '" 
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is the time constant for creep at constant stress, r. is the time constant for 
relaxation at constant strain, and ER is the "residual," the fraction of the 
elastic response that is left in the specimen after a long relaxation, t -+ 00. 

These physical constants are related through Eq. (18). 
If a sinusoidal oscillation is considered, so that in Eq. (3) we substitute 

T(t) = Toeirot, T<e)(t) = T~)eirot, (21) 

then, on changing t - r to e and e to t, we obtain 

(22) 

where .A is the complex modulus. By using Eq. (20), or, more simply, Eq. 
(15), we obtain 

b is the phase shift, and tan b is a measure of "internal damping": 

w(ru - r.) 
tan b = 1 2( ). + w rur. 

(23) 

(24) 

When the modulus I.AI and the internal damping tan b are plotted against 
the logarithm of w, curves as shown in Fig. 7.6: 1 are obtained. The damping 
reaches a peak when the frequency w is equal to 1/.Jrur •. Correspondingly, 
the elastic modulus I.AI has the fastest rise for frequencies in the neighbor
hood of 1/.Jrur •. If the internal friction (hysteresis loop) is insensitive to 
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Figure 7.6:1 The dynamic modulus of elasticity I"{{I and the internal damping tan 8 
plotted as a function of logarithm of frequency w, for a standard linear solid. From 
Fung (1972). 
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frequency ro, we must spread out the peak. This can be done by superposing a 
larger number of Kelvin models. This is the basic reason for introducing a 
continuous spectrum of relaxation time into our problem. 

7.6.5 Continuous Spectrum of Relaxation 

To implement the idea of continuous spectrum, let us first rewrite the relaxa
tion function in a different notation. Let 

Then substituting into Eqs. (20) and (23), we obtain 

1 
G(t) = 1 + S [1 + Se- t / t £], 

.,# = 1 ~ S (1 + S ror, 1 + is 1 1 ). 
ror,+- ror,+-

ror, ror, 

(25) 

(26) 

(27) 

Now, let r, be replaced by a continuous variable r, and let S(r) be a function 
of r. For a system with a continuous spectrum, we replace S by S(r)dr in 
Eqs. (26), (27), and (19) and integrate with respect to r to obtain the following 
generalized reduced relaxation function and complex modulus: 

G(t) = [1 + f: S(r)e-t/ t drJ [1 + f: S(r) dr T1, (28) 

[ fro roT dT fro dT] [fro J-1 "#(ro) = 1 + 0 S(T) ror + ~ + 0 is(r) ror + ~ 1 + 0 S(T)dr 

roT ror 
(29) 

A normalization factor is added to each of these formulas to meet the 
definition that G(t) -+ 1, J(t) -+ 1 when t -+ O. 

Our task is to find the function S(T) that will make G(t), J(t), and "#(ro) 
match the experimental results. In particular, we want "#(ro) to be nearly 
constant for a wide range of frequency. 

A specific proposal is to consider 

c 
S(r) =-

r 
(30) 

=0 (31) 

where c is a dimensionless constant. Then 
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Figure 7.6:2 The stiffness (real part of the complex modulus ,A) and the damping 
plotted as functions of the logarithm of the frequency w; corresponding to a continuous 
relaxation spectrum S(,) = c/' for '1::;;'::;; '2 and zero elsewhere. 'I = 10- 2, '2 = 102. 
From Neubert (1963). 

vH(w) = {I + 1:2 [c 1 + ~:-cf + 1 +i~W-C)2J d(W-C)} { 1 + 1:2 ~ d-c}-1 

= {I + ~ [In(l + W2-C~) - In(l + w2-cDJ 

+ ic[tan-1(w-c2) - tan-1 (w-c dJ} {I + cln ::r1 (32) 

This results in a rather constant damping for -c 1 :::;; l/w :::;; -C 2, as can be seen 
from Fig. 7.6:2 for an example in which -Cl = 10-2, -C2 = 102. The variable 
part of the stiffness [the real part of vH(w)] is also plotted in Fig. 7.6:2. The 
maximum damping occurs when the frequency is Wn = 1/J(-CI-C2). The stiff
ness rises the fastest in the neighborhood of Wn. At COn, the maximum damping 
is proportional to 

(33) 

which varies rather slowly with -C 2/-C 1 ratio, as can be seen from Fig. 7.6: 3, 
in which the above quantity divided by In(-c2/-c 1) is plotted. 

The corresponding reduced relaxation function can be evaluated in terms 
of the exponential integral function which is tabulated. Figure 7.6:4 shows 
an example in which G(t) is plotted as a function of time. The portion in the 
middle, -C 1 « t « -c 2' is nearly a straight line; therefore the stresses decreases 
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Figure 7.6:3 The maximum damping as a function of the ratio r2/r1 for a solid corre
sponding to a continuous relaxation spectrum. S(r) = clr for r 1 ::::; r::::; r2, and zero 
elsewhere. From Neubert (1963). 

1.0 

ro 
:J 
-0 
'in 
~ 

B 
c 
0 .;:; 

'" x 0.5 '" 0; 
a: 

'0 
c 
0 .;:; 
u 
~ 
~ 

0 

10'3 

~ 

'" " '" " '" T, =10'2 " ~ T2=102 

Hr2 
T, 

10" 10 

TIME t 

103 

Figure 7.6:4 The reduced relaxation function G(t) of a solid with a continuous relaxa
tion spectrum Sir) = clr for r 1 ::::;,::::; '2' and zero elsewhere. From Neubert (1963). 

with In t in that segment. This specific spectrum, therefore, gives us the features 
desired. We are left with three parameters, c, '1' '2, to adjust with respect to 
the experimental data. 

On substituting Eq. (30) into Eq. (28), and evaluating the integrals, we 
obtain the reduced relaxation function: 

where E1 (z) is the exponential integral function defined by the equation 
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(Iargzl < n) (35) 

and tabulated in Abramowitz and Stegun (1964). For t --+ 00, E1(tlr:2) and 
E 1 (tIr d--+ 0, and 

(36) 

For values of t of the order of 1 sec, 

G(t) = [1 - cy - cln(t/r2 )] [1 + cln(r2/rl)]-1, (37) 

where y is the Euler's constant. In an interval within (r 1, r 2)' the slopes of the 
relaxation and creep curves vs. the logarithm of time are 

dG c 
(38) 

To obtain the reduced creep function J(t) corresponding to the relaxation 
function given by Eq. (34), Dortmans et al. (1987) used the method of Laplace 
transformation. The Laplace transform of a function f(t) is given by 

J(s) = f: f(t)e- st dt (39) 

Multiplying Eqs. (4) and (5) by e-st dt and integrating from 0 to 00, one obtains 

Hence 

- 1 -
T(e)(s) = -=- T(s) = sJ(s)T(s) 

sG(s) 

- - 1 
J(s)G(s) = 2" 

s 

(40) 

(41) 

which shows that the reduced creep function is related to the reduced relaxa
tion function as the inverse ofEq. (41): 

f~ J(t - r)G(r)dr = t (42) 

From Eq. (34), we have 

G(s) = G(oo)S-l{1 + cln[(1 + sr2)/(1 + srdJ} (43) 

Hence, from Eq. (41), 

J(s) = J(oo)s-l{1 + cln[(1 + sr2)/(1 + sr1)Jt1 (44) 

where 

J(oo) = I/G(oo) = 1 + cln(r2/rd (45) 

The creep function J(t) can be obtained from Eq. (44) by taking the inverse 
Laplace transform. In this way Dortmans et al (1987) found 
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Jllt2 1 e-xt d } +c ~ X 
lit, (cn)Z + [1 + cln(x,z - 1)/(1 - X'l)]Z X 

(46) 

In practical applications of these formulas to living tissues. I have the 
experience that the relaxation spectrum given by Eqs. (30), (31) and the 
associated the relaxation function given by Eq. (34), the complex modulus 
given by Eq. (32), and the damping given by Eq. (33) work very well in virtually 
all cases we know, but the creep function given by Eqs. (45) and (46) does not 
work so well (they are quite good for papillary muscle, but not for blood vessels 
and lung tissue). I have a feeling that creep is fundamentally more nonlinear, 
and perhaps does not obey the quasi-linear hypothesis. The microstructural 
process taking place in a material undergoing creep could be quite different 
from that undergoing relaxation or oscillation. Analogous situation is known 
for metals at higher temperature. 

7.6.6 A Graphic Summary 

The models presented above are summarized in Fig. 7.6: 5. In the top row are 
shown the well-known linear spring-damper models of Maxwell, Voigt, and 
Kelvin (Sec. 2.11). In the second row are shown the hysteresis-log frequency 
relationships of the three models directly above. The significant variation of 
hysteresis with frequency is seen in each of these models. In the third row is 
our model which is a generalization of Kelvin's model in three ways: First, it 
is a combination of a large number of Kelvin's units in series. Second, the 
elastic springs in every component of this model are nonlinear. The tension 
in each spring is a nonlinear function of the stretch ratio, with a constitutive 
equation of the type described in Sec. 7.5. Ali springs have the same type of 
nonlinearity; but are of different sizes. The dampers are unusual: they are linear 
with respect to the tension in the springs. Third, the sizes of the springs 
and dampers are varied in such a way that the characteristic frequencies of 
the successive Kelvin units form an almost continuous spectrum, and the 
characteristic peak hysteresis of all the units are approximately the same. The 
soft-tissue has a curve of hysteresis vs. log frequency as shown in the bottom 
row, which is pretty flat over a wide range of frequency. The flat curve is the 
sum of an infinite number of bell-shaped curves. Such a model of soft tissue 
has a continuous relaxation spectrum. 

7.6.7 Historical Remarks 

Although we found Eq. (30) for biological tissues according to the reasoning 
presented above (Fung, 1972), we found later that this spectrum has had a 
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Figure 7.6: 5 A summary of the principal features of viscoelastic models. Three stan
dard viscoelastic models, namely, the Maxwell, Voigt and Kelvin models are shown 
in the top row, and a mathematical model of the viscoelasticity of biological soft tissues 
is shown in the third row. Figures in the second row show the relationships between 
the hysteresis (H) and the logarithm offrequency (In f) of the three models immediately 
above. The figure in the bottom row shows the general hystersis-Iog frequency relation
ship of most living soft tissues, corresponding to the model shown in the third row. 
For the soft tissue model the springs are nonlinear, and each Kelvin unit contributes 
a small bell-shaped curve, the sum of which is flat over a wide range of frequencies. 
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long history. Hysteresis insensitive to frequency was described by Becker and 
Foppl (1928) in their study of electromagnetism in metals [see Becker and 
Doring (1939)]. Wagner (1913) described it in dielectricity. Theodorsen and 
Garrick (1940) introduced it into the theory of airplane flutter; it is now called 
"structural" damping by engineers, Knopoff (1965) showed that the earth's 
crust has an internal friction which is independent of the frequency. Routbart 
and Sack (1966) showed that the internal friction for nonmagnetic materials 
is either constant or decreases slightly with frequency in the range 1-40 kHz. 
Mason (1969) attributed the reason for this to the existence of a kind of "kink" 
in the dislocation line and the associated kink energy barrier. Bodner (1968) 
formulated a special plasticity theory to account for the phenomena. 

The concept of a continuous relaxation spectrum was considered by 
Wagner and Becker. Wagner (1913) investigated the function 

kb b2 2 (r) S(r)dr = ~:;/- = dz where z = log t;; , (47) 

and k, b, to are constants. Becker and Foppl (1928) introduced the spectrum 
given in Eq. (30). Neubert (1963) developed the Becker theory thoroughly. 
Guth et al. (1946) have shown that the viscoelasticity of rubber follows Eq. (30) 
also. 

7.6.8 Oscillatory Stretch 

If the elastic response T(e) is assumed to oscillate harmonically, the 
corresponding oscillation of the stretch ratio is anharmonic. Figure 7.6: 6(a) 
shows the time course of T(e) and A when T(e) oscillates harmonically. If A 

oscillates sinusoidally, then T(e) oscillates anharmonically as shown in Fig. 
7.6:6(b). If the amplitude of oscillation is small, an approximate linear 
relationship holds, and both stress and strain will oscillate harmonically. Patel 
et al. (1970) show that linear viscoelasticity applies to arteries as long as the 
superimposed sinusoidal strain remains below 4% (on top of A = 1.6), and that 
their data were reproducible up to 16 h following removal of tissue. Many 
other workers reached similar conclusions. 

7.6.9 An Example of Another Approach: Collagen Fibers in 
Uniaxial Extension 

The experimental results shown in Figs. 7.3: 7 and 7.3: 9 in Sec. 7.3 can be 
described by several regimes: (1) the small strain "toe" region in which the 
Lagrangian stress is a nonlinear function of the stretch ratio, A; (2) the almost 
linear regime in which the Lagrangian stress increases linearly with increasing 
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Figure 7.6: 6 The quasi-linear stress-strain-history relationship proposed in Eq. (9). 
(a) The time course of the extension A when the elastic response T(e) oscillates 
sinusoidally. (b) The time course of the elastic response T(e) when the extension A varies 
sinusoidally. From Fung (1972). 

A.; and (3) the nonphysiological, overly extended, and failing regime at larger 
stretch. 

The stress-strain relationship of collagen in the "toe" region can be de
scribed by an exponential expression like Eq. (4) of Sec. 7.5: 

T = C(eaA - ea ) for 1 < A. =:;; A.o. (49) 

A Hooke's law, or a neo-Hookean law of finite deformation may be used for 
the "linear" region. Johnson et al. (1992), however, used the following formula 
according to Wineman's (1972) representation of a Mooney-Rivlin material 
for both the toe and linear regions: 

T= Co(1 + ~D(A.2 - Dl· (50) 

Here T is the Lagrange stress, A. is the stretch ratio, Co and ~ are constants. 
The constant ~ is finite in the toe regime where A. lies between 1 and A.o; whereas 
~ = 0 in the linear regime, corresponding to a neo-Hookean material. 

Mooney-Rivlin material is isotropic. Collagen fibers are intrinsically trans
versely orthotropic. Let the X3 axis be the axis of the fiber, then Green and 
Adkins (1960) have shown that the strain energy function of a transversely 
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orthotropic material must be a polynomial of the strain invariants 11 , 12 , 13 , 

and the Green's strains Eij in the form 

(51) 

This fact can be important in generalizing the uniaxial formula to a three
dimensional tensorial equation which will be needed in treating composite 
materials of which collagen is a part. 

Collagen is viscoelastic. If the stress T given by Eq. (50) is considered to be 
the elastic response T(e) of Sec. 7.6, then, according to the quasi-linear theory 
of viscoelasticity presented in Sec. 7.6, the stress at time t due to a strain history 
A(S) is 

T() = ft G( _ ) oT(e)[A(S)] OA(s)d 
t -00 t s OA(S) os s, (52) 

where G(t - s) is the reduced relaxation function defined in Sec. 7.6, with 
G(O) = 1. Johnson et al. (1992), starting with a theory of Pipkin and Rogers 
(1968), taking the first term of a series of n terms, and using a special choice 
of the form of the relaxation function made by Wineman (1972), obtained the 
same result as given by Eq. (52). 

7.6.10 Limitations and Extensions 

The quasi-linear constitutive equation presented above is, of course, only an 
abstraction. It has been found to work reasonably well for the skin, arteries, 
veins, tendons, ligaments, lung parenchyma, pericardium, and muscle and 
ureter in the relaxed state. Even for these soft tissues there are cetain ranges 
of stresses, strains, rates of strains, and frequencies of oscillations in which the 
formula does not represent a specific tissue accurately. The strain rate effect, 
especially, can be a problem. This effect is represented by a relaxation spec
trum which is smooth and flat over a very wide range of frequencies in our 
theory. In reality, any specific tissue may have a spectrum with a number of 
localized peaks and valleys which is not taken into account in the quasi-linear 
formulaton. Finally, although it has been acknowledged that the relaxation 
function should depend on the invariants of the tensors of the stress, strain, 
and strain rate, no experimental identification of such a constitutive equation 
is known. 

A general theory of the constitutive equation of nonlinear viscoelastic 
materials has been given by Green and Rivlin (1957) and Green, Rivlin and 
Spencer (1959) from the point of view oftensorial power series expansion. The 
nth term of the series is an n-tuple integral of the history of the strain tensor. 
Another theory is given by Pipkin and Rogers (1968) from the point of view 
of successive step changes of strain. The nth term of the series is the response 
to n previous steps of change. Wineman (1972) and others have studied the 
leading terms of the Pipkin and Rogers series from the point of view of 
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successive approximation. So far, only Young, Vaishnav, and Patel (1977) 
have made an attempt to experimentally determine all the constants in a 
double integral approach to the canine aorta. All other attempts have used a 
single integral which is the first term in Pipkin and Rogers' formulation. 
Johnson et al. (1992) have shown that the single inegral approach of Wineman 
is equivalent to our method presented in Sec. 7.6. 

7.7 Incremental Laws 

We have shown that the mechanical properties of soft tissues such as arteries, 
muscle, skin, lung, ureter, mesentery, etc., are qualitatively similar. They 
are inelastic. They do not meet the definition of an elastic body, which 
requires that there be a single-valued relationship between stress and strain. 
These tissues show hysteresis when they are subjected to cyclic loading 
and unloading. When held at a constant strain, they show stress relaxation. 
When held at a constant stress, they show creep. They are anisotropic. 
Their stress~strain-history relationships are nonlinear. Arterial properties 
vary with the sites along the arterial tree, aging, short- or long-term effects of 
drugs, hypertension, and innervation or denervation. When all these factors 
are coupled, the problem of how to describe the mechanical properties of 
tissues in a simple and accurate mathematical form becomes quite acute. 

A popular approach to nonlinear elasticity uses the incremental law: 
a linearized relationship between the incremental stresses and strains ob
tained by subjecting a material to a small perturbation about a condition 
of equilibrium. This approach was applied to the arteries in the 1950s. But 
the elastic constants so determined are meaningful only if the initial state 
from which the perturbations are applied is known, and are applicable only 
to that state. It turns out that these incremental moduli are strongly de
pendent on the initial state of stress (and, for some tissues, on strain history). 
Usually the incremental law is derived for a selected meaningful equilibrium 
state, such as the state of uniform expansion in all directions, or a well defined 
physiological state. 

An example is shown in Fig. 7.7: 1, in which the little loops inside the 
large loops are stress~strain relations obtained when a dog's mesentery was 
subjected to small cyclic variations of strain. 

An important feature of the incremental stress~strain relationship is 
revealed in Fig. 7.7: 1. The small loops are not parallel to each other. Neither 
are they tangent to the loading or unloading curves of the large loop. Thus 
the incremental law does vary with the level of stress, and is not equal to the 
tangent of the loading or unloading curve of finite strain. This important 
observation must be borne in mind when one considers the relationship 
between the incremental law and the stress~strain relation in finite defor
mation. There are many authors who derive a relationship between stress and 
strain in finite strain (usually in a loading process) and carelessly identify its 
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Figure 7.7: 1 Typical loading-unloading curves of the rabbit mesentery tested in 
uniaxial tension at 25°. The large loops were obtained when the specimen was stretched 
and unloaded between A. = 1 and A. = 1.24. The small loops were obtained by first 
stretching the specimen to the desired strain, then performing loading and unloading 
loops of small amplitude. Preconditioning was done in every case. From Fung (1967). 

derivative with the modulus of the incremental law. One should expect that in 
general they would not agree. The incremental moduli should be determined 
by incremental experiments. 

Successful incremental laws have been developed by Wilson (1972) and 
Lai-Fook et al. (1976, 1977) for lung tissue in small perturbation from a 
state of uniform expansion, and by Bergel (1961), Patel and Vaishnav (1972), 
and others for large blood vessels. 

Biot (1965) has shown how the incremental law can be used step by step 
to deal with a type of finite deformation in which the strains are small but 
the rotations are large. For biological applications in which the strains are 
finite the use of incremental laws are not really convenient because one 
has to change the constants as the deformation progresses. The pseudo
elasticity laws discussed in the next section is often simpler for the full range of 
deformation. 

7.8 The Concept of Pseudo-Elasticity 

We now introduce a drastic simplication to reduce the quasi-linear viscoelastic 
constitutive equation of a living tissue to a pseudo-elastic constitutive equa
tion. This simplification is possible only if a tissue can be preconditioned. To 



294 7 Bioviscoelastic Solids 

test a tissue in any specific procedure ofloading and unloading, it is necessary 
to perform the loading cycle a number of times before the stress-strain 
relationship is repeatable. This process is called preconditioning. Confining 
our attention to preconditioned tissues subjected to cyclic loading and un
loading at constant strain rates, we see that by the definition of precondi
tioning, the stress-strain relationship is well defined, repeatable, and predict
able. For the loading branch and the unloading branch separately, the stress
strain relationship is unique. 

Since stress and strain are uniquely related in each branch of a specific 
cylic process, we can treat the material as one elastic material in loading, 
and another elastic material in unloading. Thus we can borrow the method 
of the theory of elasticity to handle an inelastic material. To remind us that 
we are really dealing with an inelastic material, we call it pseudo-elasticity. 

Pseudo-elasticity is, therefore, not an intrinsic property of the material. 
It is a convenient description of the stress-strain relationship in specific 
cyclic loading. By its use the very complex property of the tissue is more 
simply described. Fortunately, the usefulness of the concept of pseudo
elasticity to biomechanics is greatly enhanced by the fact that the hysteresis 
of living tissues is rather insensitive to the strain rate. By virtue of rate 
insensitivity, pseudo-elasticity acquires a certain measure of independence. 

The strain-rate insensitivity has been demonstrated in Sec. 7.5; e.g., in 
Fig. 7.5: 2. A large amount of data exists on various soft tissues which shows 
that for a 1000-fold change in strain rate that can be easily achieved in most 
laboratories, the change in stress for a given strain usually does not exceed 
a factor of 1 or 2. The extreme situation is encountered in ultrasound 
experiments. It is known that with few exceptions the energy dissipation does 
not change more than a factor of 2 or 3 when the frequency changes from 
1000 Hz to 107 Hz. Dunn et al. (1969) reviewed the subject critically, and 
showed that for most tissues the attenuation per cycle is virtually independent 
of frequency (see their curves of rt/! vs. f, where! is the frequency, rt is 
the attenuation per unit distance, and rt/! is the attenuation per wave). 
Although stress fluctuation is very small in the ultrasound experiments, as 
compared with the stress variation in the arterial wall due to pulsatile blood 
flow, yet it is interesting to observe this uniform behavior in a frequency 
range from nearly 0 to millions of Hz. Translated into the language of the 
relaxation spectrum presented in Eq. (30) of Sec. 7.6, the ultrasound experi
ments suggest that the lower limit of relaxation time, t 1, is very small for 
most living tissues; perhaps in the range of 10-8 sec. 

Joint ligaments' insensitivity to strain rate in the 0.1 to 1.0 m/sec range is 
shown by Mabuchi et al. (1991) for canine stifle joint. At lower ranges of strain 
rate, Haut and Little (1969) and Noyes et al. (1974) reported increasing stiffness 
with increasing strain rate. 

The use of pseudo-elasticity for soft tissues is very convenient, but, of 
course, it is only an approximation. A detailed account of the frequency effect 
is not simple. All who have looked for the effect of strain rate on the stress
strain relationship ofliving tissues found it. McElhaney (1966), in his study of 
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the dynamic response of muscles, shows that there is a maximum of about 
2.5-fold increase in stress at any given strain when the strain rate is increased 
from 0.001 to 1000 per second, an increase of 106-fold. Van Brocklin and Ellis 
(1965) state that in tendons there is no strain-rate effect when the rate is 
small, but the effect becomes significant when the rate is high. Collins and 
Hu (1972), using explosive methods (as in a shock tube) to impose a high 
strain rate (e) onto human aortic tissue (a study relevant to the safety against 
automobile crash problem), obtained the result 

(J = (0.28 + 0.18e)(e I2 £ - 1) for e < 3.5 sec-I. (1) 

Bauer and Pasch (1971), working with rat tail artery, found that the dynamic 
Young's modulus is independent of frequency from 0.01 to 10 Hz, but the 
loss coefficient does vary with frequency. All these do not give a uniform 
picture, but our suggestion of pseudo-elasticity representation does offer a 
great simplification. 

The mathematical formulation presented in Sec. 7.6 is consistent with 
the concept of pseudo-elasticity. We introduced the concept of "elastic 
response" T(e) and formulated a quasi-linear viscoelasticity law. By the 
introduction of a broad continuous spectrum of relaxation time into the 
viscoelasticity law we made the hysteresis nearly constant over a wide 
range of frequencies. In this way we unified the phenomena of the nonlinear 
stress-strain relationship, relaxation, creep, hysteresis, and pseudo-elasticity 
into a consistent theory. The utility of the pseudo-elasticity concept, how
ever, lies in ·the possibility to describe the stress-strain relationship in loading 
or unloading by a law of elasticity, instead of viscoelasticity. Further simpli
fication is obtained if one assume that a strain energy function exists. We 
shall discuss this in Sec. 7.11, for which the following sections are preparatory. 

7.9 Biaxial Loading Experiments on Soft Tissues 

The uniaxial loading experiments discussed so far cannot provide the full 
relationship between all stress and strain components. To obtain the ten
sorial relationship, it is necessary to perform biaxial and triaxial loading tests. 

Figure 7.9: 1 shows a possible way of testing a rectangular specimen of 
uniform thickness in biaxial loading. Figure 7.8: 2 shows the schematic view 
of the equipment developed in the author's laboratory. The specimen floats 
in physiological saline solution contained in an open-to-atmosphere upper 
compartment of a double compartment tray. The lower compartment is a 
part ofa thermoregulation system. Water of specified temperature is supplied 
by a temperature regulator. The solution is slowly circulated, compensated 
for evaporation from time to time, and maintained at pH 7.4 by bicarbonate 
buffer. 

The specimen is hooked along its four edges by means of small staples. 
Each hook is connected by means of a silk thread to a screw on one of the 
four force-distributing platforms (see Fig. 7.8: 1). This setup allows individual 
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Figure 7.9 : 1 Setup of specimen hooking and force distribution. From Lanir and Fung 
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Figure 7.9 : 2 Schematic view of stretching mechanism in one direction and optical 
system. From Lanir and Fung (1974a). 

adjustment of the tension of each thread. The force-distributing platforms 
are bridged over the edges of the saline tray in an identical manner for both 
directions (Fig. 7.9: 2). One platform is rigidly mounted to the carriage of a 
sliding mechanism, the opposite platform is horizontally attached to a force 
transducer. Both the support and transducer are rigidly connected to the 
carriage of another sliding unit. A pulley system on this carriage allows the 
force distributor to be pulled by a constant weight on top of the force exerted 
by the transducer. The carriages of the opposite sliding units are displaced 
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Figure 7.9: 3 Typical display of the specimen on the two VDA monitors. From Lanir 
and Fung (1974a). 

by means of an interconnected threaded drive-shaft. The threads of the left 
and right sliding units are pulled by the drive shaft at an equal rate in opposite 
directions, so that the specimen can be stretched or contracted without 
changing its location. 

The loading strings are approximately parallel when the equipment is in 
operation. For a specimen varying in size from 3 x 3 to 6 x 6 cm the maxi
mum deviation of the loading strings from the centerline is less than 0.05 rad. 
Thus at the very corners of the rectangular specimen a shear stress of the 
order of ioth of the normal stress may exist at the maximum stretch. However, 
the distance between the "bench marks" (the black rectangular marks at the 
center of the specimen in Fig. 7.9: 1) whose dimensional changes are measured 
is approximately half of the overall dimensions; therefore the maximum shear 
stress acting at the corners of the bench marks is expected to be no more than 
2% or 3% of the normal stress. These strings are "tuned" (in the manner of 
piano tuning by turning a set of screws) at the beginning (during the precondi
tioning process) in such a way that the rectangular benchmarks made on a re
laxed specimen remain rectangular upon loading, without visible distortion. * 

The dimensions ofthe specimen between the bench marks are continuously 
measured and monitored by a video dimension analyzer (VDA). This system 
consists of a television camera, a video processor, and a television monitor. 
The video processor provides an analog signal proportional to the horizontal 
distance between independently selectable levels of optical density, in two 
independent areas (windows) in the televized scene (Fig. 7.9: 3). The video 
processor utilizes the vertical and horizontal synchronization pulses to define 
the X - Y coordinates of the windows as well as their height and width, and 
measures the distance between the markers. 

The strain in the specimen can be measured in two perpendicular 
directions. 

The stretching mechanism can stretch the tissue in two directions either 
independently or coordinated according to a prescribed program, see Lanir 

* Initially, the bench marks are painted with an indelible ink. After tuning, we often make another 
rectangular mark inside the painted one by means of four very slender L-shaped wires of stainless 
steel. One leg of the L is impaled into the tissue; the other leg rests on top of the specimen. The 
four legs resting on top makes a rectangle which is excellent for video monitoring. See Debes and 
Fung (1992). 
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and Fung (1974a). Applications to the testing of skin are presented in Lanir 
and Fung (1974b). Applications to the testing oflung tissue, with an additional 
method for thickness measurement, are presented in Vawter, Fung, and West 
(1978), Zenget al. (1987), Yageret al. (1992), Debes and Fung(1992), and Debes 
(1992). A more recent model uses a digital computer to control the stretching 
in the two directions, and record and analyze the data. Similar equipment 
used to perform biaxial loading tests on arteries is described by Fronek et al. 
(1976), a sketch of which is given in Fig. 2.14:5. 

The biaxial-loading testing equipment has to be much more elaborate 
than the uniaxial one because of the need to control boundary conditions. 
The edges must be allowed to expand freely. In the target region, the stress 
and strain states should be uniform so that data analysis can be done simply. 
The method described above is aimed at this objective. The target region 
is small and away from the outer edges in order to avoid the disturbing 
influence of the loading device. Strain is measured optically to avoid mechan
ical disturbance. 

Triaxial loading experiments on cuboidal specimens of lung tissue using 
hooks and strings for loading have been done by Hoppin et al. (1975). But 
there is no way to observe a smaller region inside the cuboidal specimen in 
order to avoid the large edge effects. 

7.9.1 Whole Organ Experiments 

An alternative to testing excised tissues of simple geometry is to test whole 
organs. For the lung, one observes a whole lobe in vivo or in vitro. For the 
artery, one measures its deformation when internal or external pressures are 
changed, or when longitudinal tension is imposed. In whole organ experi
ments, the tissues are not subjected to traumatic excision, and one can mea
sure their mechanical properties in conditions closer to in vivo conditions. 
But usually there are difficulties in analyzing whole organ data, either because 
of difficulties in knowing the stress and strain distributions, or because some 
needed pieces of data cannot be measured. On the other hand, no experiment 
on an excised tissue can be considered complete without an evaluation of 
the effect of the trauma of dissection. Therefore, whole organ experiments 
and excised tissue experiments complement each other. 

7.10 Description of Three-Dimensional Stress and Strain States 

To avoid getting into overly complicated situations, let us consider a rec
tangular plate of uniform thickness and of orthotropic material as shown in 
Fig. 7.10:1. Two pairs of forces Ftt , F22 , act on the edges of the plate. No 
shear stress acts on these edges; hence we say that the coordinate axes x, yare 
the principal axes. Let the original size of the rectangle at the zero stress state 
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Figure 7.10: 1 Deformation of a rectangular membrane. The membrane is subjected to 
tensile forces in the x and y directions. There is no shear force acting on the edges. The 
directions x, yare, therefore, the principal directions. From the forces and the deforma
tion, various stresses and strains are defined in Eqs. (1) through (5). 

be L 10 ' L 20 • After the imposition of the forces the plate becomes bigger, and 
the edge lengths become L 1 , L 2 • Let the thickness of the original and the 
deformed plate be ho and h, respectively. Then we define the stresses 

1 Po 1 
Sl1 =..,. Tll = - 120"11> 

Al P Al 

Fll 
T 11 =-Lh' 

20 0 

F22 
T22 =-L h' 

10 0 

1 Po 1 
S22 =..,. T22 = - 120"22, 

A2 P A2 

(1) 

where 0"11' 0"22 are stresses defined in the sense of Cauchy and Euler. T ll , 
T 22 are stresses defined in the sense of Lagrange and Piola, and S 11, S 22 are 
stresses defined in the sense of Kirchhoff. Po and P are the densities of the 
material in the zero stress state and the deformed state, respectively. Clearly 
these three stresses are convertible to each other. All three are used frequently. 
Lagrangian stresses are the most convenient for the reduction of laboratory 
experimental data. Kirchhoff stresses are directly related to the strain energy 
function. Eulerian or Cauchy stresses are used in equations of equilibrium 
or motion. Thus in practice the little effort of remembering all three defini
tions can be well repaid. 

For the description of deformation, the ratios 

(2) 

are defined as the principal stretch ratios. The strains 

El = t(Jei - 1), E2 = t(Je~ - 1) (3) 

are defined and used according· to the method of Green and St. Venant, 
whereas 

(4) 
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are defined and used according to Almansi and Hamel. See Chapter 2, 
Sec. 2.3. The strain measures 

(5) 

are called infinitesimal strains. Again, use of anyone of these strain measures 
is sufficient. But the literature is strewn with all ofthem, and it pays to know 
their differences. They are different numerically. For example, if Ll = 2 and 
L 10 = 1, then E\ = t el = t and 8\ = 1. But if the deformation is small, 
then E, e, and B are approximately the same. For example, if Ll = 1.01, 
LIO = 1.00, then El == el == B == 0.01. Green's strain and Almansi's strain 
both reduce to the infinitesimal strain when the deformation is infinitesimal. 

In the description of a large deformation, it turns out that the most con
venient quantity to consider is the square of the distance between any two 
points, because to the square of distances Pythagoras' rule applies. This is 
why the Green and Almansi strains are introduced. Some authors call log A. 
the "true" strain, which is also a useful strain measure. 

7.11 Strain-Energy Function 

Theoretical analysis of bodies subjected to finite deformation is quite complex. 
A brief description is given in the author's Foundations of Solid Mechanics, 
Chapter 16. One of the most important results proved there is the use of the 
strain potential, or synonymously, the strain-energy function. Let W be the 
strain energy per unit mass of the tissue, and Po be the density (mass per unit 
volume) in the zero-stress state, then Po W is the strain energy per unit volume 
of the tissue in the zero stress state. Let W be expressed in terms of the nine 
strain components Ell' E22 , E33 , E 12 , E 21 , E 23 , E 32 , E 31 , E 13 , and be written 
in a form that is symmetric in the symmetric components E12 and E 21 , E 23 

and E 32 , and E31 and E 13 • The nine strain components are treated as indepen
dent variables when partial derivatives of Po Ware formed. Then when such 
a strain-energy function exists, the stress components Sij can be obtained as 
derivatives of Po W: 

(1) 

More explicitly, for the rectangular element shown in Fig. 7.10: 1, we have 

S _ O(PoW) 
11 -:lE ' u 11 

S _ o(po W) 
22 -:lE ' 

u 22 

S _ o(PoW) 
33 - OE33 • (2) 

Not all elastic materials have a strain-energy function. Those that do are 
called hyperelastic materials. (For definitions of elasticity, hyperelasticity, and 
hypoelasticity, see Fung, Foundations of Solid Mechanics, Sec. 16.6.) 
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It can be shown that these formulas are equivalent to the following. Let 
W be expressed not in terms of Eij but in the nine components of the de
formation gradient tensor 8xd8aj' where (a 1 ,a2,a3 ) denote the coordinates 
of a material particle in the zero-stress state of the body, and (x 1, x 2 , X3) are the 
coordinates of the same particle in the deformed state of the body, both 
referred to a rectangular cartesian frame of reference. Then the Lagrangian 
stresses are 

(3) 

Note that since 8xd8aj is, in general, not equal to 8xj/8a i , the tensor compo
nent Tij is in general not equal to ~i' i.e., Iij is not symmetric. Referring to the 
rectangular element shown in Fig. 7.10: 1, we have 

(4) 

where 

(5) 

are the stretch ratios. It is useful also to record the general relationship 
between the Cauchy, Lagrange, and Kirchhoff stresses (see Fung, Foundations 
of Solid Mechanics, Sec. 16.2): 

(6) 

(7) 

(8) 

The question arises whether a strain-energy function exists for a given 
material. If the material is perfectly elastic, then the existence of a strain
energy function can often be justified on the basis of thermodynamics (see 
Sec. 7.4). But living tissues are not perfectly elastic. Therefore, they cannot 
have a strain-energy function in the thermodynamic sense. We take advan
tage, however, of the fact mentioned in Sec. 7.7, that in cyclic loading and 
unloading the stress-strain relationship after preconditioning does not vary 
very much with the strain rate. If the strain-rate effect is ignored altogether; 
then the loading curve and the unloading curve (they are unequal) can be 
separately treated as a uniquely defined stress-strain relationship, which is 
associated with a strain-energy function. We shall call each of these curves a 
pseudoelasticity curve, and the corresponding strain-energy function the 
pseudo strain-energy function. The existence of a pseudo-strain energy is an as-
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sumption that must be justified by experiments consistent with the accepted 
degree of approximation. 

The formulas (6) and (8) need modification if the material is incompress
ible, i.e., if its volume does not change with stresses. For an incompressible 
material the pressure in the material is not related to the strain in the mate
rial. It is an indeterminate quantity as far as the stress-strain relationship is 
concerned. The pressure in a body of incompressible material can be deter
mined only by solving the equations of motion or equilibrium and the 
boundary conditions. The general relationship in this case is 

(9) 

where p is the pressure (see Fung, Foundations of Solid Mechanics, Sec. 16.7). 

7.12 An Example: The Constitutive Equation of Skin 

Although biaxial experiments alone are not sufficient to derive a three
dimensional stress-strain relationship, for membranous material they are 
sufficient to yield a two-dimensional constitutive equation for plane states of 
stress. Such an equation connects the three components of stress in the plane 
of the membrane with the three components of strains in the membrane. 

Biaxial experiments on rabbit skin have been reported by Lanir and Fung 
(1974a,b) from whose data Tong and Fung (1976) gleaned the pseudo-strain
energy function for a loading process (increasing strain). The skin specimens 
were taken from the rabbit abdomen. It was first verified that the mechanical 
property was orthotropic, and that in cyclic loading and unloading at con
stant strain rates the stress-strain relationship is essentially independent of 
the strain rate. Hence the argument discussed in Sec. 7.7 applies and a 
pseudo-strain-energy function can be defined for either loading or unloading. 
Let the x 1 axis refer to direction along the length of the body, from head to 
tail, and the X2 axis the direction of the width. Let E 1 ( = Ell), E2 ( = E 22) be 
the strains defined in the sense of Green [see Eq. (3) of Sec. 7.10]. Tong and 
Fung (1976) chose the following form for the pseudo-strain-energy function 
for skin (the reason for this choice will be explained later (following Eq. (3) in 
this section): 

POW(2) = -!(oclEi + oc2E~ + oc3Ei2 + oc3E~1 + 2OC4EIE2) 

+ !c exp(alEi + a2E~ + a3Ei2 + a3E~1 + 2a4EIE2 (1) 

+ YlEi + Y2m + Y4EiE2 + Y5EIE~), 

where the oc's, a's, y's, and c are constants, and E 12 is the shear strain [see 
Eq. (15) of Sec. 2.3] which is included in Eq. (1), but was kept at zero in the 
experiments. This is a two-dimensional analog of the strain-energy function 
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discussed in Sec. 7.10. If, for a membrane, we are concerned only with the 
plane state of stress caused by stretching in the plane of the membrane, then 
we may use such a two-dimensional strain-energy function in the manner of 
Eq. (1) of Sec. 7.11 (with the index i, j limited to 1 and 2). Thus, from Eq. (1) 
above and Eqs. (1) or (2) of Sec. 7.11 we obtain the Kirchhoff stresses: 

where 

a(poW(Z» 
Sll = a = (XlE l + (X4EZ + CAlX, 

El 

a(poW(Z» 
S22 = aEz = (X4E l + (XzE z + cAzX, 

Al = aiEl + a4Ez + 1y l Ei + Y4ElEl + hsm, 
A z = a4El + aZE2 + 1YzE~ + h4Ei + YSElEz, 
X = exp(alEi + a2E~ + a3Ei2 + a3E~1 + 2a4ElEZ 

+ YlEi + YzE~ + Y4EiEz + YSElE~). 

(2) 

(3) 

The first term in Eq. (1) was introduced because the data appear to be 
"biphasic." We use the second term to express the behavior of the material 
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Figure 7.12: 1 Force vs. stretch ratio curves in the x experiments (,<.y was fixed while Ax 
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y experiment. The difference of the curves is due to anisotropy. Rabbit abdominal skin: 
The x or Xl axis points in the direction from the head to the tail. From Tong and Fung 
(1976), by permission. Experimental results are from Lanir and Fung (1974b). 
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at a high stress level, and use the first term to remedy the situation at a lower 
stress level. 

From Eqs. (2) we can compute the derivatives eSt/eEl, eSz/eEz, and 
eSt/eEz = eSz/eE I . We then determine the constants denoted by the ct'S, 
a's, and c by requiring that S 11, S zz and their derivatives measured experi
mentally are fit exactly by the equations named above at some selected 
points. The choice of these points is illustrated in Fig. 7.12: 1, in which the 
stress-strain relationships with E z fixed are shown in the solid curves, and 
those with E I fixed are shown by the dashed curves. A pair of points A and C 
are located on the curves in a region where stresses change rapidly, whereas 
the points Band D are located in a region in which the strains are relatively 
small. The constants ct io ct z , ct4 are determined essentially by experimental 
data at Band D, whereas a I, az, a4 , and c are determined essentially by the 
data at A and C. The exact locations of the points A, B, C, and D are not very 
important. The values of the constants change very little by choosing 
different (reasonable) points on any two sets of data curves. 

A typical comparison between the experimental data and the mathe
matical expression is shown in Fig. 7.12: 2. In Fig. 7.12: 2(a) the longitudinal 
force F x is plotted against the longitudinal stretch ratio Ax, while the trans
verse direction is kept at the natural length so that Ay = 1, whereas in the 
other direction, Fy is plotted against Ay, while Ax is kept at 1. The experimental 
data points are shown as squares. Data computed from our theoretical 
formulas (1)-(7) are plotted as circles for case A (all y's = 0), and as crosses 
for case B (Y4 = Ys). The fit is good for the entire curve. In Fig. 7.12:2(b) the 
stress in the transverse direction is plotted against the longitudinal stretch 
ratio, while the transverse strain is kept at zero, and vice versa. Again the 
fit between the mathematical formula and the experimental data is good. 
Although these good fittings are not surprising because the constants ct io 

ctz, etc., are determined from these two sets of experimental data, the ability 
of the mathematical formulas to fit the entire set of data when data at only 
four points on the curves are used is nontrivial. Considering the tremendous 
nonlinearity ofthese curves, one might say that the fitting is remarkably good. 

One may conclude that the pseudo-strain-energy function, Eq. (1) is suit
able for rabbit skin for stresses and strains in the physiological range. For all 
practical purposes, the third-order terms in the exponential function [the last 
line of Eq. (1)] involving the constants yare unimportant; and there is no 
significant loss of accuracy if we set all y's equal to zero. Hence we may simplify 
Eq. (1) to the form 

Po W(2) = f(ct, E) + c exp[F(a, E)], (4) 
where 

f(ct,E) = alEil + a2E~2 + ct 3 Ei2 + a3E~1 + 2a4 E11 Ezz, (5) 

F(a, E) = a l EL + a2EL + a3 Ei2 + a3 EL + 2a4 E11 E22 . (6) 

Finally, if one is concerned mainly with higher stresses and strains in the 
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Figure 7.12:2 Comparison between experimental data and mathematical expression. 
The tensile forces Fx, Fy are given in milli Newton. Lagrange stress 1'" is equal to Fx 
divided by Ax, the cross-sectional area perpendicular to the x axis. Squares: 
experimental data. Circles: from Eqs. (1) and (2) with 1X1 = 1X2' all y's = O. a1 = 3.79, 
a2 = 12.7, a4 = 0.587, c = 0.779 N/m2, 1X1 = 1X2 = 1,020 N/m2, and 1X4 = 254 N/m2. 
Crosses: From Eq. (2) with 1X1 = 1X2' {I = {2 = 0, {4 = {5 =1= O. a1 = 3.79, a2 = 18.4, 
a4 = 0.587, c = 0.779 N/m2, 1X1 = 1X2 = 1,020 N/m2, and a4 = 254 N/m2. {4 = {5 = 
15.6. From Tong and Fung (1976), by permission. Experimental data are from Lanir 
and Fung (l974b). 
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physiological range, and does not care for great accuracy at very small stress 
levels, then the first term in Eq. (4) can be omitted, and we have simply 

PO W(2) = cexp[F(a,E)]. (7) 

7.12.1 Other Examples 

The pseudo-strain-energy function for arterial walls presented in Chapter 8, 
Sec. 8.6, is also of the form of Eq. (7). That for lung tissue is given by Fung 
(1975), Fung et al. (1978), and Vawter et al. (1979) and is also of the form of 
Eq. (7). 

The genesis of Eqs. (1) and (7) lies in a general feature of soft tissues in 
simple elongation, described in Sec. 7.6. As shown in Eq. (2) of Sec. 7.6, the 
slope of the stress-strain curve is proportional to the tensile stress. As a 
consequence [Eq. (3) of Sec. 7.6], the stress is an exponential function of the 
strain. Generalizing this, Fung (1973) proposed a pseudo-strain-energy func
tion in the form 

W = 1cxijklEUEkl 

+ (Po + PmnpqEmnEpq) exp(YuEij + KijklEijEkl + ... ), (8) 

where !Y.ijkb Po, Pmnpq, Yij' and Kijkl are constants to be determined empirically, 
and the indices i, j, k ... , range over 1, 2, 3. The summation convention is 
used (Chapter 2, Sec. 2.2). Equations (1) and (7) are simplified versions of 
Eq. (8). It is amusing to note that it took several years before we realized 
that a better fit with experimental data can be obtained by dropping the 
first-order terms (YUEi) in the exponential function in Eq. (8). 

The pseudo-elasticity of excised visceral pleura has been measured by 
Humphrey, Vawter, and Vito (1987). For the analysis of the lung, the visceral 
pleura contributes a significant part of the pressure-volume curve at larger 
lung volume. Humphrey and Yin (1991) (see Sec. 9.10) also studied the 
mechanical properties of the visceral pericardium. The visceral pericardium 
has a significant effect on heart mechanics at larger ventricular volume. 

7.13 Generalized Viscoelastic Relations 

Since we regard biosolids as viscoelastic bodies, it seems appropriate to 
conclude our discussion with a proposal for their constitutive equations. 
We have discussed the quasi-linear viscoelasticity of tissues in uniaxial state 
of stress in Sec. 7.6. It is logical to generalize the results to two or three 
dimensions by changing Eq. (7) of Sec. 7.6 into a tensor equation: 

<e) It aSk~I[E(r)J 
SiP) = SkI (0+ ) Gijkl(t) + Jo Gijkl(t - r) ar dr. 
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This generalization is analogous to the classical relation, Eq. (24) of Sec. 2.11. 
Here Sij is the Kirchhoff stress tensor; E, with components Eij' is the Green's 
strain tensor; and Gijkl is the reduced relaxation function tensor, the word 
"reduced" referring to the condition G jjkl = 1 when t = O. S~j) is the "elastic" 
stress tensor corresponding to the strain tensor E. It is a function of the strain 
components E 1, E 22, E 12, etc. Slj) is the stress that is reached instantaneously 
when the strains are suddenly increased from 0 to E 11> E 22, etc. Following 
the arguments of Sec. 7.6, we assume that the "elastic" responses Slj) can be 
approximated by the pseudo elastic stresses. The range of the indexes is 1, 2 
if the material is a membrane subjected to a plane state of stress, and 1,2, 3 
if it is a three-dimensional body. 

Although Gjjkl is a tensor or rank 4, it will have only two independent 
components if the material is isotropic. If the material is anisotropic, a 
careful consideration of the material symmetry as presented in Green and 
Adkins (1960) Large Elastic Deformation will be helpful. It is likely that Gijk1 

will have a relaxation spectrum of the same kind as discussed in Sec. 7.6. 

7.14 The Complementary Energy Function: Inversion of the 
Stress-Strain Relationship 

If stresses are known analytic functions of strains, one should be able to 
express strains as analytic functions of stresses. In linear elasticity Hooke's 
law can be expressed both ways. In nonlinear elasticity, however, it is not 
always simple to invert a stress-strain law. For example, if the stress s is a 
cubic function of the strain e: 

s = ae + be2 + ce3 . 

We know that e cannot be expressed as a rational function of s, a, b, and c. 
If we think of e, s, a, b, c as tensors, then an inversion is more difficult; in 
fact, unknown. 

However, the exponential strain energy function given in Eq. (7) of Sec. 7.12 
can be easily inverted. Such an inversion is useful whenever one wishes to 
calculate strains from known stresses; or when one wishes to use the com
plementary energy theorem in numerical analysis. Inversion is needed also 
if one wishes to use the method of stress functions, which is still applicable 
in finite deformation, because the equations of equilibrium remain linear 
when expressed in terms of Cauchy stresses. 

The general theory is presented by Fung (1979). We express stresses in 
terms of strains in a constitutive equation 

S .. = apow 
IJ aE .. ' 

IJ 

(1) 

where Sij and Eij are the Kirchhoff stress tensor and Green's strain tensor, 
respectively, W is the strain energy function (expressed in terms of strain) 
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per unit mass, and Po is the density of the material in the initial, unstressed 
condition, so that Po W is the strain energy per unit volume. Then according 
to the theory of continuum mechanics (see, for example, the author's F ounda
tions of Solid Mechanics, Sec. 16.7), it is known that if the constitutive equa
tion (1) can be inverted, then there exists a complementary energy function 
J¥c(S 11, S 12,· .• ) of the stress components, such that 

(2) 

in which the summation convention over repeated indexes is used, and 

E .. = apoJ¥c 
'J as .. ' 

'J 

(3) 

On the other hand, if a complementary energy function can be found, then 
Eq. (3) at once gives the inversion of the stress-strain relation. The problem 
of inversion consists of finding Po J¥c from Po W through the contact trans
formation given in Eqs. (2) and (3). 

Let us relabel the six independent components of Eij as E b E 2 , •.. ,E6 , 

and the six independent components of stresses Sij as Sb S2,' .. ,S6' Let a 
square matrix [aij] be symmetric and nonsingular. We define a quadratic 
form 

6 6 

Q = L L aijEiEj . (4) 
i= 1 j= 1 

We shall show that if the strain energy function Po W is an analytic function 
ofQ, 

PoW = f(Q), (5) 

then it can be inverted. We proceed as follows. Since 

(6) 

is a linear equation for E i, we can solve for E i• Let us use matrix notations, 
with { } denoting a column matrix, [ ] denoting a square matrix, T denoting 
transpose, and - 1 power denoting inverse. Then we have 

(7) 

A substitution into Eq. (4) gives 

( df)-2 
Q = 2 dQ {SiV[aij]-1{Sj}. (8) 

If we define a polynomial P of stresses by 
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(9) 

then Eq. (8) becomes 

( df )2 
p= Q dQ . (10) 

When f(Q) is given, Eq. (10) can be solved for Q as a function of P. Now 
according to Eqs. (2), (1), and (5), 

6 df oQ 
Po~ = j~l dQ oEj E; - Pow. (11) 

Since Q is a homogeneous function of E; of degree 2, we know by Euler's 
theorem for a homogeneous function that Ej(oQ/oE j) = 2Q. Hence 

df(Q) 
Po~ = 2Q dQ - f(Q)· (12) 

When the solution of Eq. (10) is substituted into the right-hand side of 
Eq. (12), it becomes a function of P, i.e., of stresses. The inversion is thus 
accomplished. 

7.14.1 Example 

Although the derivation given above refers to three-dimensional cases, it 
applies equally well to two dimensions if appropriate changes are made in 
the range of the indexes. As an example, consider the strain-energy function 
given in Eq. (3) of Sec. 8.5, for arteries, for which 

c 
PoW = f(Q) ="2 eQ• 

Then Eq. (8) is reduced to 

(13) 

(14) 

Q = c- 2(ala2 - a~rle-2Q(a2Si + alS~ - 2a4S1S2). (15) 

If we define in this case 

P = c- 2(ala2 - ai)-1(a2Si + alS~ - 2a4S1S2), (16) 

then P and Q are related by the equation 

Qe2Q = P, (17) 

which is independent of the material constants. Reading Q as a function P 
through Eq. (17) renders Eq. (12) a function of P. Q.E.D. 
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Figure 7.14: 1 The universal function Q(P) for inverting a nonlinear stress-strain 
relationship of the exponential type with the pseudo-strain-energy function given in 
Eqs. (13) and (14). From Fung (1979). 

7.14.2 The Universal Function Q(P) 

Note that Eq. (17) does not contain material constants, and it defines a 
universal relationship between P and Q for an exponential strain-energy 
function. Taking the logarithm of both sides, we obtain 

InQ + 2Q = InP. (18) 

The function Q(P) is best exhibited in terms ofln P, as is given in Fig. 7.14: 1. 

7.15 Constitutive Equation Derived According to Microstructure 

One of the ambitious programs in mechanics is to build up the constitutive 
equations of the continua defined according to the successive levels of sizes 
considered in Sec. 2.1. One way is to build from the ground up: from elemen
tary particles to atoms, from atoms to molecules, from molecules to macro
molecules, to proteins, cells, tissues, and organs. Another way is to analyze 
from the top down, in the reversed direction. At any given level, one feels 
that a greater understanding is obtained if the relationship between the con
stitutive equations of materials in successive levels of sizes is known. 

In biomechanics, for example, one would like to "explain" the constitutive 
equation of the skin in terms of its microstructure or ultrastructure, or to 
"derive" it from the microstructure up. Viidik, Lanir, Shoemaker, Fung, Mow, 
Lai, T6zeren, Woo, and many others have made substantial contributions to 
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this effort. Viidik (1968) first introduced the concept that the number of 
collagen fibers in a soft tissue that are pulled straight and brought into action 
increases as the tensile stress in the tissue increases. His latest review is Viidik 
(1990). Lanir (1979a,b) assumes that the tissue is composed of a network of 
collagen and another network of elastin. At zero stress state, the elastin fibers 
are straight and the collagen fibers are coiled, bent, or buckled. Lanir (1983) 
introduced thermodynamic considerations. Shoemaker (1984) followed with 
an exhaustive irreversible thermodynamics analysis. Shoemaker and Fung 
(1986) presented a formula derived from a collagen-elastin model, and used 
it to fit the experimental results on human skin obtained by Schneider (1982), 
and on dog pericardium obtained by Lee et al. (1985). The authors obtained 
good fitting, but the fiber structure of the tissues was hypothetical, unknown 
in quantitative details. Future work would have to be based on a more 
solid foundation of morphometric data on the collagen and elastin fibers, 
fibroblasts, blood vessels, and ground substances in the tissues of interest. 

K wan and Woo (1989) derived the nonlinear stress-strain relationship of 
the tendons and ligaments not strictly on the basis of microstructural data, 
but hinting at the waviness of the collagen fibers to suggest that the tension
elongation curve of each single fiber consists of two straight line segments: the 
first segment with a smaller slope representing the wavy regime, the second 
segment with a layer slope representing the taut regime. Assembling many 
parallel fibers with a certain statistics of length of fibers and transition points 
between waviness and tautness yields good fitting with experimental results. 

Lai, Lanir, Mow, and others derived properties of cartilage on the basis of 
multiphasic theory. See Sec. 12.10. 

The attempts by Lanir and his associates, and Humphrey and Yin on the 
heart are discussed in Sec. 10.8. 

Problems 

7.1 Take a tube of gas or a piece of steel and give it a quick stretch while there is no 
heat added. The material will cool down. Take a rubber band or a strip of muscle 
and give it a quick stretch. It will heat up. (A very easy demonstration is to take 
a rubber band, touch it with your forehead to feel its temperature. Then quickly 
stretch the rubber band and touch the skin on the forehead again. It will be found 
that it has heated up.) 

Explain these phenomena on the basis that gas and steel mainly derive their 
stress from internal energy whereas rubber and muscle mainly derive their stress 
from entropy changes. 

7.2 A well-known result of Hardung (1952), Bergel (1961), and others is illustrated in 
Fig. P7.2.1t shows a rather small change in phase angle over a range offrequencies 
from 1 to 10 Hz, and a gentle stiffening of the dynamic modulus. Could this be 
explained by a Maxwell model of viscoelasticity? If not, then what kind of model 
would be consistent with the experimental findings? 
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Figure P7.2 The dynamic modulus and damping phase angle f/J [angle b in Eq. (22)] 
of arteries from the data of Hardung (1952) and Bergel (1961). Circles: aorta. Crosses: 
other arteries. From Westerhof and Noordergraf (1970). 

7.3 The exponential integral E(z) is defined by Eq. (38) of Sec. 7.6. It enters naturally 
into the relaxation function of a material with a continuous relaxation spectrum 
specified in Eq. (30) of Sec. 7.6. How does E(z) behave when z is either very large 
or very small? Derive asymptotic formulas for this function when z ..... 0 and 
z ..... 00. 

7.4 Is there a two-dimensional strain-energy function that corresponds to the stress
strain relation for the red blood cell membrane proposed in Eq. (7) of Sec. 4.7 in 
Chapter 4? 

7.5 The following question is concerned with the practical process of data reduction. 
Experimental data on stress are usually tabulated at specified values of stretch 
ratio. Let the stretch ratios be uniformly spaced at A.o + LlA., A.o + 2L1A., ... and the 
corresponding stresses be T1 , T2 , •••• From this we can compute the finite 
differences LIT,. = T,. - T,.-I' and evaluate the ratio LlT/LlA. at A. = A.n as LlT,./LlA.. 
Assume that a differential equation as given by Eq. (2) of Sec. 7.5 is valid. What 
is the corresponding difference equation (i.e., one expressed in terms of LI T,./ LI A. 
and T,.)? In practice we examine the difference equation and then infer whether 
the differential equation is valid. The material constants !1. and f3 can be deter
mined directly from the finite differences without going through the process of 
numerical differentiation. 
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7.6 Let the relaxation function be 
G(t) = e- vt 

and the elastic response be given by Eq. (4) of Sec. 7.5: 

T(e)(Je) = (T* + (3)e"(J.-J.·) - (3. 

Find the tension history T(t) for the following cases according to Eq. (4) of Sec. 7.6: 
(a) A is a step function of amplitude c, i.e., Je = 1 + c 1 (t); 
(b) A is a ramp function, Je = 1 + ct; 
(c) Je is oscillating, Je = Ao + ccoswt l(t). 

7.7 If the relaxation function G(t) is given by Eqs. (28) and (30) of Sec. 7.6, and T(e)(Je) 
is given by Eq. (4) of Sec. 7.5, determine the tension history T(t) according to Eq. 
(4) of Sec. 7.6 for the three cases named in Problem 7.6. For the case (c), work out 
the answer only for an oscillation of small amplitude, c « 1, so that the depen
dence on c can be linearized. 

where (Tij are the stresses, ekl are the strains, Gijke are the relaxation functions; Xl' 

Xz, X3 are Euclidean coordinates, and t is time. Derive an equation of motion for 
this material analogous to the Navier equation for Hookean solids. 

7.9 A piece of connective tissue is subjected to a uniaxial stretch. Let the entropy per 
unit volume of the tissue be S. Let the stretch ratio be X Assume that the entropy 
decreases with the increasing stretch according to the relation 

where C and ex are constants. What would be the relationship between the tension 
in the specimen and the stretch ratio ). as far as the contribution of entropy is 
concerned? What other source of elasticity is there? 

7.10 A surgeon has to excise a certain dollar-sized patch of skin on a patient with a skin 
tumor. How would you recommend to excise the diseased skin and suture the 
wound? What are the stress and strain distribution in the skin after surgery? What 
is the tension in the suture? Obviously, stress concentration is to be avoided. 
Design a good way to operate. In skin surgery there is a technique called Z plasty, 
in which a Z-shaped incision is made, the middle segment of the Z being over the 
tumor, and the triangular flaps are then rotated so the apices cross the line of the 
tumor. Explain why it is a good technique. 

7.11 Skin is anisotropic. In the skin there is a natural direction along which most of 
the collagen fibers are aligned. Healing will be faster if a cut is made in such a 
direction as compared with one cut perpendicular to this direction. Explain this 
qualitatively and formulate a mathematical theory of Z plasty cognizant of this 
feature. 

7.12 Consider the models of tissues shown in Figs. P7.l2(a), (b), and (c), respectively. In 
(a) and (b), fibers are embedded in a homogeneous isotropic material. In (c), 
spherical bubbles are packed and glued together. 
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Figure P7.12 

Propose a stress-strain relationship for each of these composite materials. In 
solving this problem, answer first whether there are axes of symmetry for the 
material, whether there is a special choice of coordinate axes that will simplify 
the stress-strain relationship. Use these special coordinate systems to obtain 
specific results. Then rotate coordinates to an arbitrary orientation to obtain 
general relationships. 
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CHAPTER 8 

Mechanical Properties and Active 
Remodeling of Blood Vessels 

8.1 Introduction 

Blood vessels belong to the class of soft tissues discussed in Chapter 7. They 
do not obey Hooke's law. Figure 7.5: 1 in Chapter 7, Sec. 7.5 demonstrates 
the nonlinearity of the stress-strain relationship and the existence of 
hysteresis. They also creep under constant stress and relax under constant 
strain. These mechanical properties have a structural basis. In Sec. 8.2 we 
consider the structure ofthe blood vessel wall. From Sec. 8.3 on, however, our 
attention will be concentrated on the mathematical description of the mechan
ical properties. In seeking simplification whenever it is justifiable, we take 
advantage of the fact that most blood vessels are thin-walled tubes deforming 
axisymmetrically (including inflation, longitudinal stretching, and torsion), 
and that as far as hemodynamics is concerned, we need to know only the 
relationship between the blood pressure and the inner diameter of the tube. 
In this situation we may treat the vessel wall as a membrane. The stresses of 
concern are circumferential and longitudinal, the principal strains are also 
circumferential and longitudinal. The vessel wall may be treated as a two
dimensional body, the constitutive equation is biaxial. In Secs. 8.3-8.5, we 
formulate a two-dimensional quasi-linear viscoelastic constitutive equation 
for blood vessels, using the pseudo-elasticity concept introduced in Chapter 
7. In Secs. 8.7 and 8.8, we treat the blood vessel wall as a three-dimensional 
body, and study the differences between the mechanical properties of the 
intima-media layer and those ofthe adventitia. The results can then be applied 
to general three-dimensional problems such as bifurcation, aneurysm, surgery, 
etc. In Secs. 8.9-8.11, we consider the mechanical properties of arterioles, 
capillary blood vessels, and veins. 

Finally, in Secs. 8.12-8.16, we turn to another feature of living tissue: its 
ability to remodel itself when the stress and strain acting on the tissue ar~ 
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changed from homeostatic values. Remodeling oftissues due to stress changes 
in any organ is usually nonhomogeneous because stress distribution is in 
general nonhomogeneous. Hence remodeling is a three-dimensional phenom
enon, to which the discussions of Secs. 8.7-8.9 are relevant. 

8.2 Structure and Composition of Blood Vessels 

The architecture of blood vessel wall is sketched in Fig. 8.2: 1. The blood vessel 
wall consists of three layers: the intima, media, and adventitia. The intima is 
the innermost layer and contains the endothelial cells. The media is the middle 
layer and contains the smooth muscle cells. The adventitia is the outermost 
layer and is mainly collagen fibers and ground substances. Figure 8.2: 1 shows 
that the proportions of these three layers vary according to the size of the vessel. 
The exact definition of the intima has some uncertainty. According to Rhodin 
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Figure 8.2: 1 Rhodin's (1980) sketch of mammalian blood vessels showing the various 
components of the vascular wall. ~, diameter. From Handbook of Physiology, Sec. 2. 
The Cardiovascular System. Vol. II, p. 2. Reproduced by permission of the author and 
the American Physiological Society. 
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(1980), biochemists and physiologists often consider intima synonymous with 
endothelium, whereas pathologists use the word for the subendothelial layer 
alone. Most anatomists and cell biologists define the intima as composed of 
the endothelial cells, the basal lamina ( '" 80 nm thick), and the subendothelial 
layer composed of collagenous bundles, elastic fibrils, smooth muscle cells, 
and perhaps some fibroblasts. The subendothelial layer is usually present only 
in the large elastic arteries such as human aorta, whereas in the majority of 
other blood vessels the intima consists of only endothelial cells and basal 
lamina. 

The tunica media is made up of smooth muscle cells, a varied number of 
elastic sheets, bundles of collagenous fibrils, and a network of elastic fibrils. 
Its dividing line with the adventitia is a layer of elastin. 

The adventitial layer contains collagen fibers, ground substances, and some 
fibroblasts, macrophages, blood vessels (vasa vasorum), myelinated nerves, 
and nonmyelinated nerves. 

Figure 8.2: 2 is a photomicrograph of the intima-media layer of the thoracic 
aorta of the rat at the zero stress state. Note the elastic layer between muscle 
cells. 

Figure 8.2: 2 A photograph of a region of the intima media of the thoracic artery wall 
ofthe rat, showing the major components. Vascular smooth muscle cells, elastin layers, 
collagen fibrils , and ground substance. 
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Figure 8.2: 3 A photograph of a region of the adventitia of the thoracic artery wall of 
the rat, showing collagen fibrils, ground substance, and some fibroblasts. 

TABLE 8.2: 1 Percentage Composition of the Media and 
Adventitia of Several Arteries at In Vivo Blood Pressure 
(Mean ± S.D.) 

Pulmonary Thoracic Plantar 
artery aorta artery 

Media 
Smooth muscle 46.4 ± 7.7 33.5 ± 10.4 60.5 ± 6.5 
Ground substance 17.2 ± 8.6 5.6 ± 6.7 26.4 ± 6.4 
Elastin 9.0 ± 3.2 24.3 ± 7.7 l.3±1.l 
Collagen 27.4 ± 13.2 36.8 ± 10.2 11.9 ± 8.4 

Adventitia 
Collagen 63.0 ± 8.5 77.7 ± 14.1 63.9 ± 9.7 
Ground substance 25.1 ± 8.3 10.6 ± 10.4 24.7 ± 9.3 
Fibroblasts 10.4 ± 6.1 9.4 ± 11.0 11.4 ± 2.6 
Elastin 1.5 ± 1.5 2.4 ± 3.2 0 

Figure 8.2: 3 is a photomicrograph of the adventitia of the same vessel at 
zero stress state at a higher magnification. Figure 8.2: 4 shows the histogram 
of the diameter of the collagen fibrils in the adventitia. It is seen that the 
diameters of the collagen fibrils spread over quite a wide range. Table 8.2: 1 
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Figure 8.2: 4 A typical histogram of the diameter of collagen fibrils in the adventitia 
of the thoracic artery of the rat. 

shows the composition of the media and adventitia layers, i.e., the percentage 
of volume of the smooth muscle cells, collagen bundles, elastin aggregates, 
fibroblast cells, and ground substances in media and adventitia. Morpho
metric data of this kind are essential when one attempts to correlate the 
mechanical properties of the vessel with the structure of the materials. The 
collagen in the adventitia and media of blood vessel is mostly Type III, some 
Type I, and a trace of Type V. The collagen of the basal lamina is Type IV. 

The blood vessel wall itself is supplied with blood flow (except the smallest 
blood vessels, whose cells are within a short distance, say 25 ,urn, from blood). 
The blood vessels perfusing larger blood vessel walls are called vasa vasorurn. 
An illustration of the vasa vasorum in a pulmonary artery is given in Fig. 
8.2: 5. Arteries seem to be somewhat less dependent on the vasal supply for 
their integrity. Veins, however, rapidly degenerate when the vasal supply is 
interrupted. 

The structure of blood vessels varies along the arterial tree. In large arteries 
the number oflamellar layers increases with wall thickness. In smaller arteries, 
the relative wall thickness is increased, the elastin is less prominent in the 
media, and with increasing distance from the aorta, eventually only the inner 
and outer elastic laminae can be clearly seen. The muscle fibers increase in 
amount, arranged in quasi-concentric layers with prominent muscle-muscle 
attachment, and in a helical pattern that has finer pitch in the more peripheral 
vessels. In the capillaries only the endothelium remains. 

The basic structure of the veins is similar to that of the arteries. The 
relative wall thickness is generally lower than in the arteries, and the media 
contains very little elastic tissue. The intimal surface of most larger veins has 
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Figure 8.2: 5 Photograph of the pulmonary artery of a rabbit, showing the vasa 
vasorum in the wall. The wall substance has been rendered transparent by glycerin 
immersion. The microvessels have been injected with silicone elastomer. The white 
background is an injected mass filling the cavity of the artery. From W. G. Frasher (1966), 
by permission. 

crescentic semilunar valves, generally arranged in pairs and associated with 
a distinct sinus or local widening of the vessel. The adventitia of veins is 
relatively thick and contains much collagen. In the abdominal vena cava and 
its main tributaries, and in the mesenteric veins, there are prominent longitudi
nal muscle fibers. Veins contain a relatively high amount of collagen; the 
elastin/collagen ratio is about 1: 3. 

Roach and Burton (1957) studied vessel elasticity before and after diges
tion with formic acid or trypsin to remove elastin and collagen, respectively. 
They showed that the slopes of the distensibility curves of the trypsin treated 
specimens were similar to those of the untreated specimens in the low stress 
region, whereas in the high stress region, whether the elastin was depleted 
or not did not seem to matter. By this method of attack they correlated the 
overall mechanical properties of a vessel with the content and structure of the 
material components. 

8.3 Arterial Wall as a Membrane: Behavior Under 
Uniaxial Loading 

The arterial wall is, of course, a three-dimensional body. Stresses vary across 
the thickness ofthe wall. But blood vessel is a tube subjected to blood pressure. 
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As it can be seen from the theory of thin shells, the stresses and strains in the 
vessel wall can be separated into two parts: the mean values and the deviations 
from the mean. The mean circumferential, longitudinal, and shear stresses 
are uniform across the wall. If transverse shear can be neglected, then the 
differential equations governing these mean stresses are exactly the same as 
those equations governing a shell whose wall thickness is very small; i.e., a 
curved membrane coinciding with the midsurface of the shell. The constitutive 
equation needed is the one relating the membrane stress with the membrane 
strain. Thus, if we are interested only in determining the mean stresses in 
the shell under the hypothesis that the transverse shear vanishes, then the 
mathematical problem is a two-dimensional one. This reduction of a three
dimensional problem into a two-dimensional one is a great simplification. 
Hence we shall devote this and the following four sections to the study of the 
arterial wall as a membrane. 

There are, of course, other occasions in which the determination of the 
deviation of stresses from the mean is important. Then it is necessary to 
consider the arterial wall as a three-dimensional body. All problems involving 
bending of the wall must consider the shell as a three-dimensional body. 
Problems in which the external load is nonaxisymmetric, localized, or concen
trated are three-dimensional. Problems concerning curved or branching 
arteries or vessels with stenosis or aneurysin belong to this category. We de
vote Secs. 8.7 and 8.8 to the study of arterial wall as a three-dimensional body. 

Considering the arterial wall as a membrane, the simplest experiment that 
can be done is the uniaxial test. Take a longitudinal or circumferential strip 
of a vessel wall with the shape of a rectangular parallelopiped. Pull it length
wise, and record the force-elongation relationship. The lateral sides are left 
free. At the no-load condition, let the length of the specimen be L o, the width 
Wo, and the thickness Ho. Under a load, the length becomes L. The ratio of 
L to the initial length Lo is the stretch ratio, A.. The load divided by the initial 
cross-sectional area Ao yields the tensile stress T: 

load 
T= Ao . (1) 

An example of the stress-strain relationship, T(A), for a specimen of a dog's 
aorta which was loaded at a constant rate until a maximum tension,was 
reached and then immediately unloaded at the same constant rate (triangular 
strain history), is shown in Fig. 7.5: 1. 

After a sufficient number of repeated cycling the stress-strain loop is 
stabilized and does not change any further. Then the stress can be related 
to the strain in the form 

T = fl(A.) when d;. 0 
dt> , (2) 

T = f2(A) when di. 0 -< dt ' 
(3) 
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where f1> f2 are two functions. If ft(),) = f2(A), then the material is elastic. 
If ft(),) # f2(A), then the material is inelastic. Figure 7.5: 1 shows that arteries 
are inelastic. 

As is discussed in Chapter 7, Sec. 7.6, the hysteresis loop of arteries is 
rather insensitive to strain rate. Mathematically this is equivalent to saying 
that ft().), f2()') depend on the instantaneous values of }. and that their 
dependence on the rate of change of A may be ignored in many cases. 

A convenient way to examine the functions ft(}.) and f2(A) is to plot 
the slope dT/d}. against T. An example is shown in Fig. 8.3: 1 [from Tanaka 
and Fung (1974)]. If a material obeys Hooke's law, such a plot will show 
a horizontal straight line. The example shows that the artery does not obey 
Hooke's law. For tensile stress T greater than 20 kPa and less than about 
60 kPa (a physiological range, but much below the breaking strength of the 
aorta) the curves in Fig. 8.3: 1 can be represented by straight lines, and the 
following approximation is valid: 

dT/dA = a(T + p) = aT + Eo, (4) 

whre a, p, and Eo = ap are constants. This implies an exponential stress-strain 
relationship (Fung, 1967) 

T = (T* + p)elZ(l-l*) - p (5) 

for 20 < T < 60 kPa, where (A*, T*) represents one point on the stress-strain 
curve in the region of validity of Eq. (4). 

The mean values of the physiological constants a and Eo, defined for tensile 
stress in the range 20-60 kPa, are presented in Fig. 8.3: 2 for aortic specimens 
obtained by cutting strips in the longitudinal and circumferential directions 
along the aortic tree of the dog. The parameter a represents the rate of increase 
of the Young's modulus with respect to increasing tension (corresponding to 
the slope of the curves in Fig. 8.3: 1 at stress T greater than 20 kPa). Figure 
8.3 : 2 shows that for circumferential segments of arteries, a increases toward 
the periphery, i.e., arteries become more highly nonlinear further away from 
the heart. The corresponding data on a for the longitudinal segments show a 
less regular variation along the aortic tree. The parameter Eo is the intercept 
of the straight-line segment extended to T = O. Figure 8.3: 2 shows that Eo 
varies greatly along the aortic tree; and its value for longitudinal segments can 
be very different from that of the circumferential segments; the more so toward 
the periphery, further away from the heart. These differences undoubtely 
reflect the changes in material composition and configuration of collagen, 
elastin, and smooth muscle fibers in the arterial wall along the length of the 
aorta. 

Frank (1920) was the first to study the relationship between Young's 
modulus (dT/d}.) and stress (T). The linear relationship given in Eq. (4) 
is not inconsistent with the curves published by Frank [see Kenner (1967) 
and Wetterer and Kenner (1968)]. Laszt (1968), Hardung (1953), and Bauer 
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Figure 8.3: 1 Plot of the Young's modulus (tangent modulus, dT/d)..) vs. the tensile 
stress (T) in a specimen of thoracic aorta of the dog in a loading process. Part (a) shows 
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Figure 8.3: 2 Middle panel: Sketch of arterial segments. Left panel: variation of ex along 
the aortic tree. Open circles, circumferential segments. Filled circles, longitudinal 
segments. Right panel: variation of the constant Eo of Eq. (4) describing the stress
strain curve in an exponential form. Open circles: circumferential segments. Filled 
circles: longitudinal segments. Numbering of segments: see middle panel. From Tanaka 
and Fung (1974), by permission. 

and Pasch (1971) presented similar data. Tanaka and Fung (1974) pointed 
out that such a relationship is valid only if the stress is sufficiently large; 
for low stress levels they showed that a power law fits the experimental 
data. A power law was used by Wylie (1966) in a theoretical analysis of 
arterial waves. The variation of the mechanical properties of blood vessels 
along the arterial tree has been studied by McDonald (1968), Anliker (1972), 
and others by means of arterial pulse waves, and by Azuma, Hasegawa, 
and Matsuda (1970) and Azuma and Hasegawa (1971) by in vitro experi
ments. 

8.3.1 Stress Relaxation at a Constant Strain 

As is the case with other tissues, the relaxation function of the aorta depends 
on the stress level. In the physiological range with stress T > 20 kPa, the 
relaxation function is normalizable; i.e., it is possible to express the stress 
history in response to a step change in strain in the form 

T(t, A) = G(t) * T(e)(A) G(O) = 1, (6) 

where G(t) is a function of time, and T(e)(A) is a function of strain, the * symbol 
being a mUltiplication sign. If the strain history were continuously variable, 
it may be regarded as consisting of a superposition of many step functions, 
and the resulting stress history would still be given by Eq. (6), but the symbol 
* has to be interpreted as a convolution integration. The function G(t) 
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is the normalized relaxation junction. The function T(e)(A.) is the pseudo
elastic stress corresponding to the instantaneous stress ratio A.. 

The mean normalized relaxation function G(t) of the dog's aorta is 
shown in Fig. 8.3:3 (from Tanaka and Fung, 1974), in which the horizontal 
axis indicates the time elapsed after the step increase of strain, plotted on a 
logarithmic scale, whereas the vertical axis is the ratio of the tensile stress at 
time t to that at the end of step strain. Figure 8.3: 3 refers to circumferential 
segments of the arteries. Longitudinal segments are similar. The relaxation 
function varies from specimen to specimen. Figure 8.3: 3 shows the mean and 
standard deviation at each instant of time following the step load. The vari
ability, indicated by the standard deviation, is the least for the aortic arch, and 
increases toward the periphery. Since the standard deviation is caused by 
differences in age, sex, etc., the results shown in Fig. 8.3:3 suggest that the 
effect of these factors on the mechanical properties of arteries is bigger in 
the smaller arteries. 

The value of the normalized relaxation function of G(t) at a given value 
of t is smaller for smaller arteries. This means that the smaller arteries 
relax faster and more fully. Stress relaxation is very fast at the beginning; 
then it slows down logarithmically. When t = 1 sec, 9% of the tension in an 
aortic arch is relaxed, whereas in a femoral artery 20% of the tension is 
relaxed. At t = 300, most of the relaxation has taken place. In the literature 
it is often postulated that the normalized relaxation function G(t) decreases 
with time like a logarithm of t. Thus 

G(t) = flliog t + d. (7) 

From Fig. 8.3 :3, it is seen that this representation is not very good for the 
arteries. Nevertheless, it is a useful approximation for relatively small 
value of t, say for 1 < t < 100 sec. 

The variation of the viscoelastic property of the artery along the arterial 
tree can be examined by comparing certain characteristic constants of 
the curves of relaxation. One of the characteristic numbers is the slope of 
the relaxation curve vs. log t at a specific value of t. This is the constant fll 
of Eq. (7). With fll evaluated at t = 1 sec, the results are shown in the right
hand panel of Fig. 8.3 :4. It is seen that fll is negative, and for circumferential 
segments, the absolute value of fll increases toward the periphery away from 
the heart. For the longitudinal segments the absolute value of fll decreases 
at first until the level of abdominal aorta, then increases toward smaller 
arteries. Another characteristic parameter is the value of G(t) at a larger value 
of t. For G(t) at 300 sec, the results are shown in the left-hand panel of Fig. 
8.3 :4. Here we see that smaller arteries relax more. 

The variation of arterial elasticity and viscoelasticity along the arterial 
tree can be explained qualitatively by the composition and structure of the 
arterial wall. Elastin is soft, elastic, and relaxes very little, while collagen 
is also elastic, but has a much larger Young's modulus than elastin, and 
relaxes more than elastin. Smooth muscle has a low modulus of elasticity, 
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Figure 8.3: 3 Normalized relaxation function G(t) for circumferential segments of 
arteries. Mean ± s.d. (n = 10). Note that the vertical coordinates range over 0.6 to 
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dimensionless. From Tanaka and Fung (1974), by permission. 
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symbols represent the mean ± one standard deviation. Note the very large standard 
deviations in abdominal arteries at large t. The mean value of G(t) (as well as each 
individual relaxation curve) never increases with increasing time. Do not read G(t) ± 
s.d. as G(t). 
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Figure 8.3:4 (a) Variation of the percentage value of the normalized relaxation func
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at t = 1 sec. Open circles: circumferential segments. Filled circles: longitudinal 
segments. Numbering of segments: see Fig. 8.3 :2. From Tanaka and Fung (1974), by 
permission. 

but a tremendous relaxation. In terms of the parameters discussed above, 
smooth muscle has a large negative qt, and a very small G(t) at t = 300 sec. 
The results shown in Fig. 8.3:4 reflect the change in composition of the 
arterial wall along the arterial tree. Azuma and his associates (1970,1971, 
1973) have explained qualitative correlation between mechanical properties 
and arterial wall composition. Moritake et al. (1973) and Hayashi et al. 
(1971, 1974) have examined the mechanical properties and degenerative 
process of brain arteries in post-mortem specimens of brain aneurysm. 
They showed that aging and aneurysm are associated with an increase of 
collagen and a decrease of smooth muscle in these vessels, while the per
centage of elastin remained almost constant. 

We have based the discussion above on Eqs. (6) and (7), which are useful 
approximations. For greater accuracy the relaxation function G(t) depends 
somewhat on the stretch ratio ),. See Sharma (1974), and Wetterer, Bauer, and 
Busse (1978). Such a dependence exists because the structure of the arterial 
wall changes with the stress level. 

8.3.2 Creep Under a Constant Load 

A typical curve showing creep under a constant load is shown in Fig. 8.3: 5, 
in which the abscissa indicates time on a logarithmic scale, and the vertical 
axis is the change of strain after the imposition of a step loading. It is seen 
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Figure 8.3: 5 A typical creep curve, plotted as a reduced creep function J(t) = [l(t) - 1]/ 
[}.(8) - 1]. Dog carotid artery. From Tanaka and Fung (1974), by permission. 

that the creep of the dog's artery is remarkably small. In the in vitro tests, 
the creep process was irreversible; after a long period of creep, the specimen 
could not return to its original length after the load was removed. 

8.3.3 Unification of Hysteresis and Relaxation 

Since relaxation, hysteresis, and the difference between static and dynamic 
elasticity are revelations of the same phenomenon, there should exist a 
unified relation among them. As is discussed in Chapter 7, Sec. 7.6, a method 
proposed by Fung (1972) consists of interpreting the multiplication sign 
* in Eq. (6) as a convolution operator, so that the right-hand side of Eq. 
(6) represents a convolution integral between G(t) and T(e)[ A(t)]. The factor 
T(e)[A] is nonlinear. The convolution operator is linear. The equation is 
therefore quasi-linear. 

It is intuitively clear that we have no right to expect the quasi-linear 
relationship to be valid for the full range of the inelastic phenomenon in a 
large deformation. In the analogous case of metals, rubber, and other high 
polymers, it is known that the viscoelastic law [Eq. (6)] works for small 
strains, but not for creep to failure. We expect the same to be true with 
biological tissues. 

Fung (1972) reasoned that since the stress-strain relationship of arteries 
is found to be insensitive to strain rate over a wide range of the rates, the 
relaxation spectrum must be broad. If the relaxation function is written 
in the form 
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(8) 

is a normalization factor, then the spectrum S(,) is expected to be a con
tinuous function of the relaxation time r. A special form of S(,) is proposed: 

S(,) = cl' 
=0 

for , 1 ::; , ::; '2 

for ,<, 1, ' > '2' 
(9) 

where c is a dimensionless constant. The theoretical relaxation and creep 
functions corresponding to Eq. (9) are given in Sec. 7.6. The theoretical slope 
of the relaxation curve vs. log t [Eq. (7)] is 

for '1 < , < '2' (10) 

When this procedure is applied to the aorta, the results listed in Table 
8.3: 1 are obtained. The comparison between the theoretical relaxation 
function and the experimental one is good. We must say, however, that 
the virtue ofEq. (9) does not lie only in the fact that it fits a specific relaxation 

TABLE 8.3: 1 The Constants c, '1, '2' Defining the Relax-
ation Spectrum of the Aorta in Eq. (9). From Tanaka and 
Fung (1974) 

c '2(sec) '1 (sec) 

Circumferential 
Arch 0.0424 434 0.367 
Prox Th 0.0399 192 0.260 
Mid Th 0.0459 286 0.211 
Dist Th 0.0512 230 0.118 
Prox Abd 0.0655 162 0.059 
Dist Abd 0.0687 98.6 0.051 
Ext Iliac 0.0726 282 0.Q15 
Femoral 0.0646 119 0.040 

Longitudinal 
Arch 0.0311 451 0.431 
Prox Th 0.0297 93.9 0.137 
Mid Th 0.0230 245 0.101 
Dist Th 0.0178 757 0.051 
Prox Abd 0.0153 428 0.064 
Dist Abd 0.0373 452 0.0599 
Ext Iliac 0.0832 2480 0.0065 
Femoral 0.0638 107.5 0.0096 
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curve, but that, in addition, it makes the stress-strain relationship insensitive 
to the strain rate over a very broad range (between a strain rate of 0.001 to 
1.0 length/sec in these examples). 

8.4 Arterial Wall as a Membrane: Biaxial Loading and 
Torsion Experiments 

A normal artery is a circular cylindrical tube subjected to a biaxial loading of 
an internal pressure, a longitudinal stretch, and a shear. Hence biaxial 
experiments on arteries are very popular. One instrument used by the author 
is shown in Fig. 1.14:4 in Chapter 1. Another instrument designed by Deng 
et al. is shown in Fig. 8.4: 1. Similar instruments are used by other authors. In 
these experiments a segment of artery is soaked in physiological saline, tied 
at both ends to hollow cannulas, inflated by internal pressure, and stretched 
longitudinally. The diameter and the length between two gauge marks are 
measured by optical and electronic instruments without touching the tissue. 
End effect is minimized by selecting cannulas of suitable diameters and allow 
the gauge marks to be sufficiently far away from the ties. 

The instrument designed by Deng et al. (1992) can impose a torsion on the 
specimen in addition to stretching and inflation, Fig. 8.4: 1. This allows a shear 
stress-shear strain relationship to be measured in addition to the longitudinal 
and circumferential stresses and strains, as will be discussed at the end of this 
section. 

Results of biaxial experiments are interpreted by regarding the arterial wall 
as a membrane. We use r, e, and z for the radial, circumferential, and axial 
coordinates, respectively, in a cylindrical polar frame of reference with the z 
axis located at the center of the tube. We consider the mean stresses (Jee and 
(Jzz in the circumferential and axial directions as uniformly distributed, and 
assume that the transverse shear stresses (Jre, (Jrz are zero. The radial stress (Jrr 
is considered either as zero or as a constant. 

A membrane is a two-dimensional continuum. We can apply the strain
energy method discussed in Secs. 7.11 and 7.4 to the membrane. We assume 
that there exists a two-dimensional strain-energy function W(2) per unit mass, 
or Po W(2) per unit volume at the zero stress state, Po being the mass density, 
at zero stress. Then the circumferential, longitudinal, and shear stresses, See, 
SZZ' and Sez, respectively, can be derived from the strain-energy function as 
follows: 

(1) 
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Figure 8.4 : 1 A test equipment for torsion, longitudinal stretching, and circumferential 
inflation of blood vessels in the author's laboratory.The torque is measured by the 
differential air pressure in the jets of an impinging on a little flag, and holding the flag 
in a null position. The specimen is twisted at the lower end. The torque generated is 
transmitted up through a hinge. Longitudinal force is measured by a force transducer. 
Internal and external pressures are controlled. The specimen is soaked in a saline bath. 
Equipment designed by Dr. Deng Shanxi in the author's lab. 

Here A,6 and A,z are the stretch ratios of the middle surface of the blood vessel 
wall in the circumferential and axial directions, respectively, and 

E66 = !(A,~ - 1), (2) 

are the circumferential and axial strains defined in the sense of Green. S66' Szz, 

and S6z are Kirchhoff's stresses, (J66' (In> (J6z are Cauchy's stresses. Po W(2) is a 
function of E 66 , E zz and E6Z' E zo . The experimental results are used to deter
mine the two-dimensional strain energy function Po W(2). Note that the blood 
vessel wall, regarded as a two-dimensional body, is not "incompressible" (i.e., 
its area can change). Hence there is no indeterminacy in the mean stress. 

Let subscripts i and 0 denote the inner and outer surfaces, respectively. 
Then, for a tube of an inner radius r i and an outer radius ro, subjected to an 
inner pressure Pi and an outer pressure Po, the equilibrium condition yields 
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Piri - poro 
average value of 0"99 = ----h--' 

F + Pinrt - ponr; 
average value of O"zz = ( 2 2) , 

n ro - r i 

(3) 

where F is the force applied at the ends of the vessel, and h is the thickness of 
the wall. See Problem 1.4 in Chapter 1. The mathematical analysis is presented 
below. 

8.4.1 Shear Modulus of Elasticity 

Torsion experiment with the equipment sketched in Fig. 8.4: 1 is important 
because it provides the shear modulus of elasticity of the blood vessel wall. 
When the vessel wall is regarded as a membrane in biaxial state of stress, 
inclusion of shear in the constitutive eqution completes the equation in such 
a way that it can then be used for general biaxial problems. 

For an isotropic elastic material obeying a linear stress-strain relationship, 
there is a well-known relationship between the shear modulus of elasticity G, 
the Young's modulus E, and the Poisson's ratio v (Eq. (2.8:5)): 

E 
G = 2(1 + v)' 

But this formula does not work for anisotropic materials. Further, for a soft 
tissue, the shear modulus increases with increasing level of both the shear and 
normal stresses. 

8.4.2 Principle of Torsion Experiment 

Consider a blood vessel segment as a circular cylindrical tube subjected to a 
transmural pressure p, a longitudinal force F, and a torque T (Fig. 8.4: 2). 
Under loading, the vessel wall has outer and inner radii ro and ri , respectively, 
a cross-sectional area A, a length L, a total angle of twist e, and an angle of 
twist per unit length, elL. The vessel wall material is considered incompress
ible, so that the volume of the wall under loading is constant: 

(4a) 

where Ao and Lo are, respectively, the cross-sectional area and length of the 
vessel at the no-load condition (p = F = T = 0). Now, 

A = n(r; - rt). (4b) 

Hence we obtain 

(5) 
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Figure 8.4: 2 Torsion of a segment of blood vesseL Notations and symbols for analysis. 

The ratio L/ Lo is the longitudinal stretch ratio and is designated by the 
symbol Az . Let FA. be the longitudinal force due to Az ; Fo be the longitudinal 
force due to torsion; Fp the longitudinal force due to blood pressure p. (Fp 
exists only in test specimens whose ends are plugged off.) Then the resultant 
longitudinal force acting on the vessel test specimen is 

F = FA. + Fo + Fp

The force Fp in a specimen with plugged ends is 

F - 2 p - npr;. 

(6) 

(7) 

The forces FA., Fo have to be measured. The average longitudinal stress, Uzz , is 

(jzz = F/A. 

The average circumferential stress, (joo, is given by the Laplace formula 

(joo = pr;/(ro - rJ 

(8) 

(9) 

The torque in the cylinder, T, is equal to the product of the average shear 
stress in the wall, iizo , the wall cross-sectional area, A, and the mean radius 
(ro + rJ/2. Hence, 

(10) 

The objective of our experiment is to determine the relationship between 
T and ()/ L with fixed values of longitudinal and circumferential stresses, iizz 
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and 0'00. One of the significant facts found in our experiment is that T is linearly 
proportional to f)IL in a range of interest of the variable f)1L. In this range, 
then, the shear stress O'zo is linearly proportional to f)1L. Now, the shear strain 
at a radius r is, by definition, 

ezo = rf)12L. (11) 

Thus, the linearity named above implies that 

O'zo = 2Gezo = Grf)lL. (12) 

Here r is the radius and G is the shear modulus of elasticity. G is independent 
of the shear strain. Although Eq. (12) looks like one, it is not a Hooke's 
law because G is a function of O'zz and 0'00' and the total stress-strain relation
ship is nonlinear. The torque is given by an integral of the product of O'zo and 
the moment arm r and the area 2nr dr: 

iro rf) n Gf) 
T = 2n G-r2 dr = __ (r4 - r4) 

ri L 2L 0 ,. 
(13) 

Writing 

n 
J = _(r4 - r~) 2 0 ! 

(14) 

which is the polar moment of inertia of the vessel cross section, we obtain 
from Eq. (13) the familiar formula 

f) 
T= GJ

L 

LT f) 
or G = -- or 

Jf) L 

8.4.3 A Necessary Refinement for the Real Case 

T 

GJ" 
(15) 

The analysis presented above is made for a circular cylindrical tube of constant 
radius. The test specimens, however, have their ends tied to cannulas of fixed 
diameter which cannot vary with the inflation pressure. Hence, in reality, the 
shape of the specimen is not cylindrical, but bulged or necked in as sketched 
in the right-hand panel of Fig. 8.4: 2. The outer and inner radii, ro and r i , are 
functions of z. The analysis must be refined to reflect this condition. 

Even in the case of variable diameter, we assume the deformed tube to be 
axisymmetric in shape. Then, by the equations of static equilibrium, we know 
that the torque, T, remains independent of z, because there is no external 
torque acting on the cylinder. But since r i and ro are variable, the cross
sectional area, A, the polar moment of in tertia, J, and the longitudinal stretch, 
}'z, will vary with z. The rate of twist per unit length of the tube, which was 
written as f)IL before, now must be replaced by df)ldz, which is variable with 
z. The analysis presented above is valid for a segment of infinitesimal length. 
Equations (11) to (13) remain valid if we replace f)1 L by df)ldz and regard r i , 
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ro' ).z, A, and J as functions of z. It follows that azz , aee , tze, G(azz' aee) are now 
functions of z, whereas Eq. (15) yields 

dO T 

dz G(z)J(z) 
(16) 

An integration yields 

O(L) - 0(0) = T f: [G(z)J(Z)]-l dz, (17) 

where O(L) is the angle of twist at z = L, 0(0) is that at z = O. O(L) was denoted 
by 0 before; 0(0) is defined as zero. 

There are two ways to use these equations. If dO/dz can be measured 
accurately, then G(z) can be calculated from Eq. (16) to yield 

G(z) = T[J(z)(dO/dz)]-l. (18) 

Alternatively, if L can be varied and O(L) can be measured accurately as a 
function of L, then Eq. (17) can be used to determine G(z) as the solution of 
an integral equation. 

TABLE 8.4: 1 Shear Modulus G of Normal Rat Thoracic Aorta at a Physiologi-
cal Pressure of 16 kPa (120 mm Hg) 

Rat No. 2 3 4 5 6 Mean s.d. 

G (k Pal at i.z = 1.2 69 102 100 141 97 68 96 ± 29 
G (k Pal at i.z = 1.3 107 230 159 223 169 130 122 ± 48 
Rat weight (gm) 558 525 532 474 476 513 ± 37 
Rat age (days) 149 150 151 154 155 155 152 ± 3 

TABLE 8.4:2 The Shear Modulus of the Thoracic Aorta of Normal Rats and 
Rats Subjected to Specified Days of Hypertension Caused by Aortic Constric
tion at the Celiac Artery Level. Internal Pressure, 16 kPa (120 mm Hg), External 
Pressure, 0 (Atmospheric) 

Shear modulus G Cross-sectional area 
A.z = 1.2 A.z = 1.3 Ao 

Days No.ofrats 
(n) Mean s.d. Mean s.d. Means.d. 

0 (6) 96 ± 29 169 ± 49 1.67 ± 0.08 
2 (6) 122 ± 48 202 ± 102 1.68 ± 0.59 
6 (3) 107± 5 170 ± 20 1.77 ± 0.05 

10 (3) 139 ± 71 160 ± 0 1.94 ± 0.28 
20 (3) 163 ± 66 97 ± 56 1.84 ± 0.04 
30 (3) 128 ± 40 205 ± 123 1.94 ± 0.30 
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Figure 8.4: 3 The shear modulus of the thoracic aorta of the pig as a function of the 
longitudinal stretch and transmural pressure. 

The results obtained by Drs. S. X. Deng, 1. Tomioka, and 1. Debes in the 
author's lab are given in Table 8.4: 1 for normal rat thoracic aorta, and Table 
8.4: 2 for hypertensive rat thoracic aorta. Using the same instrument, Debes 
(1992) obtained the shear modulus of dog pulmonary artery with results 
shown in Fig. 8.4: 3. 

8.4.4 The Strain Energy Function Including Shear 

With non-vanishing shear stress, the strain-energy function may be assumed 
to be of the form 

where 

c 
P W(Z) = P + - e Q 

o 2 ' 
(19) 

Q = alE~9 + azE;z + a3(E~z + E;9) + 2a4E99Ew (20) 

p = HblE~9 + bzE;z + b3(E~z + E;9) + 2b4E99Ezz]' (21) 

Eij are the Green's strains. ai' bi are material constants. Debes (1992) has 
shown that for the pulmonary arteries of the dog, the stress-strain relationship 
is linear so that it is sufficient to use 

PoW(Z) = P. (22) 

He found G in the order of 10 to 60 kPa for the dog pulmonary artery. See 
Fig. 8.4:3. 

For the aorta of the pig, Yu et al. (1993) and Xie et al. (1993) have shown 
that in the neighborhood of the zero stress state, the stress-strain relationship 
is linear. Regarding the strains Eij as small quantities of the first order then 
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the linearized form of Eq. (19) is 

(23) 

In the physiological strain range, aorta needs the full equation (Eq. (19». 

8.5 Arterial Wall as a Membrane: Dynamic Modulus of 
Elasticity from Flexural Wave Propagation Measurements 

Seismologists deduce the structure of the earth and the elastic constants of 
various parts inside the earth by examining the propagation of seismic waves 
around the globe. By analogy, a physiologist should be able to deduce the 
properties of a blood vessel by watching the propagation of waves in the 
blood vessels. 

If we consider progressive waves of radial motion of long wavelength and 
infinitesimal amplitude propagating in an infinitely long circular cylindrical 
vessel filled with an inviscid fluid and having a linearly elastic wall, then the 
speed c of the wave is governed by the Moens-Korteweg equation 

2 Eh 
c =--. 

2pJ a 
(1) 

Here p J is the density of the fluid, E is Young's modulus of the vessel wall in 
the circumferential direction, h is the wall thickness of the vessel, and a is its 
radius. The long string of qualifying words preceding Eq. (1) is necessary for 
the validity of this equation. Thus blood viscosity and initial stresses are 
ignored. The wavelength must be very long, and the wave amplitude must be 
very small compared with the vessel radius; otherwise the bending rigidity 
of the vessel wall and the nonlinear convective fluid inertia would have to be 
accounted for. See Biodynamics (Fung, 1984), Chapter 3 for the derivation of 
Eq. (1). 

The many restrictions imposed on the Moens-Korteweg formula suggest 
that the formula is oflimited use. The most serious limitation is that the waves 
must be progressive. For vessels of finite length, waves will be reflected and 
refracted at the ends and what one can observe are not harmonic progressive 
waves. In the human body, with the wave motion generated by the heart, the 
distance between the heart and the capillary blood vessels at the periphery is 
approximately a quater wavelength. In this distance the vessel diameter is 
reduced rapidly toward the periphery, and many generations of branching 
exist. These factors make it necessary to abandon this beautifully simple 
formula, and to resort to a much more complex mathematical analysis of 
the arterial waves. 

Many other types of wave motion are possible in a blood vessel. For 
example, axial waves and torsion waves in the vessel wall have been predicted 
and confirmed. Nonaxisymmetric waves are found to be strongly dispersive. 
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Anliker et al. (1968,1969) and Anliker (1972) have studied the wave motion 
in arteries by superimposing, on the naturally occurring pulse wave, artificially 
induced transient signals in the form of finite trains of high frequency sine 
waves. In particular, this method is used to study the attenuation of the wave 
amplitude along the path of propagation, thus deducing the viscoelastic 
properties of the blood vessel. Using pressure waves in the 20-200 Hz range 
in a dog's aorta, the wave train may be considered as progressive waves. They 
find that the amplitude attenuates exponentially: 

(2) 

where Ao is the amplitude at the proximal transducer, A is the amplitude at 
the distal transducer, k is the logarithmic decrement, Ax is the distance 
between the transducers, and A is the wavelength. For pressure waves 
propagating down stream (away from the heart), k is ofthe order of 0.7 to 1.0. 
The logarithmic decrement k for the torsion and axial waves are higher, in 
the range 3.5-4.5. In all cases the logarithmic decrements are essentially in
dependent of frequency between 40 and 200 Hz. Wave speed increases with 
increasing blood pressure. 

Langewouters et al. (1984, 1985, 1986) have measured the static elastic 
properties of human thoracic and abdominal aortas in vitro, and proposed 
the following empirical relation between the cross-sectional area of the lumen 
(A) and the pressure in the vessel (p): 

A(p) = Am H + ~tan-l (p ~lPO)}, (3) 

in which Am' Po, and Pi are parameters that vary with location. This is based 
on the observation that the pressure-area relation may be written as 

dp 
dA = a + bp + Cp2, (4) 

which becomes Eq. (3) upon integration. They tabulated the empirical param
eters and the incremental Young's modulus computed from these formulas, 
as well as the characteristic impedance Zo and the pulse wave velocity, Vp: 

J pAp Z -
0- AAA' 

JAAP 
Vp = pAA. 

(5) 

(6) 

They modeled creep with a generalized Kelvin model, with two Maxwell 
elements in parallel with a spring, and published the parameters. Similar data 
for the finger arteries and forearm arteries are published by Gizdulich and 
Wesseling (1988) and Imholz et al. (1991). 
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8.6 Mathematical Representation of the Pseudo-Elastic 
Stress-Strain Relationship 

Although many authors have proposed a large variety of mathematical ex
pressions to describe stress-strain relationship in uniaxial tests (see Chapter 
7, Sec. 7.5), for biaxial and triaxial tests there are essentially only two schools: 
one uses polynomials (Patel and Vaishnav, 1972; Vaishnav et al., 1972; 
Wesley et al., 1975), while the other uses exponential functions (Ayorinde 
et al., 1975; Brankov et al., 1974, 1976; Demiray, 1972; Fung, 1973, 1975; 
Fung et al., 1979; Gou, 1970; Hayashi et al., 1974; Kasyanov, 1974; Snyder, 
1972; Tanaka and Fung, 1974). Both schools utilize strain-energy functions 
to simplify the mathematical analysis. Strain-energy functions are discussed 
in Chapter 7, Sec. 7.9. In the two-dimensional case the strain energy function 
Po W(2) is a function of the strains Eoo and Ezz if shear is not involved. We shall 
consider the case without shear first, and add shear later in this section. Then, 
the form of Po W(2) advocated by the polynomial school is, according to Patel 
and Vaishnav (1972), 

Po W(2) = Aa2 + Bab + Cb2 + Da3 + Ea2b + Fab2 + Gb3, (1) 

where a = EM, b = Ezz> and A, B, ... , G are material constants. If all coeffi
cients except A, B, C vanish, then we obtain Hooke's law of the linear theory. 
The seven-constants form shown in Eq. (1) is the simplest polynomial to be 
devised for the nonlinear theory. If the fourth degree terms are included the 
number of material constants is increased to 12. Patel and Vaishnav (1972) 
have shown that the accuracy of the function is not much improved by the 
inclusion of the fourth degree terms. 

Most other authors use exponential functions. The form we prefer is the 
following (Fung, 1973; Fung, Fronek, Patitucci, 1979): 

POW(2) = ~ exp[al(Eto - E:l) + a2(E;z - E:/) + 2a4(EooEzz - E:oE:z)], (2) 

where C (with the unit of stress, N/m2) and a lo a2, a4 (dimensionless) are 
material constants, and E:o, E:z are strains corresponding to an arbitrarily 
selected pair of stresses S:o, Siz (usually chosen in the physiological range). 
In principle it is unnecessary to specify the asterisk quantities, because they 
can be absorbed into the constant C to yield a form 

POW(2) = ~' exp[alEto + a2E;z + 2a4EooEzz]' (3) 

But in practice it is very helpful to introduce E:o, E:z ' Not only are the values 
of E:o, E:z corresponding to S:o, S:z very important information, but also 
their use makes the identification of the constants C, al , a2 , a4 from 
experimental data easier for each set of test specimens for computational 
reasons. 
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The efficacy of the mathematical representation can be tested on two 
grounds: (a) its ability to fit the experimental data over the full range of strains 
of interest, and (b) the usefulness of the parameters in distinguishing the 
members of a family of stress-strain curves. To obtain the needed data for 
evaluation, Fung et al. (1979) tested selected rabbit arteries. The results of two 
series of tests are analyzed. In one series, each artery was first stretched 
longitudinally to an approximate in vivo length (Az equal to 1.6 for the carotid 
artery, 1.5 for the iliac and lower abdominal aorta, 1.4 for upper abdominal 
aorta); then it was inflated with internal pressure, and the pressure, diameter, 
gauge length, and axial force were recorded. In another series, the internal 
pressure was kept at zero (i.e., same as the external pressure) and the vessel 
was stretched while the diameter, gauge length, and axial force were recorded. 
These experimental data are then matched with the theoretical stress-strain 
relationship derived from Eqs. (1) and (2). See Sec. 8.4. 

For the exponential strain-energy function, the constants C, ai' a2' a4 are 
determined by Fung et al. (1979) according to a modified Marquart's (1963) 
nonlinear least squares algorithm-by minimizing the sum of the squares 
of the differences between the experimental and theoretical data. For the 
polynomial, the ordinary least squares procedure suffices. Some results for 
the exponential strain-energy function are given in Table 8.6: 1. S:6, Siz corre
spond to about 13.3 kPa (100 mm Hg) internal pressure and Az = 1.6. The 
overall fit is quite good; the average correlation coefficients are 0.988 for S66 
and 0.861 for Szz for the carotid artery. 

The results of matching experimental data with polynomial Eq. (1) are given 
in Table 8.6: 1. The standard deviations of the material constants A, B, ... are 
sometimes very large compared with the mean. Some of the coefficients change 
sign in different runs of the same specimen. The average correlation coeffi
cients are 0.971 for S66 and 0.878 for Szz for the same carotid artery. 

In Table 8.6: 1 we present the material constants for four arteries of the 
rabbit to illustrate the systematic variation of these constants along the 
arterial tree. The entries are mean values for all tests with protocol "p". The 
change of sign of the polynomial coefficients from one artery to another is 
an unpleasant feature of the polynomial approach. These changes are caused 
by the sensitivity of the coefficients to relatively small changes in the shape 
of the stress-strain curves. The overall smaller coefficients of variation (ratio 
of standard deviation to the mean) indicate that the exponential form of the 
strain-energy function is preferred. 

8.6.1 The Question of Parameter Identification 

The question discussed above is a question of parameter identification
determination of physical parameters from a given set of experimental data. 
It should be noted that although the experimental data can be fitted ac-
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curately, the parameters themselves may not have much meaning. For 
example, in one experiment [rabbit carotid artery, Exp. 71, protocol P + Lin 
Fung et al. (1979)], we obtained the following when Eq. (I) is used: 

Po W(2) = - 2.4385a2 - 0.3589ab - 0.1982b2 

+4.6334a3 + 3.2321a2b + 0.3743ab2 + 0.3266b3, 

which correlates with a set of experimental data with correlation coefficients 
0.971 for See, and 0.878 for Szz. Here a = Eee , b = Em and POW(2) is in units 
of 10 kPa. For the same arterial test specimen but in another test (Exp 71.1, 
protocol p), the pseudo-strain-energy function obtained was 

Po W(2) = - 8.1954a2 + 2.5373ab + 0.2633b2 

+2.7949a3 + 11.1749a2b - 3.0092ab2 - 0.1166b3, 

which has the correlation coefficients 0.958 for See and 0.794 for Szz. It is 
amazing that two polynomials so disparate can represent the same artery. 
Although the coefficients A, B, ... are very different, the stress-strain curves 
are quite similar in the experimental range. In other words, the coefficients 
are very sensitive to small changes in the data on stress-strain relationship. 
Workers in viscoelasticity and other branches of physics are familiar with this 
situation. (See another example in Chapter 7, Sec. 7.6.2.) 

8.6.2 The Meaning of the Material Constants in the Exponential 
Pseudo-Strain-Energy Function 

The question is often asked: What is the "physical" meaning of the material 
constants C, al' a2' and a4 in Eq. (2) or (4)? If we interpret the question as 
how do the stresses change when these constants are changed? Then it can be 
answered quite easily. We have chosen to require the stress-strain curves to 
pass through two states: the zero stress state (Sij = Eij = 0) and the state 
characterized by S~ and E~. Between these two states the stress-strain curve 
is more curved if al , a2 is larger. If Ezz is zero, then for a larger ai' the curve 
of See vs. Eee will leave the origin closer to the strain axis, and then rise more 
rapidly to the point (S:e, E:e). This is illustrated in Fig. 8.6: 1. Similarly, a2 
would affect the curve for Szz vs. Ezz. The constant a4 specifies the crosstalk 
between the circumferential and longitudinal directions. The constant C fixes 
the scale on the stress axis. The larger the values of ai' a2' and a4, the smaller 
would be C. 

The exponential form of the strain energy can be derived from the following 
reasoning. Strain is a tensor. Strain energy is a scalar. Therefore, the strain
energy function must be a function of a scalar measure of the strain tensor. 
Let a scalar measure be 

(4) 

Since the structure of the arterial wall is not isotropic, we do not expect Q to 
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Increasing a 1 

1~~~:; __ "55========::=-________ -1~E~6~O 0-

EOB 

Figure 8.6: 1 The effect of the material constants a l , az, on the shape of the stress
strain curves. The scales of the coordinates are so chosen that all curves pass through 
the point S*, E*. The curves pass through the origin if Ezz = 0; otherwise they do not. 

be a symmetric function of E88 , Ezz ; i.e., we expect a l #- az. Now, if Q changes 
and the rate of change of the strain energy with respect to the change of Q is 
proportional to the current value of the strain energy, then we can write 

dpo W(Z) _ W(Z) 

dQ - Po (5) 

by absorbing the constant of proportionality in Q. Then, an integration of Eq. 
(5) gives 

(6) 

which is exactly Eq. (2), c' being a contant of integration. Thus, our proposed 
strain-energy function can be interpreted as using Q as a measure of the 
deformation and assuming that the rate of change of Po W with respect to Q 
is proportional to Po W. 

8.7 Blood Vessel Wall as a Three-Dimensional Body: 
The Zero Stress State 

Blood vessels are, of course, three-dimensional bodies. Whenever the biaxial 
approach cannot be justified, one has to deal with the three-dimensional 
continuum. For the blood vessel, the first question we have to answer is: What 
is its zero stress state? 
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A body in which there is no stress is at the zero stress state. If strain is 
calculated with respect to the zero stress state, then the strain is zero when 
the stress is zero, and vice versa. This is an important feature of the constitutive 
equation. Hence the analysis of stress and strain begins with the identification 
of the zero stress state. 

At the top of Fig. 8.7: 1, there are shown the cross sections of two arteries 
(a pulmonary artery and an ileal artery) that were obtained from anesthetized 
rats by perfusing the animal with glutaraldehyde at normal blood pressure, and 
fixing its tissue in situ. In the middle row of Fig. 8.7: 1 are shown the cross 
sections of these arteries at the no-load condition. The vessels were reduced to 
no-load by excising them from the anesthetized animal, reducing the blood 
pressure and the longitudinal tension to zero, then putting the specimen into 
a glutaraldehyde solution and fixing it at no-load. In the bottom row of Fig. 
8.7: 1 are cross sections of these vessels at zero stress. These sections were 
obtained by first excising the arteries at no-load condition, cutting short 
segments transversely to obtain rings illustrated in the middle row, then 
cutting the rings open by a radial section. The rings sprang open into sectors, 
which were then fixed with glutaraldehyde. 

From the photographs shown in Fig. 8.7: 1 we see that the arterial walls 
were smooth in situ, and also at zero stress, but the intima were very much 
disturbed, wrinkled, and distorted at the no-load state. This was so because 
the vessel wall tissue was subjected to compressive strain in the inner wall 
region at the no-load state, and buckled. Compressive residual stress acted in 
the intima-media region in the circumferential direction, tensile residual stress 
acted in the adventitial region. Thus the no-load condition is the least suitable 
condition for morphometry of the geometric structure of tissues. 

To verify that the stress in the opened sector is zero everywhere, one should 
make further arbitrary cuts and show that no further change of strain results. 
This was done by Han and Fung (1991) who showed that indeed no further 
measurable change of strain was found. 

For the convenience of characterizing an open sector we define an opening 
angle as the angle subtended by two radii drawn from the midpoint of the 
inner wall (endothelium) to the tips of the inner wall of the open section, see 
angle iX, Fig. 8.7: 2. If the sector were circular, then the opening angle is 
independent of the location of the radial cut in the ring of the no-load 
condition. If the sector were not circular, then the opening angle does depend 
on the locaton where the cut is made, and thus is not a unique characterization. 
Zhou has shown, in Yu et al (1993), however, that the angle between the 
tangents at the tips of the section, the angle", in Fig. 8.7: 2, is an intrinsic 
measure of the curved sector, because 

'P = 2n - f K ds, 

where K denotes the curvature and s denotes a curvilinear coordinate 
representing the distance measured along the endothelial surface of the arterial 
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Figure 8.7: 2 The opening angle ex is defined 
as the angle between two radii joining the 
midpoint of the inner wall to the tips of the 
inner wall. If the vessel is not axisymmetric 
in vivo, then the opening angle ex depends 
on the point at which the section is cut. But 
the angle between the tangents at the tips 
of the open sector, IjI, does not depend on 
the point of cutting. 

sector. The integral is extended from one tip to the other. In practice, use of 
'" requires experimental determination of the tangents, and is far less conve
nient than the use of the opening angle 0(. 

The opening angles of blood vessels vary with the organ in which they are 
located, with the vessel size, thickness-radius ratio, curvature of the vessel 
centerline, and tissue remodeling. The opening angle is larger where the vessel 
is more curved, or thicker. For example, the opening angle of normal rat artery 
is about 160° in the ascending aorta, 90° in the arch, 60° in the thoracic region, 
5° at the diaphragm, 80° in the abdomen, 100° in the iliac, dropping down to 
50° in the popliteal artery, then rising again to about 100° in the tibial and 
plantar arteries (Fung and Liu, 1992). 

There are similar spatial variations of opening angles in the aorta of the 
pig and dog (Han and Fung, 1991; Vasoughi et aI., 1985), pulmonary arteries 
(Fung and Liu, 1991), systemic and pulmonary veins (Xie et al., 1991), and 
trachea (Han and Fung, 1991). 

8.8 Blood Vessel Wall as a Three-Dimensional Body: Stress and 
Strain, and Mechanical Properties of the Intima, Media, 
and Adventitia Layers 

An important task for the mechanical property determination of blood vessels 
is to obtain the constitutive equations for the intima, media, and adventitia 
as three separate layers. Since these layers are parallel and contiguous, it is 
best to use bending experiments which impose different strains in different 
layers while the stress distribution is revealed by bending moment and resul
tant force. Uniform stretching or shear experiments described in Secs. 8.3-8.5 
are unsuitable for this purpose because the strains are the same in all the layers 
while the stress resultants cannot be separated into forces in different layers. 
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Since the blood vessel segments at the zero stress state (see Fig. 8.7: 1 
bottom) appear as curved beams, it is possible to test vessel specimens as 
beams. Two experimental arrangements are sketched below. In Fig. 8.8: 1, the 
specimen is tested as a simply supported beam. In Fig. 8.8: 2, the specimen is 
tested as a cantilever beam. In either case a large deformation can be imposed 
on the specimen, but the strains remain quite small. The strains in the specimen 
shown in Fig. 8.8: 1 were measured by spraying the surfaces of the specimen 
with micro-dots (2 to 20 pm in size) of black indelible ink with a tooth brush. 
See Fig. 8.8: 3. The coordinates of a set of smaller dots were measured and 
digitized from photographs of these dots taken through a stereomicroscope, 
first at the zero stress state, then at deformed states under increasing loads. 
From every set of three neighboring dots we can use the formulas given in Sec. 
2.3, Eqs. (2.3: 17), to compute the Lagrangian strains Eij on the surface in a 
small area containing these three points. These strains can be correlated with 
the loading on the specimen. The specimen is very soft in the neighborhood 
of the zero stress state, hence a very small load must be applied. In the setup 
shown in Fig. 8.8: 1 the load is applied by a fine wire as a cantilever beam 
whose deflection is calibrated for loading. 

In the setup shown in Fig. 8.8: 2 the specimen is clamped at one end and 
loaded at the other end, again by a fine wire used as a cantilever beam and 
the deflection at the tip is calibrated to read the loading. The deflection of the 
tissue is photographed and digitized. 

The analyses of the results of these experiments are given in Yu, Zhou, and 
Fung (1993) and Xie, Zhou, and Fung (1993). It is shown that in both cases 
the stress-strain relationship is linear for strains up to the size that allow the 
rounding up of the specimen into a closed curve. If we write the relationship 
between the uniaxial Lagrangian stress Tand the stretch ratio A of the tissue as 

T = E;(.A. z - 1) for the intima-media layer, 

T = Eo(,1.2 - 1) for the adventitial layer, 
(1) 

where the subscript "i" means inner, "0" means outer, "2" means the 
circumferential direction, then it was found theoretically that Ei , Eo, and the 
location of the neutral axis as a fraction ofthe wall thickness can be determined 
by the load-deflection relationship, the measured strain distribution, and the 
thickness of the intima-media (lumped into one) layer as a fraction of the total 
wall thickness. When the thicknesses of the intima-media and adventitia are 
equal, it was found that for the thoracic aorta of the pig, the neutral axis is 
located at about 30% of the wall thickness from the inner wall, and the mean 
values of the Young's moduli are 

Ei = 43.25 kPa for intima-media layer, 

Eo = 4.70 kPa for the adventitia layer. 
(2) 

Thus the Young's moduluses of these two layers are almost an order of 
magnitude apart. In the neighborhood of the zero stress state the media of the 
arterial wall is much stiffer than the adventitia. 
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Figure 8.8: 2 The test equipment to measure bending strains in a cantilevered 
condition. Designed by Jai Pin Xie. 

The analysis of the results of the setup shown in Fig. 8.8: 2 is more complex. 
The deflection curve of the test specimen has to be digitized and fitted with a 
smooth mathematical expression before it can be differentiated to obtain the 
curvature of the deflection curve which correlates with the bending moment. 
For the ascending aorta, using Eq. (1), and on assuming the thickness of the 
intima-media layer to be 50% of the total wall thickness and the neutral axis 
is located at 35% of wall thickness from the endothelial surface, we obtained 

Ei = 447.5 kPa for intima-media layer, 
(3) 

Eo = 111.9 kPa for the adventitial layer. 

For the descending aorta, under the same assumed thickness distribution and 
neutral axis location, the Young's moduli are 

Ei = 247.8 kPa for intima-medial layer, 

Eo = 68.7 kPa for adventitia layer. 
(4) 
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Note that these moduli for the ascending and descending aorta are much 
larger than the corresponding moduli of the thoracic aorta. These differences 
reflect the differences of structure and composition of these blood vessels. 

The good fit of the linear uniaxial stress-strain relationship given in Eq. 
(1) to the experimental results in the neighborhood of the zero stress level 
suggest that a similar good fit can be obtained for biaxial experiments which 
can be done on the biaxial testing machine described in Sec. 8.4. From these 
a three-dimensional stress-strain relationship can be derived if the material 
is incompressible by the method of Chuong and Fung (1983). 

The next step is to match the linear constitutive equation valid for small 
strain to the nonlinear constitutive equation which is known to be valid in 
the physiological range of finite strain. A theoretical form suggested by the 
author is Eq. (8) of Sec. 7.10. This strain-energy function has been applied to 
the skin, see Sec. 7.10. It is applicable to the intima-media and adventitial 
layers of the blood vessel. 

8.9 Arterioles. Mean Stress-Mean Diameter Relationship 

Arterioles are the last generations of branches on the arterial tree. They are 
muscular vessels with very little adventitia. In many they are vessels with inner 
diameters in the order of 80 pm or less. By their smooth muscle action they 
regulate blood flow and control the blood pressure. 

By measuring the inner and outer radii of the blood vessels simultaneously 
with pressure in the isolated, auto perfused mesentery of 14 cats during 
changes in systemic blood pressure, Gore (1972,1974,1984) was able to obtain 
the relationship between the mean diameter and the wall stress in several 
groups of vessels. Figure 8.9: 1 shows Gore's results. Here the wall stress was 
computed from the formula 

(1) 

where p is the functional mean pressure, ri is the inner radius of the vessel, 
and h is the wall thickness. «(Ie) is the average circumferential stress in the 
wall only under the assumption that the pressure acting on the outside of 
the vessel is zero, because the full formula is 

(2) 

where the subscripts i and 0 refer to inside and outside of the vessel, respec
tively. The mean diameter was computed as the sum of inner and outer 
diameters divided by 2. Figure 8.9: 1 shows that the stress-diameter relation
ship of arterioles (shown by the broken lines) is similar to that of the larger 
arteries. 
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Figure 8.9: 1 Stress-diameter curves (broken lines) identify three types of arterioles in 
the cat mesentery: 63 f1, large arterioles, 45 f1, arterioles, and 27 f1, terminal arterioles. 
Open circles show stress states existing in these vessel segments when the mean 
systemic blood pressure was 13.3 ± 1.3 (s.d.) kPa (100 ± 10 (s.d.) mm Hg). Solid line 
is the stress distribution curve for vessels between a mean diameter of 12 to 70 f1, when 
the blood pressure was 13.3 ± 1.3 kPa. From Gore (1974), by permission. 

The solid line in Fig. 8.9: t shows the mean circumferential stress in 
precapillary micro vessels when the mean systemic blood pressure was l3.3 ± 
1.3 (s.d.) kPa (100 ± 10 (s.d.) mm Hg). It is seen that the stress level decreases 
with decreasing vessel diameter. In an earlier paper, Gore (1972) showed that 
the response offrog micro vessels to norepinephrine depends on the mean wall 
stress < (Jo > in the vessel. During iontophoretic application of constant, 
supramaximal doses of norepinephrine, maximum constriction of the frog 
mesenteric vessels occured when <(Jo> was in an optimum range Si of 10-
15 kPa. The magnitude of constriction was less in arterioles and arteries with 
< (J 0> greater or less than Si. Gore suggested that < (J 0> in arterioles is normally 
equal to Si, so they develop maximum force to overcome distending pressure; 
whereas < (J 0> in terminal arteries and arteries is normally greater than Si, so 
these larger vessels cannot develop their full constrictive potential. 

The mechanical response of the smooth muscles in the arterioles to changes 
in stretch, stress (or blood pressure), oxygen, norepinephrine, or other factors 
is the key to the regulation of blood flow. But this important subject remains 
hazy. A well-known result was given by Baez et al. (1960) who isolated and 
perfused the rat mesoappendix and measured the diameters ofthe small vessels 
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Figure 8.9: 2 The change of vessel diameter with blood pressure measured by Baez et 
al. in the meso-appendix of the rat. Nerve-intact preparation. The phenomenon of 
unchanging diameter in certain ranges of pressure is exhibited. From Baez et al. (1960), 
by permission. 

as the static perfusion pressure was varied. Figure 8.9: 2 shows their results 
on a nerve-intact preparation. Note that there is a region of pressure in which 
the metarteriole (middle curve) does not change its diameter with pressure. 
For a small precapillary vessel (lower curve) this flat region is even larger. 
These flat regions are interpreted as due to the active contraction of the 
vascular smooth muscle. As the internal pressure is reduced below a certain 
limit, the muscle contraction closes the vessel. Since automatic closing is 
not possible without an active contraction, the closing phenomenon reflects 
smooth muscle action. 

The results shown in Fig. 8.9: 2 were obtained in a static condition. The 
vessels were perfused, but the arterial and venous pressures were equalized 
so that there was no flow. Related in vivo data with normal blood flow were 
given by Johnson (1968), who studied the change of arteriole diameter with 
respect to large-artery pressure in the cat mesentery. In experiments on 
34 arterioles, 10 showed a simple decrease in diameter as pressure was reduced; 
24 showed a biphasic response. In the latter group, the vessel narrowed for 
the first 5-15 sec, but then the vessel dilated. In 12 of these the diameter 
became larger in hypotension than it has been at normal arterial pressure. 
When pressure was suddenly restored, the vessel dilated at first but returned 
to the control size later. These results show how complex arteriolar behavior 
can be. See Johnson (1968, 1980). 

The mechanics of smooth muscles in general, and vascular smooth muscle 
in particular, is a major frontier waiting for development. 
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8.10 Capillary Blood Vessels 

Capillary blood vessels are the smallest blood vessels of the mammalian 
circulation system. Their diameters are about the same as that of the red blood 
cells. Some are smaller, e.g., in retina. Some are larger, e.g., in mesentery. Most 
are long thin tubes embedded in tissue. Some form very dense sheet-like 
networks, e.g., in the lung. Some form sinuses. There is no smooth muscle in 
their wall, no definable adventitia. The endothelium and basement membrane 
is the vessel wall. Through the wall, 02' CO2, water, ions, nutritional and 
waste molecules move. 

In vivo observation of the elasticity of capillary blood vessels in the 
mesentery and some skeletal muscles in isolated preparation can be made 
under varying perfusion pressure without flow. Burton (1966), in summarizing 
Jerrad's unpublished data, stated that the frog mesenteric capillaries were less 
distensible than 0.2% per mm Hg change of blood pressure. Zweifach and 
Intaglietta (1968) stated that there was no measurable change in the diameters 
of the mesenteric capillaries of the rat and the rabbit when blood pressure was 
changed from the arterial to venous values. In other words, the mesenteric 
capillaries behave like rigid tubes. Fung (1966a,b) suggested that capillaries 
in the mesentery behave like a tunnel in a gel and that capillary behavior 
cannot be tested independently of this surrounding gel. Then Fung, Zweifach, 
and Intagletta (1966) measured the stress-strain relation of the mesentery, and 
Fung (1966b) used the result to compute the contribution of the surrounding 
tissue to the rigidity of the capillary blood vessels contained therein. He 
showed that when the mesentery was stretched to the extent used in most 
physiological experiments, the surrounding media contributed over 99% of 
the rigidity to the capillary blood vessels in the mesentery, with less than 1% 
contributed by the endothelium and basement membrane if the elastic 
modulus of the basement membrane were similar to that of the small artery 
or arteriole. It follows that the compliance of the capillaries depends on the 
amount of surrounding tissue that is integrated with the blood vessel, and to 
the degree the surrounding tissue is stressed. If the surrounding tissue is large 
compared with the capillary, and is stressed to the degree used in Zweifach 
and Intaglietta's (1968) observations, then the rigidity of the capillary would 
be derived mostly from the surrounding tissue. If the surrounding tissue is 
small compared with the capillary, and the tissue is much more relaxed, then 
the capillary will be more distensible. 

An alternative hypothesis that can explain the observed rigidity of the 
capillary is that the basement membrane is thicker than previously assumed 
and has an elastic modulus as large as that of a taut tendon. This hypothesis 
remains to be verified. The basement membrane is made of collagen Type IV, 
(see Sec. 7.3.2), whose mechanical property is unknown. Unfortunately, Type 
IV collagen is not known to occur in larger quantity in any other tissues that 
are available for mechanical experimentation. 
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The tunnel-in-gel concept was further examined from the point of view 
of water movement between the capillary blood vessel and the surrounding 
media when the pressure in the capillary changes during micromanipulations. 
Intaglietta and Plomb (1973) showed that the concept is consistent wIth the 
observed fluid movement data. 

One important corollary to the tunnel-in-gel concept of the capillary is that 
the capillary blood vessel will not collapse under a uniform external compres
sion. A capillary in a compressed tissue can remain open for the same rea
son that an underground tunnel can remain open under tremendous earth 
pressure. 

On the other hand, there are small blood vessels that do not receive much 
support from the surrounding tissue. A typical example is the capillary blood 
vessels of the pulmonary alveoli, which are separated from the air by a wall 
less than 1 ,urn thick. These vessels are found to be distensible. 

Networks of pulmonary capillaries are organized in sheet form in the 
interalveolar septa. These are shown in Figs. 5.2: 1 and 5.2: 2 and again in 
Fig. 8.10: 1. In the plane view [Fig. 8.10: 1 (a)], the vessels are crowded against 
each other; the "post" space between the vessels is filled with connective 
tissue. Hence in the plane view, there is no space to expand if the blood pres
sure changes; indeed, the blood vessels appear rigid with respect to blood 
pressure changes. However, in cross section [Fig. 8.10 : l(b)], the interalveolar 
septa (capillary sheets) are thin-walled structures. Under increased blood 
pressure, the membranes will bulge out and the average thickness ofthe sheet 
will increase. This is illustrated in Fig. 8.10:2 [Sobin et al. (1972)]. Experi-

(a) (b) 

Figure 8.10: 1 Two views ofthe interalveolar septa ofthe cat's lung. Left: A plane view. 
Right: A cross-sectional view. The vascular space was perfused with a catalyzed silicone 
elastomer, so that no red cells can be seen. From Fung and Sobin (1972), by permission. 
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p 

Figure 8.10: 2 Photomicrograph of cat lung interalveolar septa cut in cross section 
and aligned parallel to optical axis. Stained basement membrane can be clearly seen. 
P = post; 20 m thick section. Top: sheet thickness = 10.5 f.1m at LIp = 2.69 kPa 
(27.4 cm H 2 0). Bottom: 6.0 f.1m at LIp = 0.62 kPa (6.3 cm H 2 0). From Sobin et al. 
(1972), by permission. 

mental results on the variation of the thickness of the alveolar septa of the 
cat's lung with respect to the transmural pressure (Ap = local pressure of the 
blood minus the alveolar gas pressure) are shown in Fig. 8.10: 3. These results 
may be summarized as follows: when the transmural pressure is positive, the 
thickness, h, increases linearly with increasing pressure according to the 
formula 

h = ho + exAp, (1) 

where ho and ex are constants. When the transmural pressure is negative, it is 
a good approximation to take the thickness h as zero. When the transmural 
pressure exceeds an upper limit, Eq. (1) ceases to be valid. As Ap increases 
beyond that limit, h tends asymptotically to be a constant. 

This example shows that the pulmonary capillaries should not be con
sidered as tubes. It is more apt to call them sheets. Based on the measured 
sheet elasticity of the pulmonary alveolar septa (Fig. 8.10: 3), detailed examina
tions have been made on the unique pressure-flow relationship of the lung, 
the transit time of red cells in the lung, the blood volume in the pulmonary 
microvascular bed, the fluid exchange, the input impedance, the parenchyma 
elasticity, and the conditions of edema and atelectasis of the lung. A consistent 
agreement was obtained between theoretical predictions and experimental 
results. References to this literature can be found in Fung and Sobin (1977). 

Thus the distensibility of capillary blood vessels with respect to blood 
pressure depends on the relationship of these vessels to the surrounding 
media. The mesentery and the lung provide two extreme examples. Larger 
blood vessels, such as the arterioles, venules, arteries, and veins, have the same 
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Approx used In this poper 
h= ho + aiJp when iJp>O 

h= 0 wheniJp'" 0 

LlP, CAPILLARY-ALVEOLAR PRESSURE, em H20 (1 em H20 = 98.0638 N/m2) 

Figure 8.10:3 The sheet thickness (the average vascular space thickness in the inter
alveolar septa) of the cat's lung, plotted as a function of the transmural pressure p (the 
blood pressure minus the alveolar air pressure). The alveolar air pressure was maintained 
at 10 cm H 2 0 (980 Njm 2 ) above the intrapleural pressure, which was atmospheric 
(taken as 0). A composite plot with data from Sobin et al. (1972) and Fung and Sobin 
(1972). 

problem; their compliances are also influenced by the surrounding tissue to 
varying degrees. Capillary blood vessels in different organs have different 
topologies and special structures and as a consequence have special mechani
cal properties. 

In 1979, Bouskela and Wiederhielm found that the capillaries in the bat's 
wing are very distensible. The bat's wing is thin and un stretched so that the 
surrounding tissue is relaxed. The capillaries apparently do not receive 
much support from the surrounding tissue. (Remember that the Young's 
modulus of a soft tissue is nearly proportional to the stress in the tissue.) 
This points out the importance of controlling the tension in the tissue in 
physiological experiments involving capillaries. 

8.11 Veins 

The structure of veins is not very different from that of arteries. The constitu
tive equation is similar. The stress-strain curves of veins, as shown in Fig. 
8.11 : I, from Azuma and Hasegawa (1973), are similar to those of arteries. 
Figure 8.11:2 shows a comparison of the stress-strain curves of veins with 
other tissues. The zero-stress state of veins is presented by Xie et al (1991). 

To determine the constitutive equation, the same kind of test procedure 
and precautions as discussed in Secs. 8.1 and 8.3 must be followed. To obtain a 
steady-state response in cyclic loading and unloading, preconditioning is 
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necessary. The stress-strain curve corresponding to an increasing stretch is 
called a loading curve. That corresponding to a decreasing stretch is called an 
unloading curve. For preconditioned specimens, the loading and unloading 
curves are stabilized, and are essentially independent of the strain rate (i.e., the 
speed) at which the cycling is done. Hence the concept of pseudo-elasticity, as 
discussed in Chapter 7, Sec. 7.7, is applicable to veins. 

Data presented in Figs. 8.11: 1 and 8.11 : 2 refer to uniaxial tests on strips 
of tissue in which only one component of stress does not vanish. If Po W 
represents a three-dimensional strain-energy function, it can be reduced to the 
unaxial condition through the conditions Sll = S, S22 = S33 = S12 = S23 = 
S31 = o. As an alternative, one may derive a one-dimensional strain-energy 
function PoW(l), as a function of the uniaxial strain E, whose derivative with 
respect to E yields the uniaxial stress (Kirchhoff stress S, Lagrangian stress T, 
and Cauchy stress u): 

T=AS, (1) 

where 

and A is the uniaxial stretch ratio, i.e., the ratio of the changed length of the 
specimen divided by the reference length ofthe specimen. Following the same 
reasoning as in Sec. 8.5, we prefer the following form for Po W(l): 

PoW(l) = !Cexp[IX(E2 - E*2)], (2) 

where C and IX are material constants, and E* is the strain that corresponds to 
a selected value of stress S*. The Lagrangian stress T corresponding to 
Eq. (2) is 

T = IXECAexp[IX(E2 - E*2)], 

T* = IXCE*A*. 

(3) 

(4) 

It is easy to see that IX determines how curved the stress-strain curve is. The 
more nonlinear the stress-strain relationship is, the larger the constant IX. 
The product of the constants IXC is similar to the familiar Young's modulus, 
provided that the modulus is defined as the ratio of the Kirchhoff stress to 
Lagrangian strain, S*/E*, where S* = T*/A*. 

A typical stress-strain curve for cyclic loading and unloading at a constant 
strain rate is shown in Fig. 8.11: 3. This figure refers to data obtained by P. 
Sobin (1977) in the author's laboratory on human vena cava from autopsy 
material. The dots represent the experimental values; the solid curves are 
those of Eq. (3). The reference length is defined as that length at which the 
stress is returned to zero in the cyclic loading process. Table 8.11: 1 presents 
the numerical values of the constants for human inferior vena cava at a 
reference stress of T* = 250 g/cm2 (24.52 kPa), for the loading process only. 
It is seen that the venous mechanical property (as reflected by these parame-
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Figure 8.11: 3 The stress-stretch ratio relationship of a post mortem human vena cava 
specimen tested in a uniaxial tensile loading condition. )'1 is the axial stretch ratio. 
Circles: experimental data on loading (increasing strain). Squares: unloading. Solid 
11.3 g/cm2 (1.108 kPa), :x = 180.4, i.* = 1.24, T* = 250 g/cm2 (24.5 kPa). From 
P. Sobin (1977). 

ters) varies a great deal from one individual to another, and for the same 
individual from one location to another. 

Test results on veins subjected to a biaxial stress field are reported by 
Wesley et al. (1975). A comparison of the incremental elastic moduli between 
a segment of human saphenous vein and a canine carotid artery is presented 
in Table 8.11: 2. This comparison is of interest because in certain surgical 
operations a vein is used to substitute for an artery. Normally, of course, the 
internal pressure of the vein is smaller than that in the artery. 

Wave propagation in veins has been studied by Anliker et al. (1969). 
General features were the same as those in arteries, except that local changes 
of wave speeds were found to be significant, indicating the existence of local 
variation in geometry, mechanical properties ofthe vessel wall, and tethering. 
Wave speed increases with increasing transmural pressure (e.g., in the vena 
cava during inspiration). The logarithmic decrement lies in the range 0.6-3.3 
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TABLE 8.11: 1 Material Constants Based on Fitting Eq. (3) to Experimental 
Data Obtained from Post Mortem Human Vena Cava Specimens Subjected 
to Uniaxial Tension. From P. Sobin (1977) 

A. Circumferential 

Age C 
Specimen Sex (yrs) (kPa) (X A* Corr. coeff. 

0427BCl M 65 0.990 153.034 1.16 0.999 
0427BC2 M 65 1.113 180.401 1.12 0.998 
0511LCI F 11 0.620 365.308 1.11 0.999 
0511LC2 F 11 1.437 45.127 1.37 0.999 
0511BCl F 11 1.190 43.715 1.425 0.997 
0523BCl M 20 1.544 157.891 1.115 0.998 
0523BC2 M 20 1.727 130.712 1.13 0.999 
0523CLl M 20 1.166 85.197 1.25 0.998 
0523CL2 M 20 1.261 74.177 1.26 0.999 
0523BCl M 20 1.667 43.593 0.998 
0525LCI M 49 1.588 44.542 1.000 
0525LC2 M 49 1.168 87.114 1.000 

B. Longitidunal 

0427BLl M 65 1.707 61.561 1.225 1.000 
0427BL2 M 65 3.132 30.939 1.24 1.000 
0511LL2 F 11 1.753 134.399 1.104 0.997 
0523BLl M 20 2.861 37.964 1.21 0.998 
0523BL2 M 20 4.317 14.202 1.36 0.998 
0523LLl M 20 7.152 8.310 1.345 0.999 
0523LL2 M 20 13.528 3.136 1.450 0.998 
0525BLl M 49 5.813 7.287 0.991 
0525BL2 M 49 4.930 9.419 0.990 

0525LL2 M 49 7.464 3.124 0.994 

per wavelength, again essentially independent of frequency between 40 and 
200 Hz. 

Compared with arteries, veins work in a much lower pressure regime, in 
which the Young's modulus is highly dependent on the tensile stress and has 
low values. The low elastic modulus (i.e., high compliance) is the main reason 
why the capacity of the veins is so sensitive to postural changes and neural 
and pharmacological controls. 

Veins are rich in smooth muscle, which responds to neural, humoral, 
pharmacological, and mechanical stimuli. The functional response of the 
veins to these stimuli is very important in physiology, because the veins 
contain 75% or more of the total blood volume. Any change in pressure or 
muscle tension or contraction will change the blood volume in the veins and 
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TABLE 8.11 : 2 The Properties of Veins and Carotid Artery of the Dog. From 
Wesley et al. (1975) 

Pressure 

Extension 
ratio 

(cm H 20) .10 

10 1.457 1.481 
25 1.463 1.530 
50 1.472 1.597 
75 1.478 1.646 

100 1.482 1.675 
125 1.484 1.686 
150 1.484 1.686 

10 1.357 1.169 
25 1.417 1.206 
50 1.500 1.266 
75 1.561 1.325 

100 1.602 1.381 
125 1.621 1.430 
150 1.621 1.470 

Incremental venous 
elastic modulus 

Canine jugular vein 

15 ± 3b 1.2 ± 0.18c 

47 ± 6' 4.4 ± 0.3c 

88 ± 7C 11.8 ± 2.1 
98 ± 7C 46 ± 13b 

117 ± lOc 67 ± 25 
134 ± 24C 39 ± 32 
171 ± 9c 113 ± 1C 

Human saphenous vein 

0.27 ± 0.12' 1.61 ± 0.32b 
0.65 ± 0.13' 2.03 ± 0.39b 

1.89 ± 0.41 c 2.75 ± 0.78 
9.85 ± 1.6 3.18 ± 0.76 
15.0 ± 2.6 3.56 ± 0.58 
20.4 ± 1.6b 3.98 ± 0.96 
25.1 ± 7.5 4.75 ± 1.2 

Carotid artery 
increment modulus' 

7.62 5.16 
8.39 7.15 
9.51 10.69 

10.37 13.97 
10.92 16.24 
11.16 17.17 
11.16 17.17 

5.30 0.017 
5.82 0.328 
6.00 0.735 
9.66 1.80 

12.77 3.15 
14.79 4.59 
15.51 5.93 

a The incremental modulus of the carotid artery is computed at the same extension ratios (Ao, Az ) 

as experienced by the veins at the pressure listed. Carotid moduli are quoted as a function of 
vessel strain, not as a function of pressure. 

b p < 0.05 for the comparison between the venous and carotid moduli. 

c p < 0.01 for the comparison between the venous and carotid moduli. 

hence the cardiac output. The panorama of neural, humoral, and pharma
cological control of veins is summarized in the magnificient book of Shepherd 
and Vanhoutte (1975). 

Because veins are thin-walled, they are easily collapsible when they are 
subjected to external compressions. Many interesting phenomena occur in 
venous blood flow because of this. 

A notable paper by Gaehtgens and Uekermann (1971) reports the dis
tensibility of mesenteric venous microvessels, which contain some 25% of the 
total blood volume of the body. Working with the dog's mesentery, they 
measured the diameters of venous vessels of22-1481lm internal diameter in 
response to arterial and venous pressure changes. Over a range of arterial 
pressure between 0 and 170 mm Hg (22.7 kPa) (while venous outflow pressure 
was 0) venular diameter changed by 31.8 ± 8.8% and venular length by 
6.3 ± 4.4%. With a venous pressure elevation from 0 to 30 mm Hg (4.0 kPa) 
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(while arterial pressure = 0) an increase of the volume of the venous micro
vessels of about 360% was measured. Thus the venous microvessel appear 
to be one of the most distensible elements of the vascular system. 

8.12 Effect of Stress on Tissue Growth 

In the following, we shall discuss the changes in geometry, structure, and 
mechanical properties that occur in the cardiovascular system as the stress in 
the system changes. These changes are the results of tissue remodeling. They 
occur when an organ is subjected to environmental changes such as hypoxia, 
zero gravity, hyperbaric conditions, disease, drugs, injury, surgery, healing, or 
rehabilitation. Historically, orthopedic surgeons were the first to pay attention 
to the role played by stress in the healing of bone fracture. In 1866, G. H. 
Meyer presented a paper on the structure of cancellous bone and demon
strated that "the spongiosa showed a well-motivated architecture which is 
closely connected with the statics of bone." A mathematician, C. Culmann, 
was in the audience. In 1867, Culmann presented to Meyer a drawing of the 
principal stress trajectories on a curved beam similar to a human femur. The 
similarity between the principal stress trajectories and the trabecular lines of 
the cancellous bone was remarkable. In 1869, J. Wolff claimed that there is a 
perfect mathematical correspondence between the structure of cancellous 
bone in the proximal end of the femur and the trajectories in Culmann's crane. 
In 1880, W. Roux introduced the idea of "functional adaptation." A strong 
line of research followed Roux. Pauwels, beginning in his paper in 1935 and 
culminating in his book of 1965, which was translated into English in 1980, 
turned these ideas to practical arts of surgery. Recently, Carter (1987, 1988) 
and his associates (1987, 1988) published a hypothesis about the relationship 
between stress and calcification of the cartilage into bone. Cowin (1984,1986) 
and his associates (1979, 1981, 1985) have developed a mathematical theory 
of Wolff's law. Fukada (1974), Yasuda (1974), Bassett (1978), Saltzstein and 
Pollack(1987), and others have studied piezoelectricity of bone and developed 
the use of electromagnetic waves to assist healing of bone fracture. Lund (1921, 
1978), Becker (1961), Smith (1974) and others have studied the effect of electric 
field on the growth of cells and on the growth of an amputated limb of a frog. 
See Fung (1990), Biomechanics: Motion, Flow, Stress, and Growth, Chapter 13, 
for references and a more detailed account. 

The best known example of soft tissue remodeling due to change of stress 
is the hypertrophy of the heart caused by a rise in blood pressure. Another 
famous example was given by Cowan and Crystal (1975) who showed that 
when one lung of a rabbit was excised, the remaining lung expanded to fill the 
thoracic cavity, and it grew until it weighed approximately the initial weight 
of both lungs. 

On the other hand, animals exposed to the weightless condition of space 
flight have demonstrated skeletal muscle atrophy. Leg volumes of astronauts 
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are diminished in flight. In space flight vigorous daily exercise is necessary to 
keep astronauts in good physical fitness over a longer period of time, see 
references in Fung (1990). 

8.13 Morphological and Structural Remodeling of Blood Vessels 
Due to Change of Blood Pressure 

The systemic blood pressure can be changed in a number of ways: by drugs, 
high salt diet, constricting the flow of blood to the kidney, etc. If the aorta is 
constricted severely by a stenosis above the renal arteries, the aorta above the 
stenosis will become hypertensive, the whole upper body supplied by the upper 
aorta will become hypertensive, whereas the aorta below the stenosis will 
become hypotensive at first, but the reduced blood flow to the kidney will 
cause the kidney to secrete more of the enzyme renin into the blood stream 
and raise the blood pressure. If the stenosis was below the kidney arteries and 
is sufficiently severe, then the lower body will become hypotensive. Such a 
constriction can be imposed with a metal clamp, which is used in experiments. 

The pulmonary blood pressure can also be changed by a number of ways. 
A most convenient way in the laboratory is to change the oxygen concen
tration of the gas breathed by the animal. If the oxygen concentration of the 
gas is reduced from normal (i.e., hypoxic), the pulmonary blood pressure will 
go up. This is the reaction human encounters when a person living at sea level 
goes to a high altitude. 

An example of blood vessel remodeling when the blood pressure changes 
is given by Fung and Liu (1991). They created high pulmonary blood pressure 
in a rat by putting the animal into a low oxygen chamber. The chamber's 
oxygen concentration was 10% (about the same as that at the Continental 
Divide of the Rocky Mountains in Colorado). Nitrogen was added so that the 
total pressure was the same as the atmospheric pressure at sea level. When a 
rat entered such a chamber, its systolic blood pressure in the lung went up 
from the normal 15 mm Hg (2.0 kPa) to 22 mm Hg (2.93 kPa) within minutes, 
and maintains in the elevated pressure of 22 mm Hg of a week, then gradually 
rises to 30 mm Hg (4.0 kPa) in a month. See Fig. 8.13: 1. The systemic blood 
pressure remains essentially unchanged in the meantime. Under such a step 
rise in blood pressure in the lung, its pulmonary blood vessel remodels. To 
examine the change, a rat is taken out of the chamber at a scheduled time. It 
was anesthetized immediately by an intraperitoneal injection of pentobarbital 
sodium according to a procedure and dosage approved by the University, 
NIH, and Department of Agriculture, then dissected according to an ap
proved protocol. The specimens were fixed first in glutaraldehyde, then in 
osmium tetraoxide, embedded in Medcast resin, stained with toluidine blue 
0, and examined by light microscopy. 

Figure 8.13: 2 shows how fast the remodeling proceeds. In this figure, the 
photographs in each row refers to a segment of the pulmonary artery as 
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Figure 8.13: 1 The course of change of the pulmonary arterial pressure in response to 
a step decrease of oxygen tension in the breathing gas. Note that the systemic blood 
pressure in the aorta changed very little. From Fung and Liu (1991), by permission. 
1 mm Hg at oDe = 133.32 N/m2. 

indicated by the leader line. The first photograph of the top row shows the 
cross seeton of the arterial wall of the normal three month old rats. The 
specimen was fixed at the no-load condition. In the figure, the endothelium is 
facing upward. The vessel lumen is on top. The endothelium is very thin, of 
the order of a few micrometers. The scale of 100 J1m is shown at the bottom 
of the figure. The dark lines are elastin layers. The upper, darker half of the 
vessel wall is the media. The lower, lighter half of the vessel wall is the 
adventitia. The second photo in the first row shows the cross section of the 
main pulmonary artery 2 hrs after exposure to lower oxygen pressure. There 
is evidence of small fluid vesicles and some accumulation of fluid in the 
endothelium and media. There is a biochemical change of elastin staining in 
vessel wall at this time.The third photograph shows the wall structure 12 hrs 
later. It is seen that the media is greatly thickened, while the adventitia has 
not changed very much. At 96 hrs of exposure to hypoxia, the photograph in 
the fourth column shows that the adventitia has thickened to about the same 
thickness as the media. The next two photos show the pulmonary arterial wall 
structure when the rat lung is subjected to 10 and 30 days oflowered oxygen 
concentration. The major change in these later periods is the continued 
thickening of the adventitia. 

The photographs of the second row of Fig. 8.13: 2 show the progressive 
changes in the wall of a smaller pulmonary artery. The third and fourth rows 
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are photographs of arteries of even smaller diameter.The inner diameter of 
the arteries in the fourth row is of the order of 100 11m, approaching the range 
of sizes of the arterioles. The remodeling of the vessel wall is evident in 
pulmonary arteries of all sizes. 

Thus we see that the active remodeling of a blood vessel wall is nonuniform 
in space and proceeds quite fast. Histological changes can be identified within 
hours. The maximum rate of change occurs within a day or two. 

8.14 Remodeling the Zero Stress State of a Blood Vessel 

In association with the material and structural remodeling discussed in the 
preceding section, the zero-stress state of the tissue changes. Take the pulmo
nary artery as an example. Figure 8.14: 1 shows the zero-stress state of various 
sections of the pulmonary arteries. The photograph in the middle of Fig. 
8.14: 1 shows an exposed view of the left lung of the rat. Different regions of 
the artery are labeled as Region 1, Region 2, . . . , Region 8 as indicated in the 
figure. If a segment of the pulmonary artery in the ascending portion of Region 
1 were cut, the cross section will open up as shown in the top photograph on 
the left. The endothelium of the inner wall faces downward in the photograph, 
so the opening angle r:t. defined in Fig. 8.7: 2 is about 270° here. At the top of 

1mm -Figure 8.14 : 1 Variation of the opening angle of the pulmonary artery of the rat with 
location along the artery. Photographs are arterial sections at the zero stress state at 
the indicated locations, with the endothelial surface (original inner wall) facing 
downard. Note that the opening angle of pulmonary artery at the most curved region 
is greater than 360°. The vessel in this region turned itself inside out on relieving of its 
residual stresses. From Fung and Liu (l99\), by permission. 
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Figure 8.14: 2 Indicial response of the pulmonary arterial opening angle to a step 
increase of blood pressure. From Fung and Liu (1991), by permission. 

the arch in Region 1 where the artery is most curved, the zero-stress state is 
shown in the photograph at the top of the right hand column of Fig. 8.14: 1. 
The opening angle of that section is about 360°! Similarly, the opening angles 
of other regions are shown by photographs. 

The states shown in Fig. 8.14: 1 are normal. When hypertension is induced 
in the pulmonary artery the opening angles will change with time. The courses 
of change in various regions are shown in Fig. 8.14:2. Since the input-the 
high blood pressure-is essentially a step function, the responses are the 
indicial responses in various regions. It is seen that the indicial responses of 
the opening angles are larger than the controls at first, then in due time become 
smaller than the controls. These changes are significant because the zero-stress 
state is the fundamental state for any analysis of stress and strain. 

The remodeling of the zero-stress state of the aorta due to a sudden onset 
of hypertension has been reported by Fung and Liu (1989) and Liu and Fung 
(1989), see Fung (1990), Chapter 11, Sees. 11.2 and 11.3. 

8.15 Remodeling of Mechanical Properties 

Together with the remodeling of the material, structure, and zero-stress state, 
the mechanical properties of the tissue are expected to change. The changes 
can be described by a change of the constitutive equaton, or, usually, by 
changes of the material constants in the constitutive equation if its form does 
not need to be altered. 
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As an example, let us assume that a pseudo-elastic strain-energy junction 
exists, denoted by the symbol Po W, and expressed as a function of the nine 
components of strain, Eij (i = 1,2, 3,j = 1,2,3), which is symmetric with re
spect to Eij and E ji , so that the stress components can be derived by a 
differentiation (Sec. 8.5): 

OPoW 
Sij=~' (1) 

IJ 

Here Po is the density of the material at the zero stress state, W is the strain 
energy per unit mass, Po W is the strain energy per unit volume, Eij are strains 
measured with respect to the material configuration at zero stress state. We 
assume the following form for Po W (see Sec. 8.5): 

(2) 
where C, AI' a2' a4 are material constants, Ell is the circumferential strain, 
E22 is the longitudinal strain, both referred to the zero stress state. 

Experiments have been done on rat arteries during the course of develop
ment of diabetes after a single injection of streptozocin. When the vessel wall 

TABLE 8.15: 1 Coefficients C, a I' a2 and a4 of the Stress-Strain Relationship of 
the Thoracic Aorta of20-Day Diabetic and Normal Rats.a4 Was Fixed as 
the Mean Value from the Normal Rats· 

Group C (n/cm2) a, a2 a4 

Normal Rats 
Mean ± SD 12.21 ± 3.32 1.04 ± 0.35 2.69 ± 0.95 0.0036 
20-day Diabetic Rats 
Mean ± SD 15.32 ± 9.22 1.53 ± 0.92 3.44 ± 1.07 0.0036 

• From Liu, S. Q. and Fung, Y. C. (1992). 
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Figure 8.15: 1 Change of stress-strain relationship during tissue remodeling. From 
Liu and Fung (1992), by permission. 
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is treated as one homogeneous material, the results are presented in Table 
8.15: 1 and Fig. 8.15: 1, from Liu and Fung (1992). It is seen that the material 
constants change with the development of diabetes. In Liu and Fung (1992), 
the corresponding remodeling of the zero stress state is shown. These are 
examples of tissure remodeling in response to a disease. 

8.16 A Unified Interpretation of the Morphological, Structural, 
Zero Stress State, and Mechanical Properties Remodeling 

The remodeling of living tissues broadens the scope of constitutive equa
tions. An overall perspective is as follows: The cells in the tissues live under 
stress. They respond to change of stress by changing their mass, metabolism, 
internal structure, production or resorption of proteins, and building or 
reabsorb extracellular structures. In such a response to change of stress, the 
cells may change their mechanical properties, sizes, structures, and their inter
action with each other. In normal condition, a living organism has an equilib
rium configuration which is called a homeostatic state. When the state of 
stress deviates from that of the homeostatic state, the rate of change of the 
mass of the tissue, or some components of it, may become positive or negative, 
depending on the magnitude ofthe deviation from the homeostatic condition. 

Let the tissue be an aggregate of N materials. Let (lij and eii, with i, j = 
1, 2, 3, represent the three-dimensional stress and strain components. Let 
Pn, Ln and J1.n represent, respectively, the mass density per unit volume, the char
acteristic length, and the chemical potential per unit mass of the nth mate
rial of the tissue, n = 1,2, ... , N. Let r be time: r = 0 initially, r = t at present. 
Let 

t 

F [ ] 
<=0 

represent a functional of the entire history of the variables in the brackets, 
from r = 0 to r = t. Then 

t 

(lij(t) = F [eij(r),PJ(r), ... ,PN(r),L1(r), ... ,LN(r),J1.1, ... ,J1.N], (1) 
<=0 

~oo=~~+t~w~ m 
Pn(t) = Gn[Pl, ... , PN' L 1,···, LN, eii, (lij, and biochemical factors]. (3) 

~OO=~~+t~w~ ~ 
Ln(t) = Hn[Pl, ... ,PN,Ll,.··,LN,eii,(lii' etc] (5) 

Equation (1) states that stress is a functional of the strain and material 
composition (with specific molecular and ultrastructures implied, because 
molecules of the same molecular weight but different stereostructure may be 
counted as different materials). For a composite material, Eq. (1) must be 
written for each aggregate, as well as for the system as a whole. Equation (2) 
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says that the density of a material is the result of its past history of growth. 
Equation (3) is the stress-growth law of the nth material. Gn is a function of 
the material composition, stress and strain, and biochemical and environ
mental factors. Equations (4) and (5) say the same for the geometry and 
dimensions. 

Equations (1)-(5) are the constitutive equations. The examples given in 
Chapters 2-7 do not consider tissue growth and remodeling. When tissue 
growth and remodeling are involved, new boundary-value problems must be 
formulated on the basis of physical laws, boundary conditions, and Eqs. 
(1 )-(5). 

Problems 

8.1 Consider the equilibrium of a vertical column of liquid of density p, height h, in 
a gravitational field with gravitational acceleration g. Let the pressures at the top 
and bottom of the column be Po and PI' respectively. Consider the balance of 
forces and show that 

PI - Po = pgh. 

8.2 Apply the results of preceding problems to calculate the hydrostatic pressure in 
the arteries and veins of man. In physiology, pressure is actually measured most 
frequently with a mercury manometer, and is stated in terms of mm Hg. Show 
that the mean pressure distribution in the blood vessels of a standing man as 
shown in Fig. P8.2 is roughly correct. The atmospheric pressure is taken as zero. 

Note. The density of blood is approximately 1 g cm - 3 . The density of mer
cury is p = 13.6 g cm- 3• 9 = 980 cm sec-2. 1 mm Hg pressure = 133.32 N/m2 = 
1333 dyn/cm2. 

mean arterial 
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Figure P8.2 Mean arterial and venous pressures in human circulation, relative to 
atmospheric pressure. After Rushmer (1970), by permission. 
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8.3 Using the distensibility data of veins shown in Fig. 8.11: 3, estimate the ratio of 
the volume of segments of veins in the leg of man when he/she is standing to that 
when he/she is lying down. The pressure external to the veins may be assumed 
to be atmospheric (taken as zero). The venous blood pressure at the level of the 
heart may be assumed zero in both postures. 

Note. This may explain fainting that occurs sometimes when a person stands 
up from a reclining position or suddenly straightens up from stooping. The 
abnormal increase of the blood volume in the leg veins will decrease the venous 
filling pressure of the heart. This leads to a fall in cardiac output and thus of blood 
supply to the brain. 

One of the reasons why everyone does not faint on standing is that reflex 
constriction of the smooth muscles in veins in the legs normally occurs so that 
their ability to act as a reservoir is greatly reduced. Another reason is that the 
smooth muscles in the arterioles also contract upon sudden increase of tension 
in the arteriole wall, so that the resistance to blood flow is increased and the 
arterial blood flow to the legs does fall. If smooth muscle action is impaired 
(e.g., by certain drugs or diseases), fainting or dizziness on standing will become 
common. 

If the veins are maximally dilated as in hot climates or after a hot bath, the 
smooth muscles are relaxed and fainting is more common. On the other hand, a 
pilot executing a "high-g" turn will accentuate the problem by increasing the 
values of g, and black-out sometimes occurs. In this connection, how would you 
design an "anti-g" suit for pilots? 

8.4 The average tensile stress in a blood vessel wall is given by the "law of Laplace" 
(see Chapter 1, Sec. 1.9): 

where r i and ro are the inner and outer vessel radii, Pi and Po are the internal and 
external pressures, respectively, and h is the vessel wall thickness. With the 
elasticity of the artery presented in Secs. 8.3 and 8.4, derive a formula for the 
arterial radius as a function ofthe pressures Pi and Po. 

Discuss the variation of Pi and Po for the blood vessels in the body. In addition 
to the hydrostatic pressure distribution considered in Problems 8.1-8.3, consider 
the pulsatile pressure due to the heart, and the variation of pleural pressure in 
the thorax due to breathing. 

8.5 When a vein is excised so that the pressure is reduced to zero, its radius is reduced 
by 40% and its length is reduced by 50%. Assume that the no-load state is the 
zero stress state of the vein, Fig. P8.5. 
(a) What are the Green's strains E66 , Ezz at the in vivo condition? 
(b) Ifthe strain-energy function of the vessel wall is given by 

what are the stresses Soo and Szz in vivo? 
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8.6 The zero stress states of some veins and vena cava of the rat are shown in Fig. 
P8.6. Now look back at Problem 8.5, what are the values of E88 , Ezz at the no-load 
state, and at the in vivo condition? 

8.7 A thin-walled cylindrical vessel of radius R is subjected to an internal pressure p, 
which produces a hoop tension of T, see Fig. Pl.4 of Problem 1.4 in Chapter 1. 
Let T obey the law 

It aT(e)[A.(t)] aA.(t) 
T(t) = G(t - t) . -dt, 

-00 aA. at 
T(e)(i.) = (T* + {J)e·o.-;,·) - {J, 

G(t)=- l+c _e-t/sds, 1 [ is' 1 ] 
A s, s 

is, 1 
A = 1 + c -ds. 

s, s 

If the vessel is suddenly inflated by an injection of fluid so that the radius is 
increased from the initial value R = ; .... a to a new value R = A.a, with A. > A.*, and 
a being the radius of the vessel when p = O. What would be the history of the 
tension T? and of the pressure p? See I. Nigul and U. Nigul (1987), "On algorithms 
of evaluation ofFung's relaxation function parameters." J. Biomech. 20, 343-352. 

8.8 Let the experiment named in Problem 8.7 be changed by inflating the tube in 
such a way that the radius is increased uniformly in time at a constant rate k, 

r(t) = a + kt. 

What is the corresponding pressure history? 

8.9 A vessel whose viscoelastic characteristics is described by Eq. (20) of Sec. 7.6.4, 
p. 281 (as a standard linear solid), and an elastic stress T(e) as shown in Problem 
8.7 is subjected to a harmonic oscillation in radius. What is the tension oscillation 
in the vessel wall? What is the pressure oscillation? 
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Note. The following mathematical details may help. Using Eq. (7) of Sec. 7.6, 
and T(e)(I.) from Prob. 8.7, we have 

T(t) = T(e)(O+)G(t) + f~ ER[l - (1 -~)e-(t-t)/t}X(T* + p)e(o.l-"l')~>'C 

Writing v for 1/'C" we see that the right hand side involves the integral 

ft ,d;. 
F(t) = evte"A-d'C. 

o d'C 

The difficult part of the problem is the evaluation of this integral, F(t), when the 
stretch ratio A oscillates harmonically: 

A = A.o + ccoswt·l(t). 

Since the viscoelasticity property is nonlinear, the real and imaginary parts of a 
complex representation of A. induces different tension, (not only a shift of phase 
angle), and has to be worked out separately. It suffices to consider the real part. 
Then 

F(t) = f~ evte"(lo+c cos rot)( -cw) sin W'C d'C 

In the theory of Bessel function, there are the formulas 
cc 

ei% sin <! = L ein<! In(Z) 
n= -00 

= JO(Z) + 2 f J2n(z)cos(2n~) + 2i f J 2n - 1 (Z) sin [(2n - 1)~], 
11=1 11=1 

cc 
ei% cos <! = L ine in <! In(z) 

11=-00 

cc 

= J o(z) + 2 L in In(z) cos(n~). 
n=1 

See Erdelyi, Magnus, Oberhettinger, and Tricomi (1953), Higher Transcendental 
Functions. McGraw-Hill, New York, Vol. 2, p. 7, Eqs. (26) and (27). Hence 

( IXC) cc (IXC) e"C cos rot = J 0 ---;- + 2 L in I n ---;- cos (nw'C). 
I .=1 I 

But by definition of the Bessel function In: 

I.(x) = i-n J.(ix), 

i·Jn(lXn = i-2.{-1)"inJ.(lXn 

= (-1)"/.( -IXC), 

cc 

e"C cos rot = lo( -IXC) + (-1)·2 L I.{ -IXC) cos (nw'C). 
n=1 
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Hence 

F(t) = -cw e'''o f; eVT sin Wt [Io( -occ) + (-1)"2 n~1 In( -OCC)'cos(nWt)Jdt. 

We need to evaluate the following integrals: 

Ao = f; eVTsinwtdt 

= ~ ~ [eV' (2'sinwt - coswt) + IJ, 
w (v/w) + 1 w 

An = 2 f; eVTsinwtcos(nwt)dt (n = 1,2, ... ) 

= f; eVT[sin(l + n)wt + sin(l - n)wt] dt. 

For n #- 1, 

An= __ I_ 2 122 [ev,(-_v-Sin(l+n)wt-cOS(l+n)wt)+IJ 
(1+n)w (v /(1 +n) w )+ 1 (1 +n)w 

1 1 + --- c-....-ccc-~-.-..",..----c 
(I-n)w (v 2/(I-nfw 2 )+ 1 

x [e v,(-_v-sin(1-n)wt - COS(I-n)wt)+ IJ. 
(l-n)w 

For n = 1, 

Al = ~ 2 12 [eV' (--"-sin 2wt - cos2wt) + IJ. 
2w (v /4w ) + 1 2w 

Hence, by substitution, 

F(t) = - cw e·).o [I o( - occ)Ao + ( - 1)" "~I In( - occ)An J. 
Having done this, it is simple to generalize the result to consider the continu

ous spectrum of Eq. (8.3-8). 

8.10 A simplified analysis of residual stress in a thick-walled tube of Hooke an material. 
At the zero stress state the body is a circular sector with a polar angle of e, an 
inner radius of ao, and an outer radius of bo, Fig. P8.10. Assuming the material 
to be incompressible, compute the residual stress in the vessel wall when the vessel 
is rounded up into a circular tube at no transmural pressure, and the radii become 

al> b l · 

Now let an internal pressure p be imposed on the vessel, so that the vessel 
diameter is increased. Ignoring the residual stress, compute the new strain (or 
stretch ratio) distribution, and the new stress distribution in the vessel. 

Compute a value of p at which the stress distribution in the vessel wall, with 
the residual stress condidered, will be approximately uniform, so that the 
circumferential stresses at the inner and outer walls are equal. 
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(a) 

(b) 

Figure P8.1O 

8.11 Modify the solution of Problem 8.10 by returning to the more accurate stress
strain relation 

(J = (T* + {3)e,(l-;.*) - {3 

in which A. is the stretch ratio relative to the zero stress state. Are there any 
significant differences caused by the nonlinear stress-strain relationship? 

8.12 If the material of a blood vessel wall is incompressible and has a strain-energy 
function, 

C Q 
PoW= p +2 e , 

P = bijEiEj , 

Q = aijEiEj , 

where C, aij , bij are constants, El = circumferential strain, E2 = longitudinal 
strain, E3 = radial strain, all in Green's sense. Derive the pressure-diameter 
relationship of the vessel if the zero stress state is a homogeneous circular 
cylindrical shell of inner radius R i , outer radius Ro, and length L. In a deformed 
state, the radii and length are ri , ro , L, respectively. 

8.13 Do the same as in the preceding problem if the zero stress state of the vessel is a 
circular arc of opening angle IX. 

8.14 Consider a theoretical problem: It is observed that anatomical structure and the 
materials of construction of the pulmonary arteries are quite similar to those of 
the systemic arteries of similar diameters. The major differences are that the ratio 
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of the wall thickness to the lumen diameter of the pulmonary artery is usually 
smaller than that of the systemic vessels, and that the pulmonary vessels are 
embedded in the lung tissue, (tethered by the honeycomb-like interalveolar 
septa), whereas the aorta and some other systemic arteries are free standing (only 
lightly tethered by loose connective tissues to neighboring organs). Hence we are 
motivated to assume that the constitutive equations of the pulmonary and 
systemic arteries are similar, except that the material constants in the equations 
may be different. With this hypothesis, discuss the change of the diameters of the 
pulmonary arteries with respect to longitudinal stretch and the external stresses 
acting on the inner and outer walls of the vessel. 

The external load acting on a pulmonary artery in the direction perpendicular 
to the vessel wall consists of the pulmonary blood pressure (p) acting on the inner 
wall, a tensile load imposed on the outer wall due to the tension in the inter
alveolar septa that are attached to the external wall of the pulmonary artery, and 
the pressure of the alveolar gas (PA) acting on that part of the outer wall which 
is not covered by the interalveolar septa. The tensile load in the interalveolar 
septa, if averaged over an area which is much larger than the average cross 
sectional area of the individual alveoli, is called the tissue stress of the lung 
parenchyma, (symbol, liT). For a large pulmonary artery whose diameter is much 
larger than the diameter of the alveoli, liT may be considered as a uniform tensile 
stress. In this case, the external normal loads acting on the pulmonary artery are: 

On the inner wall: Pi = a compressive stress P 

On the outer wall: Po = a compressive stress IXPA - liT 
(1) 

where IX is the fraction of outer wall that is not covered by interalveolar septa. 
These are the Pi and Po used in Eqs (6) and (7) of Sec. 1.9. 

If the difference in the surface areas of the inner and outer walls of a blood 
vessel can be ignored, then the pressure difference Pi - Po is often called the 
transmural pressure and denoted by PTM : 

PTM = Pi - Po = Pi - IXPA + liT (2) 

For example, the normal alveolar diameter of the lungs of the dog, cat, and 
man are in the ranges of 50-60 Jlm, 80-120 Jlm, 100-300 Jlm respectively, hence 
for these animals a vessel of diameter greater than 1 or 2 mm can be analyzed 
with the concept of tissue stress. On this basis, discuss the relationship between 
the arterial diameter and the stresses p, PA' and liT for larger pulmonary vessels. 

Pulmonary arteries with diameters smaller than the alveolar diameter are 
usually supported (tethered) by three or four interalveolar septa more or less 
equally spaced around the circumference. The outer surface of the vessel is then 
loaded by these septa. Part of the outer surface not covered by the septa is 
subjected to alveolar gas pressure PA. This geometry suggests that the blood vessel 
cross section is non-circular under load. 

Another equation involving the tissue stress liT can be derived by considering 
the equilibrium of a small element of the pulmonary pleura-the outer surface 
of the lung. (See Fung, Biomechanics, Motion, Flow, Stress and Growth 1990, Fig. 
11.6: 13.) The pleura is subjected to the pleural pressure (ppd on the outside, and 
alveolar gas pressure (PA) and tissue stress (liT) in the inside. The pleural surface 
is curved, and has membrane tension in the wall. If the principal curvatures 
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of the pleural membranes are Kl and K2 and the corresponding principal mem
brane tensions are Nl and N2, then the equivalent radial force per unit area is 
Nl Kl + N2K2. The equation of equilibrium is (see Fung, Biomechanics, 1990, Sec. 
11.6, Eq. 11.6; 11, p. 417): 

(3) 

which connects (JT to the pleural pressure and pleural tension, 11.', is the fraction 
of the inner surface of the pleura that is acted on by the alveolar gas pressure. 
Combining Eqs (1) and (3), we can express the forces acting on an arterial wall 
caused by p, PA' pPLN1Kl, and N2K2. Now, based on the assumed strain energy 
function of the arterial wall, discuss the relationship between the vessel diameter, 
p, PAPPL, Nt Kl' and N2 K2· 

The determination of the tissue stress (JT and the membrane tensions N1, N2 
in the pleura as functions of lung deformation requires information about the 
stress-strain relationships of the lung parenchyma and the pleura. Relevant 
literature is discussed in Fung (1990). It is known that the pleural tension is a 
significant contributor to the pressure-volume relationship of the lung, (may 
contribute 10-25% of elasticity). 

In life, p, PA' PPL' and Pa (blood pressure in main pulmonary artery), Po (that 
in pulmonary vein) are functions of time and space. The problem is greatly 
simplified in a laboratory condition with an isolated lung at a steady state. 
Experiments have been done by a number of authors on isolated lobes of lung. 
Compare your theoretical results with the experimental results given by Lai
Fook, S. J. (1979), "A continuum mechanics analysis of pulmonary vascular 
interdependence in isolated dog lobes," J. Appl. Physiol. 46:419-429. 
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CHAPTER 9 

Skeletal Muscle 

9.1 Introduction 

There are three kinds of muscles: skeletal, heart, and smooth. Skeletal muscle 
makes up a major part of the animal body. It is the prime mover of animal 
locomotion. It is controlled by voluntary nerves. It has the feature that if it is 
stimulated at a sufficiently high frequency, it can generate a maximal tension, 
which remains constant in time. It is then said to be tetanized. The activity of 
the contracting mechanism is then thought to be maximal. 

Since a resting skeletal muscle is a viscoelastic material with quite or
dinary properties, the really interesting part of the properties of skeletal 
muscle is the contraction. Hence skeletal muscle is often studied in the 
tetanized condition. For the frog sartorius muscle at an optimal length, 
the maximum stress of contraction is about 200 kPa (i.e., about 2 kgfjcm2), 
which is much larger than the stress in the same muscle at the same length 
when unstimulated. Hence the resting stress does not play an important role 
in skeletal muscle mechanics, except in setting the resting length of the muscle. 

Heart muscle is also striated like skeletal muscle, but in its normal func
tion it is never tetanized. Heart muscle functions in single twitches. Each 
electric stimulation evokes one twitch, which has to run a definite course. 
Until a certain refraction period is passed, another electric stimulation will 
not evoke a response. In this way heart muscle is very different from skeletal 
muscle. Another difference is that the resting heart muscle is stiffer than 
the resting skeletal muscle. The resting stress in heart muscle is not negligible 
compared with the stress in the contractile element. Hence the study of 
heart muscle needs greater attention to the resting state. 

Smooth muscles are not striated, and are not controlled by voluntary 
nerves. There are many kinds of smooth muscles, with widely different 
mechanical properties. 
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These three classes of muscles will be discussed in this chapter and Chapters 
10 and 11. 

9.2 The Functional Arrangement of Muscles 

The strategic deployment of muscles to control the mechanisms of animal 
locomotion is itself a subject of great beauty and importance. Nature has 
developed many ingenious devices for this purpose. As an introduction 
to muscle mechanisms, let us consider some patterns of arrangements of 
muscle fibers when severe geometric constraints are imposed. Consider 
the claws of a crab. The crab uses muscles in its legs to move its claws. The 
leg has a rigid shell which is almost completely filled with muscle. It is 
necessary therefore to arrange the muscle fibers in a pinnate arrangement 
[see Fig. 9.2: l(a)], so that when contraction occurs, no lateral expansion 
will occur. If the muscle fibers were arranged parallel as shown in Fig. 9.2: 2(a), 
then a contraction in muscle length would induce an increase of its lateral 
dimension, because the muscle has to preserve its volume. Since the rigid shell 
of the crab claw prevents any increase oflateral dimension, a bundle of parallel 
muscle fibers will not be able to contract at all. Thus the pinnate arrangement 
of the leg muscle is a necessity for the crab. 

Figure 9.2:1(b) shows another interesting arrangement of the muscle 
in the jaw of a characinoid fish. This fish has a large eyeball. The muscles 
are arranged in such a manner that when they contract, a component of 
the tension pulls the muscle away from the eyeball to leave it free from 
undue stresses. Such beautiful mechanisms are everywhere in nature. Think 

pivot 
Apodemes 

Muscle 

(b) 

Figure 9.2: 1 (a) The skeleton of a crab chela cut open to show the apodemes, and 
(below) a diagrammatic horizontal section showing the pinnate arrangement of the 
muscle that closes the chela. (b) A diagram showing the pinnate arrangement of the 
main jaw muscle of a characinoid fish. From Alexander (1968), by permission. 
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Figure 9.2:2 Diagram illustrating (a) parallel-fibered and (b) pinnate muscles. (c) and 
(d) illustrate pinnate muscle contraction. From Alexander (1968), by permission. 

of our own body. How marvelously our muscles are arranged so that we 
can do all the things we want to do! 

9.3 The Structure of Skeletal Muscle 

In the previous section we considered the structure of muscle on a scale 
visible to the naked eye. At a finer scale we may examine muscle with an 
optical microscope, with which we can see things down to about 0.2 11m. 
And we can turn to the electron microscope, which has a theoretical re
solution of 0.002 nm, but in practice about 0.2 nm. 

What can be seen at various levels of magnification is shown in Fig. 
9.3: 1. It is seen that the units of skeletal muscle are the muscle fibers, each 
of which is a single cell provided with many nuclei. These fibers are arranged 
in bundles or fasciculi of various sizes within the muscle. Connective tissue 
fills the spaces between the muscle fibers within a bundle. Each bundle is 
surrounded by a stronger connective tissue sheath; and the whole muscle is 
again surrounded by an even stronger sheath. 

A skeletal muscle fiber is elongated, having a diameter of 10-60 11m, 
and a length usually of several millimeters to several centimeters; but 
sometimes the length can reach 30 cm in long muscles. The fibers may 
stretch from one end of muscle to another, but often extend only part of 
the length of the muscle, ending in tendinous or other connective tissue 
in tersecti ons. 

The flattened nuclei of muscle fibers lie immediately beneath the cell 
membrane. The cytoplasm is divided into longitudinal threads or myofibrils, 
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Figure 9.3: 1 The organizational hierarchy of skeletal muscle. From Gray's Anatomy, 
35th British edn. (1973), edited by Warwick and Williams, by permission. 
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Figure 9.3:2 The structure of a myofilament, showing the spatial arrangement of the 
actin and myosin molecules. From Gray's Anatomy, 35th British edn. (1973), edited by 
Warwick and Williams, by permission. 

each about 1 ,urn in diameter. These myofibrils are striated when they are 
stained by dyes and when they are examined optically. Some zones stain 
lightly with basic dyes such as hematoxylin, rotate the plane of polarization 
of light weakly, and are called isotropic or I bands. Others, alternating with 
the former, stain deeply with hematoxylin and strongly rotate the plane 
of polarization of light to indicate a highly ordered substructure. They are 
called anisotropic or A bands. The I bands are bisected transversely by a thin 
line also stainable with basic dyes: this line is called the zwischenscheibe or Z 
band. The A bands are also bisected by a paler line called the H band. These 
bands are illustrated in Fig. 9.3: 2. l£.the muscle contracts greatly, the I and 
H bands may narrow to extinction, but the A bands remain unaltered. The 
lower part of Fig. 9.3: 1 shows what is known about the fine structure of the 
myofibrils. Each myofibril is composed of arrays of myofilaments. These are 
divided transversely by the Z bands into serially repeating regions termed 
sarcomeres, each about 2.5 ,urn long, with the exact length dependent on the 
force acting in the muscle and the state of excitation. Two types of myofilament 
are distinguishable in each sarcomere, fine ones about 5 nm in diameter and 
thicker ones about 12 nm across. The fine ones are actin molecules. The thick 
ones are myosin molecules. The actin filaments are each attached at one end to 
a Z band and are free at the other to interdigitate with the myosin filaments. 
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The spatial arrangements of these fibers are shown in Fig. 9.3: 2. It is seen that 
the A band is the band of myosin filaments, and the I band is the band of the 
parts of the actin filaments that do not overlap with the myosin. The H bands 
are the middle region of the A band into which the actin filaments have not 
penetrated. Another line, the M band, lies transversely across the middle of 
the H bands, and close examination shows this to consist of fine strands 
interconnecting adjacent myosin filaments. The hexagonal pattern of arrange
ment of these filaments is shown in Fig. 9.3: 2. The last two sketches of Fig. 
9.3: 1 show the structure of actin and myosin filaments in the muscle. 

9.4 The Sliding Element Theory of Muscle Action 

To explain how the actin and myosin filaments move relative to each other 
has been the great theme of muscle mechanics research since the 1950s. 

Chemical and electron microscopic studies have revealed the fine stt:ucture 
of the myosin filaments. It is shown that each myosin filament consists of 
about 180 myosin molecules. Each molecule has a molecular weight of about 
500000 and consists of a long tail piece and a "head," which on close examina
tion is seen to be a double structure. On further examination the molecule can 
be broken into two moieties: light meromyosin, consisting of most of the tail, 
and heavy meromyosin representing the head with part of the tail. The 
myofilament is formed by the tails of the molecules which lie parallel in a 
bundle, with their free ends directed toward the midpoint of the long axis. The 
heads project laterally from the filament in pairs, at 180° to each other and at 
14.3 nm intervals. Each pair is rotated by 120° with respect to its neighbors 
to form a spiral pattern along the filament. These heads seem to be able to 
nod: they lie close to their parent filament in relaxation, but stick out to actin 
filaments when excited. They are called cross-bridges. How do they work is a 
subject of great interest. In Sec. 9.9 we shall present the hypotheses of the 
cross-bridge theories. In Sec. 9.10 the evidences in support of the cross-bridge 
hypothesis are reviewed. In Sec. 9.11 we present the mathematical develop
ment of the cross-bridge theory. 

9.S Single Twitch and Wave Summation 

Skeletal muscle responds to stimulation by nervous, electric, or chemical 
impulses. Each adequate stimulation elicits a single twitch lasting for a 
fraction of a second. 

Successive twitches may add up to produce a stronger action. Figure 9.5: 1 
illustrates the phenomenon. A single isometric twitch is shown in the lower 
left-hand corner. It is followed by successive twitches at varying frequencies. 
When the frequency of twitch is 10 per second, the first muscle twitch is not 
completely over when the second one begins. This results in a stronger 
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Figure 9.5:1 Wave summation and tetanization. 

contraction. The third, fourth, and additional twitches add still more strength. 
This tendency for summation is stronger if the twitches come at a higher 
frequency. Finally, a critical frequency is reached at which the successive 
contractions fuse together and cannot be distinguished one from the other. 
This is then the tetanized state. For frequencies higher than the critical 
frequency further increase in the force of contraction is slight. This kind of 
reinforcement by successive twitches is called wave summation. 

9.6 Contraction of Skeletal Muscle Bundles 

So far we have considered only the behavior of a single muscle fiber. A muscle 
has many fibers. They are stimulated by motor neurons. Each motor neuron 
may innervate many muscle fibers. Not all the muscle fibers are excited at 
the same time. The total force of contraction of a muscle depends on how 
many muscle fibers are stimulated. Thus there is an interesting problem of 
correlating the numbers of excited neurons and muscle fibers with the 
intensity of contraction of a muscle. 

Organizing many muscle fibers into a large muscle is like organizing 
individual people into a society. The society acquires certain features that 
are not simply a magnification of individual behavior. One of the features is 
the precision of response of a muscle to stimuli, and this has to do with the 
size of the motor unit, defined as all the muscle fibers innervated by a single 
motor nerve fiber. In general, small muscles that react rapidly and whose 
control is exact have small motor units (as few as two to three fibers in some 
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of the laryngeal muscles), and have a large number of nerve fibers going 
into each muscle. Large muscles that do not require a fine degree of control, 
such as the gastrocnemius muscle, may have as many as 1000 muscle fibers 
in each motor unit. The fibers in adjacent motor units usually overlap, with 
small bundles of 10 to 15 fibers from one motor unit lying among similar 
bundles of the second motor unit. This interdigitation allows the separate 
motor units to acquire a certain harmony in action. 

The size of motor units in a given muscle may vary tremendously. One 
motor unit may be many times stronger than another. The smaller units 
are more easily excited than the larger ones because they are innervated 
by smaller nerve fibers whose cell bodies in the spinal cord have a naturally 
higher level of excitability. This effect causes the gradations of muscle strength. 
During weak muscle contraction the excitation occurs in very small steps. The 
steps become progressively greater as the intensity of contraction increases. 
Further smoothing of muscle action is obtained by firing the different motor 
units asynchronously. Thus while one is contracting, another is relaxing; 
then another fires, followed by still another, and so on. 

Feedback from muscle cells to the spinal cord is done by the muscle 
spindles located in the muscle itself. Muscle spindles are sensory receptors 
that exist throughout essentially all skeletal muscles to detect the degree of 
muscle contraction. They transmit impulses continually into the spinal cord, 
where they excite the anterior motor neutrons, which in turn provide the 
necessary nerve stimuli for muscle tone, a residual degree of contraction in 
a skeletal muscle at rest causing it to be taut. 

It is easy to see that the total system of nerves and motor units furnishes 
biomechanics with many interesting problems; but in this chapter we shall 
concentrate on the mechanics of a single muscle fiber, or often, to a single 
sarcomere. The mechanics of the sarcomere is the foundation on which 
mechanics of muscle bundles can be built by the addition of other 
constituents. 

9.7 Hill's Equation for Tetanized Muscle 

Hill's equation (due to Archibald Vivian Hill, 1938) is the most famous 
equation in muscle mechanics. This equation is 

(v + b)(P + a) = b(Po + a), (1) 

in which P represents tension in a muscle, v represents the velocity of con
traction, and a, b, Po are constants. It looks very much like a gas law (van 
der Waal's equation). Roughly, if we ignore the constants a and b on the 
left-hand side of the equation, then Eq. (1) says that the rate of work done, 
and hence the rate of energy conversion from chemical reaction, is a constant. 
This seems reasonable in the tetanized condition, for which the equation 
is derived. 
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Figure 9.7: 1 The experimental data (circles) on force (P, gram weight) and velocity of 
isotonic shortening (v, cm sec-I) from quick release of frog skeletal muscle in the 
tetanized condition, as compared with Eq. (1) (solid curve). From Hill (1938), by per
mission. 

Hill's equation refers to the ability of a tetanized skeletal muscle to 
contract. It is an empirical equation based On experimental data on frog 
sartorius muscle. A muscle bundle is held fixed in length Lo (isometric: iso, 
equal; metric, measure) by having its ends clamped. It is stimulated elec
trically at a sufficiently high voltage and frequency so that the maximum 
tension Po (a function of the muscle length Lo) is developed in the muscle. 
At this tetanized condition the muscle is released suddenly (by releasing an 
end clamp) to a tensile force P smaller than Po. The muscle begins to 
contract immediately, and the velocity of contraction, v, is measured. The 
relationship between P and v is plotted on a graph, such as the one shown 
in Fig. 9.7:1. An empirical equation is then derived to fit the experimental 
data. The fitting ofEq. (1) with the experimental data is shown in Fig. 9.7:1. 

Hill's equation shows a hyperbolic relation between P and v. The higher 
the load, the slower is the contraction velocity. The higher the velocity, the 
lower is the tension. This is in direct contrast to the viscoelastic behavior 
of a passive material, for which higher velocity of deformation calls for 
higher forces that cause the deformation. Therefore, the active contraction 
of a muscle has no resemblance to the viscoelasticity of a passive material. 

The original derivation of this equation is as follows. Hill writes, first of all, 
the equation of balance of energy: 
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where 

E=A+H+W, 

E is the rate of energy release, 
A is the activation or maintenance heat per unit oftime, 
W is the rate of work done, equal to Pv, 
H is the shortening heat. 

401 

(2) 

(3) 

If the muscle is not allowed to shorten, i.e., it is in an isometric condition, 
then Eq. (2) is reduced to 

E=A, 

i.e., the rate of energy release is equal to the activation energy. When the 
muscle contracts, an additional chemical reaction takes place, and it releases 
an amount of "extra energy" equal to the sum of the shortening heat and the 
work done, H + W, in Eq. (2). By measuring E and A, Hill identified the term 
H + W, the rate of "extra energy," and showed that it is represented by the 
empirical equation 

H + W = b(Po - P), (4) 

where Po is the (maximal) isometric tension. He asserts further that empir
ically, 

H = avo (5) 

Combining Eqs. (3), (4), and (5), we obtain 

H + W = b(Po - P) = av + PV. (6) 

Rearranging terms, we have 

(a + P)v = b(Po - P) = b(-P - a) + bPo + abo 

Hence 
(a + P)(v + b) = b(Po + a), 

which is Eq. (1). 
Hill's major contribution lies in his ingenious methods for accurately 

measuring the heats E, A, W, and H. His method of derivation of Eq. (1) 
endows a thermomechanical meaning to the constants a and b. Later, by 
employing a technique of rapid freezing and phosphate analysis, Carlson, 
Siger (1960), Mommaerts (1954), and Mommaerts et al. (1962) measured E 
in terms of phosphocreatine split, thus opening the way to biochemical studies 
of muscle contraction. 

Three years earlier than Hill (1938), Fenn and Marsh (1935) presented a 
relationship between v and P, which is of the form 

P = A e- v/B + C, (7) 

where A, B, and C are constants. Although it differs from Eq. (1) considerably 
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in form, it behaves numerically very much the same in the range 0 < P < Po, 
0< v < vo. On the other hand, Polissar (1952) proposed another form: 

(8) 

where kL' CL, ks, and Cs are constants. However, Hill's equation remains 
the most popular. Many years later, Hill (1970) admitted that it is better to 
think of Eq. (1) directly as a force-velocity relationship, and not as a thermo
mechanical expression, because improved experiments do not always support 
Eqs. (4) and (5). In 1966 Hill changed the constant a in Eq. (1) to tx, in order to 
dissociate it from its former meaning. 

Hence, from the point of view of biomechanics, we shall regard Hill's 
equation as an empirical equation describing the force-velocity relationship 
of a tetanized skeletal muscle upon immediate release from an isometric 
condition. 

9.7.1 The Dimensionless Form of Hill's Equation 

Let us recapitulate: Hill's equation refers to a property of skeletal muscle 
in the tetanized condition. A muscle bundle is fixed at a certain length, Lo· 
It is then stimulated electrically at a frequency that is sufficiently high to 
tetanize the muscle to the maximum tension So (henceforth we shall use S for 
tension in place of Pl. In this tentanized condition the muscle is released to a 
new length L, which is smaller than L o, or a new tension S which is smaller 
than So. Immediately after release, the velocity of contraction v = - dL/dt and 
the tension S are measured. Then an empirical relationship between S and v 
is Hill's equation: 

This can be rewritten as 

or 

(S + a)(v + b) = b(So + a). 

So- S 
v=b-

S + a' 

bSo - av vo - v 
S= =a--. 

v+b v+b 

When S = 0, the velocity v reaches the maximum 

bSo 
vo=-, 

a 

(9) 

(10) 

(11) 

which is used in Eq. (10). We can write Eqs. (9) and (10) in the nondimensional 
form 

v 1 - (S/So) 
vo 1 + c(S/So) 

(12) 
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or 

where 

S 1 - (v/vo) 
So 1 + c(v/vo)' 

So c=-. 
a 
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(13) 

(14) 

It is customary to call Vo the maximum velocity and designate it by Vmax ' But 
if a small compressive stress is imposed (as it can be in cardiac muscle; see 
Sec. 10.5), the velocity of contraction can exceed Vo; so Vo is not the maximum 
velocity achievable. Similarly, if a muscle tetanized at length Lo is stretched 
a little greater than L o, the tension can exceed So, and So is not the maximum 
tension achievable. 

9.7.2 Behavior of the Constants a, b, So, vo, and c in Hill's Equation 

Hill's equation contains three independent constants. Writing it in the form 
of Eq. (1), the constants are a, b, So. Writing it in the form of Eqs. (12) and 
(13), the constants are So, Vo and c = So/a. These constants are functions of 
the initial muscle length L o, the temperature and composition of the bath, 
ionic concentration of calcium, drugs, etc. 

The maximum isometric tension So depends strongly on Lo. If Lo is too 
small or too large, So drops to zero. There is an optimum length Lo at which 
So is the maximum. Figure 9.7: 2 shows the relationship between So and Lo 
(expressed as sarcomere length) for a single fiber of a frog's skeletal muscle. 
This figure is reproduced from Gordon et al. (1966), who tested single skeletal 
fibers with two gold leaf markers attached to the surface of the muscle to 
interrupt the focused light spots from a dual beam oscilloscope, so as to 
control the amount oflight falling on two photocells. By linking the photocell 
output to the deflection ofthe spots, the markers can be followed and a signal 
obtained that is proportional to marker separation. This allows a strain 
measurement of the middle portion of the fiber, thus avoiding the end effects 
due to clamping. In this way data of high quality can be obtained. 

Figure 9.7:2 shows the result for a frog muscle cell, whose slack sarcomere 
length is 2.1 Jim (the sarcomere length to which the resting muscle returns 
when unloaded). It is seen that when the sarcomere length is in the range 
2.0-2.2 Jim, the maximum developed active tension does not depend on the 
muscle length. When the muscle fiber is maintained at a length outside this 
range, the maximum developed active tension is smaller. This feature is 
often explained in terms of the variation of the number of cross-bridges 
between myosin and actin fibers. If the muscle length is too long, the actin 
and myosin filaments are pulled too far apart, the cross-bridge number 
decreases, and the tension drops. If the muscle is too short, the actin filaments 
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Figure 9.7:2 The steady-state or isometric tension-length curve as found by Gordon 
et al. (1966) for intact frog skeletal muscle fibers. The slack length (2.1 11m) is the sar
comere length to which the muscle will return when unloaded. It defines the reference 
point for the extension ratios shown below. The left-hand part of the curve (OA, AB) 
is commonly referred to as the ascending limb, the central flat portion (BC) is the 
plateau region, and the right-hand part (CD) is the descending limb. The relative 
positions of the actin and myosin filaments at different sarcomere lengths from A to D 
are shown at the bottom. From Gordon et al. (1966), by permission. 

interfere with each other; they may shield each other and hinder the function 
of cross-bridges. 

The maximum velocity Vo does not depend as much on the muscle length 
Lo. In fact, whether Vo is independent of Lo or not was a long controversy 
in cardiology. For a time it was believed that Vo is independent of L o, and 
hence it was used as an index of "contractility," related to the state of health 
of the muscle, and its change with drug intervention was used to indicate the 
effectiveness of drugs. Today it is generally agreed that Vo does depend on 
Lo in some complex but minor way. 

The constant c seems to be almost independent of Lo. It follows that the 
constant a is almost proportional to So. The constant b is equal to vo/c. The 
value of c for skeletal muscle is in the range of 1.2 to 4. 

9.7.3 Other Equivalent Forms 

A dimensionless form corresponding to Eq. (7) by Fenn and Marsh is 

S e-P(v/vo) - e-(J 

So 1 - e P 
(15) 
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where f3 is a constant. An analogous equation is 

v e-y(SISo) - e-Y 

(16) 

where y is a constant. 

9.8 Hill's Three-Element Model 

Hill's equation was derived from quick-release experiments on a frog sartorius 
muscle in tetanized condition. It reveals only one aspect of the muscle be
havior. It cannot describe a single twitch, nor.a wave summation. It cannot 
even describe the force-velocity relationship when a tetanized muscle is 
subjected to a slow release, nor to a strain that varies with time. It cannot 
describe the mechanical behavior of an unstimulated muscle. To remedy 
these shortcomings a more comprehensive approach is needed. Several meth
ods have been proposed. Of these the best known is the Hill's three-element 
model. 

For 50 years, since 1938, Hill's model of muscle contraction has dominated 
the field. It is, therefore, useful to know this model and to understand its 
strength and weakness. In the 50 year period many ideas have been added to 
the model in order to accommodate newly discovered facts. Originally quite 
simple, gradually the "series elastic" element became a very complex entity. 
To explain the single twitch, an "active state" function was introduced, the 
exact meaning of which turned out to be elusive. The arrangement of the 
three elements in the model is not unique. These difficulties gradually 
contributed to the decline of Hill's method. 

To make the presentation as brief and definitive as possible, we present 
a version (Fung, 1970) that uses the language of sliding-element theory, 
and we base the discussion on a single sarcomere. A muscle is regarded as an 
accumulation of sarcomeres, although the assumption that all sarcomeres are 
identical is one of the dubious assumptions. 

9.8.1 The Model and the Related Basic Equations 

Hill's model (Fig. 9.8: 1) represents an active muscle as composed of three 
elements. Two elements are arranged in series: (a) a contractile element, 
which at rest is freely extensible (i.e., it has zero tension), but when activated 
is capable of shortening; and (b) an elastic element arranged in series with 
the contractile element. To account for the elasticity of the muscle at rest, 
a "parallel elastic element" is added. This parallel element was ignored in 
Sec. 9.7. We now include it for the general case. 

Most authors would identify the contractile element with the sliding 
actin-myosin molecules, and the generation of active tension with the number 
of active cross-bridges between them. Many suggestions have been made 
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Figure 9.8: 1 Hill's functional model of the muscle. 
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about the structural and ultrastructural basis of the parallel and series elastic 
elements; but none is definitive. The series elasticity may be due to the intrin
sic elasticity of the actin and myosin molecules and cross-bridges, and of the 
Z band and connective tissues. It may arise also from the nonuniformity of 
the sarcomeres and nonuniform activation of the myofibril filaments. The 
parallel elasticity may be due to connective tissues, cell membranes, mito
chondria, and collagenous sheaths; but the most unsettling question is wheth
er the actin-myosin complex is truly free in the resting state of the muscle. 
Some of the complex behavior of the parallel element, its dependence on the 
contraction history of the muscle, drugs, and temperature, may be due to the 
residual coupling of actin-myosin complex. 

Assuming that the contractile element contributes no tension in a resting 
muscle, then the stress-strain-history relationship of a resting muscle 
determines the constitutive equation of the parallel element. The difference 
between the mechanical properties of the whole muscle and those of the 
parallel element.then characterizes the contractile and series elastic elements 
in combination. Unfortunately, since these elements are connected in series, 
the division of the total strain between these two elements is not unique 
unless some additional assumptions are added. 

Let us make the usual assumptions that the contractile element is tension
free when the muscle is in the resting state (a corollary is that the resting 
state is unique), and that the series elastic element is truly elastic (not vis
coelastic). Let us express the geometric change of a muscle sarcomere in 
terms of the actin and myosin fibers as shown in Fig. 9.8: 2, where 

M = myosin filament length, 
C = actin filament length, 
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Figure 9.8:2 Geometric nomenclature of various elements ofa muscle sarcomere unit. 

A = insertion of actin filaments, i.e., the overlap between actin and myosin 
filaments, 

H = H bandwidth, 
I = I bandwidth, 
L = total length of sarcomere, 

Lo = length of sarcomere at zero stress*, 
'1 = extension of the series elastic element in a sarcomere. 

We define the insertion A by the equation 

A = M - H = 2C - I 
and the length L by 

L = M + I = M + 2C - A (without elastic extension) 
and 

(1) 

(2) 

L = M + I + '1 = M + 2C - A + '1 (with elastic extension). (3) 

On differentiating Eq. (3) with respect to time, we obtain the basic kine
matic relation 

dL dA d'1 
-= --+-. 
dt dt dt 

(4) 

Now consider the stress. The strain in the parallel elastic element can be 
defined as (L - Lo)/Lo; but since Lo is a constant we can simply write t 

T(P) = P(L) (5) 

for the stress contributed by the parallel elastic element. Similarly, we write 
the stress contributed by the activated actin-myosin filaments: 

T(S) = S('1, A). (6) 

S('1, A) is identically zero when the muscle is at rest; so that 

S('1, A) ~ 0 when '1 ~ 0 
and 

* Note the specific meaning of Lo here. It is different from the Lo in Sec. 9.7. 

t For simplicity we assume that the parallel element is elastic. But it is very easy to generalize 
this analysis to the case in which the parallel element is viscoelastic (see Problem 9.3.) 
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S(1], L1) = ° when 1] = 0. (7) 

The total tensile stress is the sum of the contributions from the series and 
parallel elements: 

T = T(p) + T(s) = P(L) + S(1], L1). (8) 

If the stress varies with time, we have 

dT dP dL aSI d1] as 1 dL1 
dt = dL di + a1] J dt + aL1 ~ di· (9) 

On substituting Eq. (4) into Eq. (9) we obtain the basic dynamic equation 

dT dP dL as 1 (dL dL1) as 1 dL1 
dt = dL di + a1] J di + di + aL1 ~ di 

( dP as 1 )dL (as 1 as 1 )dL1 
= dL + a1] J di + a1] J + aL1 ~ Tt· (10) 

Two special cases of great interest are: 
Isometric contraction: L = const. and dL/dt = 0, 

dT (aSI as 1 )aL1 
dt = a1] J + aL1 ~ di· (11 ) 

Isotonic contraction: T = const. and dT/dt = 0, 

( dP + as 1 ) dL + (as 1 + as 1 ) dL1 = ° 
dL 81] J dt 81] J 8Ll ~ dt . 

(12) 

Let us illustrate the application of these equations by considering the 
methods for determining the characteristics of the series elastic element. 

9.8.2 The Quick Release Experiment 

This experiment consists of three steps: 

(1) Preload the muscle in an unstimulated state to a length L 1 • 

(2) Stimulate isometrically until the tensile stress develops to a specific value 
T1 · 

(3) Suddenly change the tensile stress from T1 to T2 • 

Let us denote the length corresponding to T2 by L 2 , the actin-myosin insertion 
at T1 by Ll1' and the elastic extension of the series element corresponding to 
T1 and T2 by 1]1 and 1]2' respectively. The hypothesis is made that the process 
in step (3) takes place so fast that L1 does not change when the stress drops 
from T1 to T2. Then 

(13a) 
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Substracting, we obtain 

Tl = P(L 1) + S(111,L1d, 

T2 = P(L2) + S(112' L11)' 
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(l3b) 

(l3c) 

Tl - T2 = P(L1) - P(L2) + S(111,L1d - S(112,L1d. (l3d) 

Applying Eqs. (3) and (13a) to the conditions at Tl and T2, and noting that 
M, C, and L1 are unchanged, we have 

(l3e) 

Equations (13d) and (13e) give us S(111, L1 d - S(112, L1 d as a function of 111 - 112 
when Tb T2, L 1, L 2, P(Ld, and P(L2) are measured. To determine S(111,L1d 
as a function of 111> we need to find a certain muscle length L2 at which 112 
and S(112, L1 d are zero. This can be found by trial and error. Suppose we find 
a special value of T2 = Tt that corresponds to a length L2 = L!, at which 

then by Eq. (8) we must have 

and hence, by Eq. (7), 
11! = O. 

Combining these results with Eqs. (13d) and (13e), we have 

(l3f) 

(l3g) 

(13h) 

(13i) 

(l3j) 

Thus the tensile stress S in the series elastic element can be plotted as a 
function of the extension 111' 

9.8.3 The Isometric-Isotonic Change-Over Method 

This method consists of three steps: 

(1) Preload at stress Tp, leading to length Lp. 
(2) Stimulate isometrically at length Lp until a preassigned afterload T.ft is 

reached. 
(3) Isotonic contraction follows with tensile stress remaining at T.ft. 

According to Eq. (11) and with obvious notation, we obtain at the end of step 
(2): 

dT I {as I as I } dL11 - = - (110ft, L1 oft ) + - (110ft' L1 oft ) X - , 
dt isometric. t,ft a11 A a L1 ~ dt isometric 

(14a) 

whereas at the beginning of step (3) according to Eq. (12), 
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dLJI [dP OSIJ[OSI OSIJ-1 dL I (14b) dt isotonic = - dL + 01'/ LI 01'/ LI + 0,1 ~ dt isotonic 

Under the basic assumption that for an activated muscle dLJjdt is a function 
of the stress S, the insertion ,1, the length L, and the time interval after stim
ulation t, but nothing else, the rates dLJ/dt in Eqs. (14a) and (14b) can be 
equated and we obtain, at the instant of change over, 
that is, 

dLJ 1 (dT/dt) lisometric, t.CI dLJ 1 14 ) - - ( c 
dt isometric - (oS/01'/)ILI + (oS/oLJ)I~ - dt isotonic 

[ dP oS 1 J [OS 1 oS 1 J-1 dL 1 (14d) 
= - dL + 01] LI 01'/ LI + 0,1 ~ 'dt isotonic 

From the middle term between the = signs in Eq. (14c) and the term in Eq. 
(14d), we obtain 

(dT/dt)lisometric, t.CI 

(dL/ dt) lisotonic, t.CI 

(14e) 

Since dP/dL is known oS/OI] can be computed and plotted as a function of 
'aft. The inertial force is assumed neglegible in the above discussion. In 
practical experiments this is an important factor to be assured of. 

9.8.4 Experimental Results on the Series Element 

Extensive work by many authors has shown that when OS/OI] is plotted 
against 'aft = S + P, it turns out to be a straight line. For a given preload, 
P is a constant; hence a curve of OS/01'/ vs. S is also a straight line. 

To express this result together with the requirement that S must be zero 
when 1'/ vanishes, we write 

oS 
01'/ = rl(S + /3), (15) 

which integrates to 
S = (S* + /3)elZ(~-~.) - /3. (16) 

Here rl, /3 are constants and S*, 1'/* are a pair of corresponding experimental 
values, S = S* when 1'/ = 1'/*. The condition S = 0 when 1'/ = 0 requires that 

(17) 

It is sometimes necessary to adjust the experimental values of /3, S*, and 1'/* 
so that Eq. (17) is satisfied. Parmley and Sonnenblick (1967) showed that 
for a cat's papillary muscle, 
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ex = 0.4 per 1 % muscle length, 

exp = 0.8 per 1 % muscle length. 

9.8.5 Velocity of Contraction 
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As soon as the length of the muscle is broken down into two components in 
series, we have to speak of three velocities: the rate of change of the muscle 
length, that of the contractile element, and that of the series elastic element. 
They are related by Eq. (4). 

In Sec. 9.7 we speak of the velocity-tension relationship. In the three
element model we have two tensions, P and S, and three velocities. Which is 
related to which? Or more precisely, Hill's equation represents a relationship 
between which tension and which velocity? In Hill's own experiments the 
initial length of the muscle was so small that the force in the parallel element, 
P, was negligible. If P is finite, it is expected not to be related to the velocity 
as in Hill's equation. Hence it is logical to assume that Hill's equation de
scribes S, the tension in the contractile element. How about velocity? To 
answer the question, let us consider the redevelopment of tension after a 
step change in length. If S were related to dL/dt, then since dL/dt = 0 after 
the step change, there can be no change in S, and the phenomenon of tension 
redevelopment cannot be dealt with. Hence S must be related to dLJ/dt or 
d'1/dt, which in this case are equal and opposite. With these considerations, 
we write Hill's equation [see Eq. (12) of Sec. 9.7] as 

1 dLJ 1 - (S/So) 
=----

Vo dt 1 + c(S/So)' 
(18) 

where c is a constant, So is the tension in the series element in a tetanized 
isometric contraction, and Vo is the velocity of dNdt when S = o. This 
equation is expected to be valid for, and only for, a tetanized muscle. 

To describe a single twitch or wave summation or other dynamic events 
in a muscle, Eq. (18) must be modified to include a time factor-a function 
of time after stimulation. An example of such a modification is given in 
Chapter 10, Sec. 10.6, for the heart muscle which normally functions in 
successive single twitches. See Eq. (5) and Eq. (9) of Sec. 10.6. The function 
f(t) in Eq. (10.6: 5) has to be determined by experiments; that given in Eq. (6) 
of Sec. 10.6 is gleaned from Edman and Nilsson's work. But we shall defer 
further discussions to Chapter 10. 

9.8.6 Tension Redevelopment After a Step Change in Length 

To illustrate the application of the preceding equations, consider the re
development of tension after a step shortening in length of an isometric 
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tetanized muscle. Let the new length be L and the tension be Slat time 
t = 0 immediately after the step change. Let L be sufficiently small so that 
P is negligible compared with S. Assume that oS/oy! is given by Eq. (15) and 
that oS/oJ = O. Equations (11) and (18) apply. Hence by substitution, 
Eq. (11) becomes 

where 

S 
(J =-

So' 

d(J (1 - (J)((J + k) 
-dt = CXYVo 

f3 
k = So' 

(J+Y 

Y =-. 
c 

(19) 

(20) 

An integration of Eq. (19) yields the time for stress to change from (J 1 to (J: 

t = _1_ faX + Y dx. 
CXYVo Jal (X + k)(1 - X) 

(21) 

The time required for the tension to reach the maximum isometric tension 
So corresponding to Lis 

1 f1 X + y 
tl a = 1 = CXYVo Ja l (X + k)(1 _ X) dx. (22) 

Note that the integral is divergent at the upper limit, so that its value is 
infinite. When (J < 1 but tends to 1, the time t((J) tends to -log(1 - (J), i.e., 
it tends to infinity logarithmically. 

Since a peak tension is always observed at finite time under isometric 
conditions, the inaccessibility of maximum isometric tension is an undesir
able theoretical difficulty that comes with Hill's model combined with Hill's 
equation. By modifying the Hill's equation [see, e.g., Eq. (9) of Sec. 10.6], 
however, this difficulty can be avoided [by using n < 1 in Eq. (9) of Sec. 10.6]. 

9.8.7 Critique of Hill's Model 

The basic difficulty with Hill's model is that the division offorces between the 
parallel and contractile elements and the division of extensions between the 
contractile and the series elements are arbitrary. These divisions cannot be 
made without introducing auxiliary hypothesis. Consequently, experimental 
evaluation of the properties of the elements (contractile, series, and parallel) 
depends on the auxiliary hypothesis. 

For example, Hill assumes that the contractile element is entirely stress free 
and freely distensible in the resting state, that the series and parallel elements 
are elastic, and that all sarcomeres are identical. Unfortunately, none of these 
is true. 

Modifications have been proposed. In some, the series and parallel ele
ments are made viscoelastic. In another, these elements are arranged differ-



9.9 Hypotheses of Cross-Bridge Theory 413 

ently, with one element parallel with the contractile, and another in series 
with the combination. But in all models it is necessary to modify Hill's 
equation for the contractile element if the muscle is not tetanized. To de
scribe a single twitch, it is necessary to acknowledge the time-dependent 
character of the contractile element with respect to stimulation. Furthermore, 
the basic nonuniqueness of the division offorces and displacement among the 
three elements mentioned above is not resolved. 

9.8.8 Further Development 

For further progress, one has to explain Hill's equation, to determine whether 
the contractile element is entirely stress free and freely distensible in the resting 
state or not, and to search for methods to predict the constants involved in 
Hill's equation and in the constitutive equations of the parallel and series 
elements. For these purposes the basic theory of sliding elements was proposed 
by A. F. Huxley and H. E. Huxley in 1954. With the advent of the sliding
element theory, the main stream of muscle research has been centered on the 
theory of cross-bridges. This theory is reviewed in the following three sections. 
Disenters include Iwazumi (1970), Noble and Pollack (1977), and Pollack 
(1991). A theory by Caplan (1966) derives Hill's equation on the basis of the 
principles of optimum design. 

The sliding element theory is concerned only with the contractile element. 
It does not provide a full constitutive equation of the muscle because it 
ignores such details as the cellular structure, mitochondria, membranes, 
collagen fibers, capillary blood vessels, etc. They pay no attention to the 
details of the transmission of forces from one cell to another in a muscle 
bundle, or the effect of deformation of one part of muscle on another. To 
account for these is difficult but necessary. This question is discussed in Sec. 
9.12. The question of partial activation is discussed in Sec. 9.13. The analysis 
of single twitch is discussed in Chapter 10. 

9.9 Hypotheses of Cross-Bridge Theory 

Since the publication of papers by Hugh Huxley and Hanson (1954) and 
Andrew Huxley and Niedergerke (1954), theories and experiments on muscle 
contraction have been focused on the cross-bridges. A description of the 
cross-bridges is a description of the interaction of actin and myosin filaments. 
The myosin filaments is shown to be composed of a light-meromyosin (LMM) 
and a heavy-meromyosin (HMM) part, as illustrated in Fig. 9.9: 1. The LMM 
part of the molecule is bonded into the backbone of the filament, while the 
HMM part has a globular head (the S1 fragment). The interaction between 
actin and myosin is visualized as to take place betwen the globular head and 
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of Myosin filament 

Figure 9.9: 1 H. Huxley's concept of the myosin molecules in the thick filament. The 
light-meromyosin (LMM) part of the molecule is bonded into the backbone of the 
filament, while the linear portion of the heavy-meromyosin (HMM) component can 
tilt further out from the filament (by bending at the HMM - LMM junction), allowing 
the globular part of HMM (i.e., the Sl fragment) to attach to actin over a range of 
different side spacings, while maintaining the same orientation. Reproduced from 
Science 164, 1356-1366, 1969, by permission. 

the actin molecule. The interacting part of the globular head of HMM and 
the actin molecule is called a cross-bridge. The cross-bridge has a length of 
approximately 19 nm. If the three-dimensional atomic structures of the actin, 
myosin, and cross-bridge molecules were known, and if statistical mechanics 
had been so advanced that the dynamics of the cross-bridges can be predicted 
from the atomic structure of these molecules, then a theory of cross-bridges 
would require few ad hoc hypothesis. Without definitive structural data and 
a fundamental atomic approach, the theories have to be stated under various 
sets of hypotheses. The hypotheses, as Terrell Hill et al. (1975) emphasized, 
must be self-consistent. 

For the kinetic theory at the thermodynamic level, Hill et al. (1975) list the 
following hypotheses: 

(1) The lengths of the actin and myosin filaments are unaltered by stretch or 
contraction of the muscle. 

(2) The cross-bridges are independent force generators. 
(3) At any instant of time, with significant probability each cross-bridge is 

accessible to only one actin binding site. 
(4) A cross-bridge can exist in a specified number of biochemical states. Hill 

et al. (1975) analyzed a six-state cycle model, a five-state cycle model, and 
a reduced two-state cycle model which was originally proposed by A. F. 
Huxley (1957). The two-state model permits an attached state and a 
detached state. In the attached state, the cross-bridge generates a force 
proportional to its displacement x from a neutral equilibrium position. 
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(5) The actin-myosin bonding reaction obeys the first-order kinetics. Let 
n(x, t) be the probability frequency function of the number of attached 
cross-bridges with displacement x at tim t. The number of attached bridges 
having x lying in the range x and x + dx is n(x, t) dx. Then n(x, t) is assumed 
to satisfy the following equation (A. Huxley, 1957; Podolsky et aI., 1969; 
A. Huxley and Simmons, 1971; T. Hill et aI., 1975): 

Dn (an) (an) Dt = at x - v(t) ax t = f(x) - [f(x) + g(x)]n. (1) 

Here v represents the speed of shortening of a half-sarcomere, f(x) 
represents the forward (bonding) rate parameter, g(x) represents the back
ward (unbounding) rate parameter, and D/Dt is the material derivative. 

(6) The tensile force Fl (x) per cross-bridge as a function of the displacement 
x from the neutral equilibrium position of the cross-bridge may be 
represented by a polynomial: 

Fl (x) = Kx + ax2 + .... (2) 

If all terms other than the first on the right-hand side of Eq. (2) vanish, 
then the force per unit area (stress) is 

S(t) = exC 1 roo xn(x, t) dx, (3) 

where ex and Clare constants. ex represents the level of activation. C 1 is 

msK 
C l = 2L ' (4) 

where m is the number of cross-bridges per unit volume, s is the saromere 
length, L is the distance between a successive actin binding site, and K is 
the spring constant given in Eq. (2). 

The question of consistency arises because the functions Fl , f(x), g(x), and 
the inverses f'(x), g'(x) are not independent of each other. Hill et aI. (1975) 
discussed the constraints exhaustively. 

The set of hypotheses listed above are used by Eisenberg and Hill (1978), 
Zahalak (1981), and Ti:izeren (1985). Pollack (1990) does not believe them at 
all. Pollack (1990) builds his theory on the basis of thick elements shortening. 

9.10 Evidences in Support of the Cross-Bridge Hypotheses 

Early evidences based on electron microscopy and x-ray diffraction patterns 
of actin and myosin, as well as the biochemical measurements of adenosine 
triphosphatase activity and its control by calcium ions, have been reviewed 
by H. E. Huxley (1969). Huxley (1969) provides a tentative solution to the 
problem of variable filament spacing. The problem arises from the fact that 
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Figure 9.10: 1 Huxley's (1969) proposed mechanism. (A) If separation of filaments is 
maintained by an electrostatic force balance, tilting must give rise to movement of 
filaments past each other. (B) A small relative movement between two subunits of 
myosin could give rise to a large change in tilt. Reproduced from Science by permission. 

muscle is approximately incompressible. When a muscle shortens by a stretch 
ratio of A., the lateral dimension will distend by a stretch ratio of ).-1/2. Thus 
the spacing between the actin and myosin elements varies during contraction. 
The question is how can the cross-bridges function with such a large change 
of spacing. Huxley's answer is that the linear part of the sliding element can 
tilt out from the thick filament as shown in Fig. 9.9: 1, and that the mechanism 
for producing relative sliding movement by tilting of cross-bridges is that 
which is shown in Fig. 9.10: 1. 

These hypotheses were studied at the electron microscopic level by three 
methods. Huxley (1963) and Moore et al. (1970) used negative staining. Reedy 
(1968) used thin sections. Heuser and Cooke (1983) used quick-freeze, deep
etch replica techniques. All authors showed photographs of actin and myosin 
molecules, and cross-bridges. But the light meromyosin and the bending of 
the linear portion of the heavy-meromyosin were not visible. All authors 
discussed the limitations of their techniques, and Heuser and Cooke (1983) 
explained the differences between the results obtained by these three tech
niques. Although these electron micrographs do not justify all the hypotheses 
listed in Sec. 9.9, they do not contradict them. 

From a theoretical point of view, the hypotheses are justified if they are 
self-consistent and are capable of predicting the outcome of experiments. 
Theoretical solutions have been studied by Eisenberg and Hill (1978), Zahalak 
(1981), T6zeren (1985), and others. The analyses are limited in scope, and have 
not been evaluated against new experimental results. For example, Sugi and 
Tsuchiya (1981) presented the change in the ability of frog skeletal muscle 
fibers to sustain a load during the course of oscillatory length changes or 
continuous isotonic lengthening following quick increases in load. Whether 
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the details of the muscle mechanics can be predicted by the theory is not 
known. New mechanical experiments of high precision are few. 

Several new in vitro expriments are aimed strictly at molecular level. 
Ishijima et al. (1991) developed a new system for measuring the forces pro
duced by a small number ( < 5-150) of myosin molecules interacting with a 
single actin filament in vitro. The technique can resolve forces of less than a 
piconewton and has a time resolution in the submillisecond range. It can thus 
detect fluctuations offorce caused by individual molecular interactions. From 
analysis of these force fluctuations, the coupling between the enzymatic 
ATPase activity of actomyosin and the resulting mechanical impulses can be 
elucidated. The bending of a micro needle is used as a force transducer. One 
end of a 10-20 11m long actin filament in solution was caught by N
ethylmaleimide treated myosin on a microneedle. The other end of the filament 
was brought into contact with a myosin-coated coverslip. In the presence of 
A TP, actomyosin interactions caused sliding of the filament and bending of 
the needle. The experimental results imply that the mechanical to chemical 
coupling ratio is one-to-one in isometric condition, but many-to-one during 
filament sliding. The authors propose that when work is done at higher 
velocity, the myosin head directly uses the free energy liberated by the hydroly
sis of a single A TP molecule for many working strokes. Alternatively, the 
energy could be efficiently transferred through actin to multiple heads to 
generate multiple working strokes. 

Taro et al. (1991) developed an in vitro motility assay in which single actin 
filaments move on one or a few heavy-meromyosin (HMM) molecules. This 
movement is slower than when many HMM molecules are involved. Fre
quency analysis shows that the sliding speeds distribute around integral 
multiples of a unitary velocity. This discreteness may be due to differences in 
the numbers of HMM molecules interacting with each actin filament. The 
unitary velocity reflects the activity of one HMM molecule. The value of the 
unitary velocity predicts a step size of 5-20 nm per ATP, which is consis
tent with the conventional swinging cross-bridge model of myosin function. 
This conclusion is reached under three additional hypotheses: (1) the actual 
filaments move at a velocity which is limited by the kinetic properties of the 
force-generating process because the inertial forces and viscous drag are both 
negligible. (2) In an ATPase cycle of a myosin head, the duration of the 
strongly bound state during which the head undergoes a step is a small fraction 
of the period of one whole cycle. (3) The period of time during which the 
unitary velocity takes place can be estimated with reasonable accuracy. This 
time multiplied by the velocity yields the step size. 

The length of a single step of sliding associated with the hydrolysis of one 
A TP molecule is conidered a crucial number for the cross-bridge theory, 
because muscle contraction is thought to be driven by tilting of the 19 nm 
long myosin head while attached to actin. Each tilting motion would produce 
about 12 nm of filament sliding. The results of the experiments mentioned 
above suggest a varied result. Perhaps the coupling between cross-bridge 
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movement and ATPase activity is not so tight. Many other papers are 
contributing to this research, some of them are reviewed by H. Huxley (1990) 
and Higuchi and Goldman (1991). It appears that a multiple power stroke per 
ATP molecule hydrolyzed is common. 

On the biochemical side the role of a calcium ion on the cross-bridge 
kinetics is known to be important, but very complex. Literature on this subject 
is huge. Zahalak and Ma (1990) have incorporated a simplified version of the 
calcium modulated excitation and contraction coupling into a theory of 
cross-bridge kinetics. The mathematical structure of their final equation is 
similar to that of the original Huxley theory. 

Pollack (1990) proposed a theory of muscle contraction based on the 
shortening of the thick elements during contraction. This shortening 
contradicts, of course, the basic hypothesis of Huxley's theory outlined in Sec. 
9.9. Pollack (1990) showed a number of electronmicrographs by a number of 
authors to support his theory. How consistent his hypothesis is with all the 
known experimental results is unknown. 

9.11 Mathematical Development of the Cross-Bridge Theory 

Zahalak (1989) shows that the basic equation of the cross-bridge theory given 
by Eq. (1) of Sec. 9.9 can be integrated with a transformation of independent 
variables from x, t to ~, t': 

~ = x + b(t), t' = t, (1) 

where 

b(t) = f~ v(-r) dr. (2) 

With this transformation, the unknown variable n(x, t) becomes n(~, t'). The 
rules of partial differentiation yields 

an an o~ an at' an ob an an an 
at = o~ at + at' at = o~ at + at' = v(t) o~ + at" 

an an o~ an at' an 
ax = o~ ax + at' ax = o~' 

(3) 

On substituting the above into Eq. (1) of Sec. 9.9, we obtain 

on(~, t') f ' 
at' + [ + g]n(~,t) = f, (4) 

where f and g are functions of the variable ~ - b(t'). Equation (4) is a linear 
differential equation of n(~, t') with a variable coefficient f + g. A well-known 
method of integration factor can be used to solve the equation. The integration 
factor is 
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Q(~,t') = exp[J~' {J[~ - <5(P)] + g[~ - <5(P)]} dP 1 (5) 

where P is a dummy replacement of t' for integration. On multiplying Eq. (4) 
with Q(~, t') and noting that 

aQ 
-=(f+ g)Q 
at' 

ones sees that the differential equaton (4) becomes 

a 
at' (Qn) = fQ· 

(6) 

(7) 

Integrating with respect to t', dropping the prime on t', using t as a dummy 
variable for integration, and dividing the final result by Q, Zahalak obtains 

Here no(~) is an integration constant representing the value ofn(~,t) at t = O. 
Zahalak interprets n(x, t) as the probability distribution function of finding 
cross-bridges at the location x and time t, and identifies the Lagrangian stress 
given by Eq. (3) of Sec. 9.9 as proportional to the first moment of the distribu
tion function n(x, t). He identifies further that the zeroth moment is propor
tional to the instantaneous stiffness of the muscle (i.e., the force per unit length 
change in quick stretch); and that the second moment is proportional to 
the total elastic energy stored in the cross-bridges. He derived equations 
governing these moments by assuming n(x, t) to be normally distributed with 
respect to x. 

Thus, by specifying the velocity v(t), and the bonding and unbonding rate 
parameters f(x) and g(x), important features ofthe contraction process can be 
analyzed in detail. Zahalak and Ma (1990) introduced calcium excitation into 
the formulation; Tozeren (1985) introduced partial activation; both without 
changing the basic mathematical structure. Tozeren (1985) worked out the 
details when the rate parameters f(x) and g(x) are step functions of x, with a 
finite number of discontinuities. He obtained a set of equations governing the 
moments containing information on the discontinuities off and g, but without 
the normal distribution hypothesis of Zahalak (1981). This mathematical 
formalism shifts attention back to biochemistry, by showing that if new 
theoretical and experimental results can improve quantitative understanding 
of f, g, and v, then these equations can transform the new understanding into 
statements on muscle function quantitatively. 

Zahalak (1986) has presented a thorough comparison of some of the 
predictions of the distribution-moment theory with experimental results for 
the cat soleus muscle subjected to constant stimulation. Many features that 
are beyond the scope of A. V. Hill's equation can be dealt with the sliding
elements theory. The author says that at this stage the approach described 
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should be viewed more as a philosophy for macroscopic muscle modeling than 
as a specific final model. 

Summarizing the discussions above (Secs. 9.9-9.11), we see that recent 
work has transformed a brilliant idea proposed in 1957 into a series offruitful 
experimental and theoretical research. The ring has not been closed yet. The 
field remains open for new work. 

9.12 Constitutive Equation of the Muscle as 
a Three-Dimensional Continuum 

So far we have considered a single muscle cell, or a single sarcomere. Now we 
turn to aggregates of cells in a continuum such as a myocardium or a skeletal 
muscle. 

A muscle is a composite material which, in a simplified view, may be 
regarded as composed of two phases: a phase of contractile material (actin 
and myosin), and a phase of connective tissues other than the contractile 
material. As in the general treatment of multiphasic materials (see, e.g., Fung, 
1990, Biomechanics: Motion, Flow, Stress and Growth p. 300 for a brief outline 
and references) we view the system as a mixture; and regard each of the two 
phases as present in the whole space (the hypothesis of equipresence). Hence 
each point of the tissue is occupied simultaneously by both phases. Let the 
contractile phase be identified as phase 1, and the connective phase be phase 
2. Let the density and volume fractions of the two phases (identified by 
superscripts 1 and 2) be defined as follows: 

d(1l, d(Zl-the true density (mass/material vol); 

p(ll, p(2)-the phase density (mass/tissue vol) in the mixture; 

¢Pl, ij?(2)-phase voluem fraction, defined by 

According to the hypothesis of equipresence, we have 

ij?(l) + ij?(Z) = 1. 

(1) 

(2) 

With respect to a set of rectangular cartesian coordinates, Xl' Xz, x 3, the 
displacement Uj, velocity Vj, strain ejj , and strain rate eij (i,j = 1,2,3) of the 
two phases can be defined in the usual way in view of the equipresence 
hypothesis. The law of conservation of mass is expressed by the usual equation 
of continuity: 

Cp~ c(p~v~) _+ __ J_=O 
ct cXj 

(0( = 1,2). (3) 

The stress in the muscle is a sum of a part due to the contractile mechanism, 
O"U>' a part in the connective tissue, O"IP, and a pressure p that exists in any 
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incompressible material: 

(4) 

The contractile stress O"U) arises from the force generated in the muscle cells. 
Let S be the magnitude of the fiber stress (newtonjm2 ) in the muscle cells, and 
Vi denote the unit-vector field specifying the fiber direction in the muscle. Then 
0"!Jl may be approximated in the form (Fung 1969, 1984; Chadwick, 1981; 
T6zeren 1985) 

(5) 

Hill's equation and the cross-bridge theory discussed above in Sections 9.7 
and 9.9-11 are concerned with the evaluation of S. The basic length of concern 
is that of the sarcomere. Change of sarcomere length can be computed from 
the strains of the continuum. If dai is a vector lying in the direction of a muscle 
fiber and having the length of a sarcomere in a reference state, and dX i is 
the corresponding element after deformation, and if dso and ds represent the 
lengths of the elements dai and dxi , respectively, then by definition (see Eqs. 
(17) and (18) of Sec. 2.3): 

(6) 

where Eij and eij are Green's and Cauchy's strains, respectively. Hence the 
stretch ratio of the sarcome length, A, 

A = dsjdso (7) 

is related tothe direction cosines, ni and Vi' in the unstimulated and contracted 
directions respectively, 

Vi = dxjds (8) 

by the equations 
(9) 

1 
1 - ~ = 2eijvi vj • 

). 
(10) 

These formulas convert the strain measures of the continuum to the stretch 
ratio of the sarcomeres. From the latter we evaluate the contractile stress, S, 
according to the cross-bridge theory: 

S(t) = a functional of ).(t), and ).(r), S(r), C;+ for 0 ~ r ~ t. (11) 

From S one obtains the stress in the continuum, 0"!Jl, according to Eq. (5). 
The stress in the connective tissue, O"Ul, is assumed to be a function of the 

strain and strain history, as in other tissues considered in Chapter 7. The 
experimental results reviewed in Sec. 10.2 show that the unstimulated 
myocardium has the same features of a nonlinear elastic response, and a linear 
viscoelastic memory with a broad relaxation spectrum, so that the bysteresis 
under cyclic loading is flat over a range of four or more decades of frequencies. 
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Hence alP, as a function of the strain Eij , is as described in Secs. 7.6-7.11: 

a!J)(t) = a functional of Eij(t), Ei)r), and a relaxation function 

G(t - r) for 0 ~ r ~ t. 

The equation of motion of the tissue as a whole is 

oa·· 
(p. acceleration)i = ~. 

uXj 

(12) 

(13) 

In a multiphasic medium the motion of the different phases may not be 
identical (e.g., when one phase is solid and another phase if fluid, see Sec. 8.9 
in Fung, 1990, and Sec. 12.10 infra). For a skeletal muscle or a myocardium, 
however, the muscle cells and the surrounding tissues are so well integrated 
that their relative motion has probably little significance. 

In a mixture theory, fine details of the materials making up each phase are 
ignored. For example, the interaction between the actin and myosin molecules 
with other components of the muscle cells, the interaction between cells, 
and between cells and extracellular matrix, especially the collagen fibrils 
connecting the cells (Sec. 10.8), are supposed to be taken care of in a global 
way through the constitutive equations. This is consistent with the continuum 
approach to real materials. As it is explained in Chapter 2, Sec. 2.1, application 
of the continuum concept to real materials requires a decision on the range 
of sizes of the objects to be observed. The mixture theory stated above can be 
applied to muscles so large that one cannot see the microstructures. 

9.13 Partial Activation 

Hill's equation refers to a maximally activated (tetanized) muscle shortening 
under load, and is insufficient for modeling most muscular actions of intact 
animals whose muscle usually functions at submaximal activation and is as 
likely to lengthen as to shorten under load. Many authors have studied 
partially activated human skeletal muscle, and attempted to summarize their 
experimental results by equations analogous to Hill's. Zahalak et al. (1976) 
presented their results on the forearm and wrist in the following form: 

(0 < v < O.5vrnax {P)) (1) 

and discussed other forms in the literature. Here the meaning of the symbols 
for their experiments on biceps and triceps are as follows: 

P = load applied at the wrist/max. of such load, 

v = angular velocity of forearm/max of such velocity, 

e = smoothed, rectified electromyogram/its maximum, 

b [( m e)1/2 ] pri(e) = 2m 1 + 4 b2 Li - 1 , (2) 



Problems 

e = bp + mp2 (for v < 0) (b ~ 0), 

e = Ll(bp + mp2) (for v = 0+) (Ll ~ 1). 
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(3) 

(4) 

The p~(e) is an isometric load, and b, m, Ll, kl' k2 are empirical constants. For 
each subject, the fitting was reasonably good, but unfortunately, the values of 
the empirical constants vary from one individual to another. For the six 
athetes tested, the range of the constants given in Zahalak (1976) are: for b, 0 
to 0.493; for m, 0.494 to 1.12; for Ll, 1.00 to 1.89; for kl' 0.49 to 1.25, and for 
k2' 0 to 6.66. 

Problems 

9.1 Compare the force transmission in parallel and in pinnate arrangements of muscle 
fibers, and show the possible mechanical advantage of the pinnate arrangement. 

Solution. Refer to Fig. 9.2:2. Let both muscles have the same relaxed dimensions 
x, y, and L. Let each muscle fiber have a relaxed cross-sectional area A. Then in 
the parallel arrangement [Fig. 9.2:2(a)], the number of muscle fibers in the cross
sectional area xy is xy/A. Let the muscle contract by a contraction ratio n (= short
ened length/initial length) and generate a force Fn in each fiber. Then 

Total force = xyFnlA. 

For a pinnate arrangement, let 'X be the angle between the muscle and the tendon, 
and). be the relaxed length of each fiber. Then we have [Fig. 9.2:2(c)] 

;. sin 'X = y/2. 

When the fibers contract by a contraction ratio 11 to a new length IIi .. '1. is changed 
to 'Xw Since ni. sin 'Xn = y/2, we have sin 'X" = (sin 'X)/I1, and cos Xn = (11 2 - sin2 'X)1 2 n. 
If the force in each fiber is F n' the vertical component transmitted to the tendon is 
Fn cos xn. The number of fibers being xL/lA/sin x), the total vertical force from both 
sides of the pinnate muscles is 2xL . sin x . F n • cos 'Xn/ A. Hence the ratio 

Total vertical force lifted by the pinnate muscle 

Total vertical force lifted by the parallel muscle 

2xL sin rxFn cos rxn . . 
= = [2L sm rx(n2 - sm2 rx)1/2]/ny. 

A(xyFn/A ) 

This ratio can be either greater than 1 or less than I depending on the geometric 
parameters. 

Example. Crab (Carcinus) chela [Fig. 9.2: I (a)]. rx = 30~, L/y == 2. Then at rest 
(11 = 1), the ratio above is 2 x 2 x !(1 - ±)1'2 == J3 == 1.73. At contraction, 11 = 0.7, 
the ratio becomes 1.39. 

9.2 The contractile property of a skeletal muscle is described by Hill's equation. For 
a muscle that is maximally stimulated, having a tension P and a velocity of 
contraction v, the power (rate of doing work) is Pv. At what force P can this muscle 
develop maximum power? 
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9.3 Ifthe parallel element in Hill's model analyzed in Sec. 9.8 is viscoelastic, we replace 
Eq. (5) of Sec. 9.8 by 

T{P) = G * P(L), 

where G(t) is the normalized relaxation function (so normalized that G(O) = 1) 
and the symbol * represents a convolution integral operation, i.e., 

T{P)(t) = P[L(t)] + II P[L(t _ T)] aG(t2dT. 
o aT 

P(L) then represents the "elastic" response of the resting muscle. See Sec. 7.6, 
Eqs. (7.6:8) et seq. With this replacement, present a generalization of the analysis 
given in Sec. 9.8. 
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CHAPTER 10 

Heart Muscle 

10.1 Introduction: The Difference Between Myocardial and 
Skeletal Muscle Cells 

Both myocardial and skeletal muscle cells are striated. Their ultrastructures 
are similar. Each cell is made up of sarcomeres (from Z line to Z line), con
taining interdigitating thick myosin filaments and thin actin filaments. The 
basic mechanism of contraction must be similar in both; but important 
differences exist. 

The most important difference between skeletal and cardiac muscle is 
the semblance of a syncytium in cardiac muscle with branching interconnec
ting fibers. See Fig. 10.1: 1 and compare it with Fig. 9.3: 1. The myocardium 
is not a true anatomical syncytium. Laterally, each myocardial cell is sepa
rated from adjacent cells by their respective sarcolemmas (cell membranes). 
At the ends, each myocardial cell is separated from its neighbor by dense 
structures, intercalated disks, which are continuous with the sarcolemma. 
Nevertheless, cardiac muscle functions as a syncytium, since a wave of de
polarization is followed by contraction of the entire myocardium when a 
suprathreshold stimulus is applied to anyone focus in the atrium. Graded 
contraction, as seen in skeletal muscle by activation of different numbers of 
cells, does not occur in heart muscle. All the heart's cells act as a whole 
(all-or-none response). 

The second difference is the abundance of mitochondria (sarcosomes) in 
cardiac muscle as compared with their relative sparsity in skeletal muscle. 
See Fig. 10.1:2 and compare it with Fig. 9.3:1. Mitochondria extract energy 
from the nutrients and oxygen and in turn provide most ofthe energy needed 
by the muscle cell. On the membranes in the mitochondria are attached the 
oxidative phosphorylation enzymes. In the cavities between the membranes 

427 
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Figure 10.1 : 1 Diagram of cardiac muscle fibers illustrating the characteristic branch
ing, the cell boundaries (sarcolemmas and intercalated disks), the striations, and the 
rich capillary supply (approxi. x 3000). From Berne and Levy (1972), by permission. 
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Figure 10.1: 2 Diagram of an electron micrograph of cardiac muscle showing large 
numbers of mitochondria, the intercalated disks with tight junctions (nexi), the trans
verse tubules, and the longitudinal tubules (approx. x 24000). From Berne and Levy 
(1972), by permission. 
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are dissolved enzymes. These enzymes oxidize the nutrients, thereby forming 
carbon dioxide and water. The liberated energy is used to synthesize a high 
energy substance called adenosine triphosphate (A TP). A TP is then trans
ported out of the mitochondrion and diffuses into the myosin-actin matrix 
to permit the sliding elements to perform contraction and relaxation. The 
heart muscle relies on the large number of mitochondria to keep pace with 
its energy needs. The skeletal muscle, which is called on for relatively short 
periods of repetitive or sustained contraction, relies only partly on the 
immediate supply of energy by mitochondria. When a skeletal muscle con
tracts, the remaining energy needed is supplied by anaerobic metabolism, 
which builds up a substantial oxygen debt. This debt is repaid slowly by 
the mitochondria after the muscle relaxes. In contrast, the cardiac muscle 
has to contract repetitively for a lifetime, and is incapable of developing a 
significant oxygen debt. Hence the skeletal muscle can live with fewer 
mitochondria than the cardiac muscle must have. 

A third difference is the abundance of capillary blood vessels in the 
myocardium (about one capillary per fiber) as compared with their relatively 
sparse distribution in the skeletal muscle (see Figs. 10.1: 1 and 10.1: 2). This 
is again consistent with the greater need of the myocardium for an immediate 
supply of oxygen and substrate for its metabolic machinery. With the close 
spacing of capillaries, the diffusion distances are short, and oxygen, carbon 
dioxide, substrates, and waste material can move rapidly between myocardial 
cell and capillary. 

The exchange of substances between the capillary blood and the myo
cardial cells is helped further by a system of longitudinal and transverse 
tubules; see Figs. 10.1: 2 and 10.1: 3. These tubules are revealed by electron 
micrographs. The transverse tubules (T tubules) are deep invaginations of 
the sarcolemma into the interior of the fiber. The lumina of these T tubules 
are continuous with the bulk interstitial fluid; hence these tubules facilitate 
diffusion between interstitial and intracellular compartments. The transverse 
tubules may also playa part in excitation-contraction coupling. They are 
thought to provide a pathway for the rapid transmission of the electric 
signal from the surface sarcolemma to the inside of the fibers, thus enabling 
nearly simultaneous activation of all myofibrils, including those deep within 
the interior of the fiber. In mammalian ventricles the transverse tubules are 
connected with each other by longitudinal branches, forming a rectangular 
network. In the atria of many mammals the T system is absent or poorly 
developed. 

Mechanically, the most important difference between cardiac and skeletal 
muscles lies in the importance of the resting tension in the normal function 
of the heart. The stroke volume of the heart depends on the end-diastolic 
volume. The end-diastolic volume depends on the stress-strain relationship 
of the heart muscle in the diastolic condition. Figure 10.1:4 shows the 
relationship between the end-diastolic muscle fiber length and the end-
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Figure 10.1 : 3 The internal membrane system of skeletal muscle. Contraction is initiated 
by a release of stored calcium ions from the longitudinal tubules. This "trigger" calcium 
has only a short distance to diffuse in order to reach the myofilments in the A band. 
From Peachey (1965). 

diastolic and peak systolic pressure in the left ventricle of a dog. If the tension 
in the muscle is computed from the pressure and is plotted against the length 
of muscle fibers, a diagram similar to Fig. 10.1:4 will be obtained with the 
ordinate reading muscle tension and the abscissa reading the muscle length. 
When such a diagram is compared with Fig. 9.7:2 for the skeletal muscle, 
two observations can be made. (a) In the normal (physiological) range of 
muscle length, the resting tension is entirely negligible in the skeletal muscle, 
but is significant in the heart muscle. (b) Because of the resting tension the 
operational range of the length of the heart muscle is quite limited, whereas 
that of the skeletal muscle can be larger. For example, at a filling pressure 
of 12 mm Hg a normal intact heart will reach its largest developed tension 
while the sarcomere length is 2.2 jlm. If the filling pressure is raised to 50 mm 
Hg, the sarcomere length of the heart muscle will become 2.6 jlm. Further 
increase in filling pressure will not greatly increase the sarcomere length. 
On the other hand, for the skeletal muscle the optimum sarcomere length for 
maximum developed tension is also 2.2 jlm; but with stretching a sarcomere 
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Initial Myocardial Fiber Length --+ 

Figure 10.1 : 4 Relationship ofleft ventricular end-diastolic myocardial fiber length to 
end-diastolic and peak systolic ventricular pressure in an intact dog heart. From Berne 
and Levy (1972), by permission. Figure redrawn from Patterson et al. (1914). 

length of 3.65 J1.m can be obtained quite easily. From these observations we 
see that while the resting tension can be ignored in normal skeletal muscle 
mechanics, it cannot be ignored in cardiac mechanics. 

10.2 Use of the Papillary or Trabecular Muscles as 
Testing Specimens 

Most of the available information on the mechanical properties of heart 
muscles has been obtained by testing the papillary muscles or trabecular 
muscles of the right or left ventricles of the cat, rabbit, ferret, or rat. Since 
blood perfusion is interrupted, the specimens must be kept alive by diffusion; 
hence the size of the specimen must be small, usually less than 1 mm in 
diameter. Use of larger muscle specimens from larger animals must consider 
blood perfusion. Sometimes smaller specimens from a mouse are used when 
the method of laser diffraction is chosen as the tool to measure the sarcomere 
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length in the contraction process; then the force and cross-sectional area 
measurements are very delicate. 

The specimen must be soaked in a circulating fluid such as a Ringer Tyrode 
solution oxygenated by bubbling a gas of95% O 2 , 5% CO 2 , and with an ionic 
content which normally simulates that of the blood plasma as closely as 
possible. The normal solution contains (in mM) NaCI 140, KCI 5.0, CaCl2 

2.25, Mg S04 1.0, NaH2 P04 1.0, and acetate 20, buffered to PH 7.4, The 
solutions used by different authors do differ; and the results do depend on the 
concentration of Ca2+, etc. So it is important to note the ionic content in 
comparing data from different experiments. 

The papillary and trabecular muscles are chosen as testing specimens 
because they are somewhat cylindrical in shape. Researchers are hoping that 
in the testing condition the stress distribution in the specimen is like a uniform 
uniaxial tensile stress acting in a uniform homogeneous material, so that the 
analysis can be greatly simplified. Actually, these muscles look like miniatur
ized thumbs, or at best like the more slender little fingers. One end of the 
specimen is a tendon which can be clamped into the testing machine. The 
other end has to be excised from the ventricular wall, and then clamped into 
the testing mchine. From the point of view of continuum mechanics, the stress 
distribution in the specimen before and during testing is very complex, and 
the assumption of uniform uniaxial tensile stress distribution and homoge
neous deformation is a poor approximation. Krueger and Pollack (1975) 
presented evidence to show that the muscles at the clamped ends of the test 
specimens are severely damaged. Pinto (private communication) showed that 
deformation in the middle of the specimen is also nonuniform, with a coarse 
periodicity of roughly 1 mm. Pollack and Krueger (1976) and Ter Keurs et al. 
(1980) showed that the sarcomeres in the central segments of cardiac muscle 
preparations shorten between 7% to 20% of their initial lengths during an 
isometric contraction of a papillary muscle clamped at both ends. 

Because of this nonuniform deformation, many experimentors approach 
papillary experiments with a "localized" approach, in which a central portion 
of the muscle, away from the ends, is assumed to be "one-dimensional," i.e., 
where the stress is uniaxial and deformation is uniform, and in that portion 
the stress and strain are measured or controlled. Several examples of this 
approach will be presented below. 

When papillary muscles are used for mechanical properties determination, 
preconditioning over a long period of time is recommended. The reason is 
that the excision of the muscle from the ventricle, and the stopping of blood 
flow in the muscle are such big disturbances that it takes a long time to 
reestablish an equilibrium. The active contractile force in periodically stimu
lated isometic contraction of the muscle specimen usually becomes stronger 
with time, and a maximum is reached in an hour or more. The maximum 
contractile force can be maintained steadily in a specimen beating 24 or 
36 hrs or longer in the testing machine. 
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The nonsimplicity of the stress and strain distribution in the papillary muscle 
is the reason why some authors experiment with the whole heart with the 
assistance of computatonal continuum mechanics in order to determine the 
mechanical properties of the heart muscle. This approach is, of course, not 
simple. 

Guccione et al. (1991) studied the passive material properties of intact 
ventricular myocardium with a cylindrical model, and threw considerable 
light on the effect of the orientation of the muscle fibers in the myocardium. 

Taber (1991) analyzed the left ventricle as a thick-walled layered muscle 
shell. 

Finite-element modeling is a major tool in this endeaver. Use of finite
element analysis in experimental studies of the heart is described by 
McCulloch et al. (1989) and Guccione and McCulloch (1991). The literature 
is reviewed in the book Theory of Heart edited by Glass, Hunter, and 
McCulloch (1991). Another development of an element for finite deformation 
is given by Nevo and Lanir (1989). 

10.4 Properties of an Unstimulated Heart Muscle 

As pointed out in the preceding section, the resting tension in a heart muscle 
is a significant determinant of the function of the heart, because it determines 
the end-diastolic volume and hence the stroke volume of the heart. Hence in 
this section we consider the mechanics of unstimulated heart muscle, with 
some details of test procedures and results. 

A normal heart has a pacemaker, which initiates an electrical potential 
that causes the muscle to contract. Hence an isolated whole heart can beat 
by itself. An isolated papillary or trabecula muscle of the ventricles, however, 
does not have a strong pacemaker and can be tested in the unstimulated state. 

From the mechanical point of view, a heart muscle in the resting state is 
an inhomogeneous, anisotropic, and incompressible material. Its properties 
change with temperature and other environmental conditions. It exhibits 
stress relaxation under maintained stretch, and creep under maintained stress. 
It dissipates energy and has a hysteresis loop in cyclic loading and unloading. 
Thus, heart muscle in the resting state is viscoelastic. 

A papillary or trabecula muscle test specimen is often obtained from the 
rabbit or cat. The specimen is put in a modified Krebs-Ringer solution 
bubbled with a 95% O2 and 5% CO2 mixture of gases. A specimen with 
diameter smaller than 1 mm can be kept alive in such a bath for at least 
36 hrs without any diminishing of its force of contraction. Larger specimens 
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cannot maintain their viability by diffusion alone without blood circulation, 
and are not used in in vitro experiments. 

As in the testing of other biosolids, the specimen must be preconditioned 
in order to obtain a repeatable stress-strain relationship. After precondition
ing, measurement of a reference length (Lrec) and reference diameter (drec ) 

can be made. A reference state is a standard condition, which for convenience 
is defined as a slightly loaded state of the specimen. In Pinto and Fung (1973), 
the load is caused by a 12 mg hook hanging from the lower end of the specimen 
which is suspended freely in a bath containing Kreb-Ringer solution. Thus 
the reference state referred to here is not a stress-free state, but an arbitrarily 
defined state convenient for laboratory work. For a very flexible nonlinear 
material, the specimen is so easily deformed at the zero-stress state that an 
accurate measure of length and cross section is difficult. The reference state, 
however, while arbitrary, has the virtue of being definitely measurable. Extra
polation to the zero-stress state can be done afterwards. 

10.4.1 Relaxation Test Results 

Relaxation test results of Pinto and Fung (1973) are illustrated in Fig. 10.4: 1. 
The specimen was subjected to a step stretch. The force history was recorded 
and normalized by the force reached immediately after the step. Figure 10.4: 1 
shows the data obtained at 15°C for five different stretch ratios (A = 1.05 -
1.30) performed on a specimen. The ordinate G(t) represents a normalized 
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Figure 10.4: 1 Reduced relaxation function of rabbit papillary muscle, showing the 
effect of the stretch ratio A. on G(t). From Pinto and Fung (1973), by permission. 
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Figure 10.4:2 The effect of temperature on the reduced relaxation function ofrabbit 
papillary muscle. From Pinto and Fung (1973), by permission. 

function oftime known as the reduced relaxationfunction, which is defined as 

G(t) = j,t), 
, (1) 

where P(t) is the Lagrangian stress (total load divided by the cross-sectional 
area in the reference state) in the specimen at time t, and P, is the Lagrangian 
stress in the specimen reached immediately after the step. 

From Fig. 10.4: 1 it is seen that G(t) is essentially independent ofthe stretch 
A.. This independence is also observed at other temperatures. Figure 10.4:2 
shows a plot of G(t) vs. time at A. = 1.30 for seven temperatures. The trend is 
not grossly temperature dependent, particularly in periods of time less than 
1 sec. 

The response of a specimen to a step function in strain is called the relaxa
tion function. For a heart muscle the relaxation function P(t) is in general a 
function of many variables, such as the time t, the stretch ratio A., the tempera
ture e, the pH, and the chemical composition of the fluid environment, signi
fied by the mole number of the ith chemical species, N;: 

P(t) = p(A.,e,pH,N; ... t). (2) 

If only A. and e are varied while pH and the osmolarity of the chemical en
vironment are maintained constant, then P(t) can be written as 

P(t) = P(A., e, t). (3) 
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The experimental results shown in Figs. 10.2: 1 and 10.2: 2 suggest that T can 
be written in the form 

P(Je, 8, t) = G(t)p(e)(Je,8), (4) 

where G(t) is a normalized function of time alone and is so defined that 
G(O) == 1. In Eq. (4), p(e)(Je, 8) is called the elastic response (Fung, 1972), a stress 
that is a function of stretch Je and temperature 8. We have seen that Eq. (4) is 
approximately valid for the artery (Chapter 8) and other tissues (Chapter 7). 

If the stretch ratio Je is not a step function, but a continuous function of 
time, Je(t), then Eq. (4) can be generalized into a convolution integral as follows: 

P(t) = G(t)*p(e)[ Je(t), 8J, (5) 

where the * denotes the convolution operator. See Chapter 7, Sec. 7.6. 

10.4.2 The Elastic Response p(e)(A, 8) 

By definition p(e)(Je,8) is the tensile stress generated instantly in the tissue 
when a step stretch Je is imposed on the specimen at temperature 8. Measure
ment of p(e)(Je, 8) strictly according to the definition is not possible, not only 
because a true step change in strain is impossible to obtain in the laboratory, 
but also because in rapid loading, the inertia of the matter will cause stress 
waves to travel in the specimen so that uniform strain throughout the speci
men cannot be obtained. For this reason pre) is a hypothetical quantity. A 
rational way to deduce pre) from a stress-strain experiment is to apply Eq. (5) 
to a loading-unloading experiment at constant rate, then mathematically 
invert the operator to compute pre), i.e., experimentally determine P(t) and 
compute pre) and G(t). 

To see what can be obtained by attempting a step loading anyway, without 
regard to its true meaning, a series of "high speed" stretches and releases of 
varying magnitude were imposed on the papillary muscle. Each quick stretch 
was followed by a quick release of the same magnitude so that the muscle 
was unloaded to its reference dimensions (Lref and dref). The muscle relaxed 
for about 10 sec following the stretch before it was released. Rise time for these 
stretches varied from under 1 to 10 ms, depending upon the magnitude of 
stretch. Results of such a "quick stretch, quick release" test are shown in 
Fig. 10.4: 3. The force-extension curve obtained at the same temperature 
(20°C) and at a uniform rate of loading and unloading is also shown for 
companson. 

Figure 10.4: 3 shows that the difference between the two sets of curves is 
considerable. The difference can be considered as the effect of strain rate. 
Since the relaxation function G(t) is a monotonically decreasing function, 
stress response to straining at a finite rate is expected to be lower than the 
quick "elastic" response. 

That the stress response in loading and unloading is different even under 
slow and uniform rates of stretch and release is a feature common to all living 
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Figure 10.4: 3 The elastic response p(e)(l, 8) of a rabbit papillary muscle. The circular 
dots refer to results of quick stretch tests. The triangular dots refer to results of loading 
and unloading at a finite constant rate. From Pinto and Fung (1973). 

tissues (see Chapters 7 and 8). Test results for the rabbit papillary muscle 
stretched at various rates of loading and unloading are shown in Fig. 7.5: 2 
(Chapter 7), which demonstrates that the stress-strain relationship does not 
change very much as the strain rate is changed over a factor of 100. Other 
tests show that the changes remain small in the strain rate range of 10 000. 
This insensitivity is again in common with other tissues (see Chapters 7 and 8). 

To reduce the curves in Fig. 7.5 : 2 to a mathematical expression, the method 
of Sec. 7.5 can be used. One observes that if the slope of the stress-strain curve, 
dP/d)., is plotted against the stress P (Fig. 10.4:4), a straight line is obtained 
for each loading and unloading branch. Denoting the slope of the regression 
line by IX (a dimensionless number), and the intercept on the vertical axis by 
IXP (units, 103 N/m2), we can write the stress-strain relationship in uniaxial 
loading as 

dP 
d). = IX(P + P), (6) 

where P is the Lagrangian stress (force/area at zero stress). An integration 
gives 

P + P = c e~4, (7) 

where c is a constant of integration. To determine c, let a point be chosen on 
the curve: P = P* when A. = ).*. Then 

P = (p* + p)e~(4-4') _ p. (8) 
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Figure 10.4:4 The exponentiallaw of the stress-strain relationship for the rabbit 
papillary muscle. From Pinto and Fung (1973). 

This procedure is valid only in the range in which Eq. (6) can be trusted. 
Usually Eq. (6), and hence Eq. (8), do not apply in the region P -+ 0, A. -+ 1. 
For this reason the point (P*,A,*) is usually chosen at the upper end of the 
curve (a large stress in the physiological range). 

The need to exclude the origin is an unsatisfactory feature of Eq. (8). Use 
of a uniaxial strain-energy function, which is an exponential function of the 
square of the strain (see Sec. 8.9) will remedy this situation. Table 1004: 1 lists 
some typical values of ()( and /3. An extensive listing given in Pinto and Fung 
(1973) shows that for the papillary muscle ()( and /3 are rather insensitive to 
strain rates and temperature within the range of 1 < A. < 1.3 and 5-37°C. 

10.4.3 Oscillations of Small Amplitude 

Figure 10.4:5 shows the frequency response of a papillary muscle subjected 
to a sinusoidal strain of an amplitude equal to 4.06% of the reference length 
superposed on a steady stretch with a stretch ratio of 1.22. The ordinate 
shows the dynamic stiffness, which has been normalized with respect to the 
stiffness at O.ot Hz. It is seen that in a frequency range that varied 10000-fold, 
the dynamic stiffness increased by less than a factor of 2. This modest fre
quency dependence is again in accord with the general behavior of other 
biosolids (see Secs. 7.6 and 7.7). 
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TABLE 10.4: 1 Values of (X and f3 from Eq. (6) for Rabbit Papillary Muscle. 
From Pinto and Fung (1973)8 

Loading Unloading 

Rate p p. p p. 
(Hz) ex ± SE (kPa) (kPa) ex ± SE (kPa) (kPa) 

0.01 11.46 ± 0.11 5.7 7.3 17.08 ± 0.45 0.1 6.5 
0.02 12.33 ± 0.22 4.9 7.6 17.47 ± 0.62 0.6 6.8 
0.05 12.56 ± 0.14 5.3 8.1 16.95 ± 0.44 1.3 7.4 
0.08 12.70 ± 0.20 5.9 8.1 17.27 ± 0.49 1.8 7.6 
0.10 12.73 ± 0.13 5.1 8.2 17.08 ± 0.39 2.5 7.7 
0.20 13.37 ± 0.14 4.3 8.5 17.84 ± 0.38 2.4 8.2 
0.50 12.18 ± 0.37 5.4 6.5 16.00 ± 0.57 3.3 5.3 
0.80 12.94 ± 0.14 4.8 6.5 17.47 ± 0.39 3.0 5.5 
1.00 13.12 ± 0.16 2.4 6.5 16.99 ± 0.36 2.9 5.4 
2.00 13.72 ± 0.17 4.2 6.9 18.43 ± 0.53 1.2 6.0 
5.00 14.00 ± 0.30 2.0 7.4 17.34 ± 0.45 0.2 6.2 

10.00 13.52 ± 0.14 1.7 16.98 ± 0.33 0.5 

• L,cf' 3.66 mm; d,.f' 1.38 mm; max. stretch, 30%; A." = 1.25; pH, 7.4; temp., 37°C. 
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Figure 10.4:5 The frequency response of a rabbit papillary muscle to sinusoidal 
oscillations of small amplitude. From Pinto and Fung (1973). 
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Figure 10.4:6 The creep characteristics of the papillary muscle of the cat and rabbit 
at different levels of stress and different temperatures, with and without EGT A. The 
application of 2 pM EGTA to the bath (0.76 gjliter) abolishes spontaneous contractile 
activity of the muscle. Chealating calcium by EGTA reduces creep strain over a given 
time. From Pinto and Patitucci (1977), by permission. 

10.4.4 Creep Tests 

Creep (deformation with time under constant load) ofthe cardiac muscle over 
short durations of time has relevance to intact heart behavior and is of part i
cular importance to hypertrophied heart. Figure 10.4:6 shows the creep 
characteristics of four rabbit papillary muscles. The ordinate is the strain 
expressed as a percentage of the reference length. It is seen that for a given 
stress and temperature, creep is essentially a linear function oflog time for the 
the first 10 min. Beyond 10 min it increases more rapidly with log t. 

10.4.5 Summary 

In summary, it is seen that in the resting state, the mechanical behavior of 
heart muscle is quite similar to that of other living tissues. For relaxation 
under constant strain, the reduced relaxation function G(t) is independent of 
the stretch ratio for strains up to 30% of muscle length. For time periods 
comparable with the heartbeat (1 sec), the function G(t) is independent of 
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temperature in the range 5-37°C. This permits the application of the theory 
of quasi-linear viscoelasticity (Sec. 7.6) to the heart in the end-diastolic 
condition. 

When a heart muscle is subjected to a cyclic loading and unloading at a 
constant strain rate, the stress-strain curve stabilizes into a unique hysteresis 
loop, which is independent of temperature (in the range 5-37°C) and is af
fected by the strain rate only in a minor way. Thus the pseudoelasticity 
concept (Sec. 7.7) is applicable. For the loading curve, the stress varies ap
proximately as an exponential function of the strain. Unloading follows a 
similar curve with different characteristic constants. 

In harmonic oscillations of small amplitude, the dynamic stiffness in
creases slowly with increasing frequency, by a factor of2 when the frequency 
is increased from 0.01 to 100 Hz. In creep tests the heart muscle shows con
siderable creep strain under a constant load. 

The relative insensitivity of stresses to strain rate in the cyclic process of 
stretching and release, and the small effect of frequency on dynamic stiffness 
and damping, can be explained by a continuous relaxation spectrum as 
presented in Sec. 7.6. 

10.5 Force, Length, Velocity of Shortening, and Calcium 
Concentration Relationship for the Cardiac Muscle 

The rest of this chapter is concerned with active contraction of the heart 
muscle. Since the heart works in single twitches, Hill's equation does not 
apply. But many authors believe that Hill's equation can be made to work for 
single twitches by the introduction of a characteristic function of time to 
describe the active state of the muscle. Available data on this approach are 
reviewed in Sec. 10.6. The advantage of this approach is to make the formalism 
of Hill's three element model available to general heart analysis-a step very 
useful to cardiology. However, the data of Sec. 10.6 were collected in papillary 
muscle experiments in which the nonuniformity of strain in the test specimen 
discussed in Sec. 10.2 was not taken into account. Hence the accuracy of the 
constants quoted in Sec. 10.6 may be questioned; although the general ap
proach is valuable. 

In the present section, some data based on newer experiments which did 
pay attention to the caution discussed in Sec. 10.2 are reviewed. The clamped 
ends are excluded from the length measurement. The strains in the middle 
partion of the muscle are assumed to be uniform. The term "segmental length" 
is used to indicate the length of this middle portion. 

Huntsman et al. (1983) measured the force-length relationship of the central 
segments of ferret papillary muscles at 27°C. Martyn et al. (1983) published 
the experimental relationship between the shortening velocity at a very light 
load and the muscle length and the extracellular calcium at various times of 
releasing the muscle from an isometric twitch to a 1 mN load ( ~ 3% of the 
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maximum force) on the same muscle. They used a small loop of a fine coiled 
wire and a uniform oscillating magnetic field to measure the cross-sectional 
area of a chosen segment of the papillary muscle, and used the area to assess 
the length of the segment. Figure 10.5: 1 shows their results on the maximum 
total forces developed in isometric contractions from given segmental lengths 
at various levels of calcium concentration in the bathing solution. Normally, 
the Ca2+ concentration was 2.25 mM. The data indicate that increasing Ca2+, 
at least up to 4.5 mM, causes an increase in force, a shift of the zero-force 
intercept to the left, and a change of the shape of the total force-length curve. 
For the experiments presented in Fig. 10.5: 1, the zero-force intercepts in 4.5, 
2.25, and 1.125 mM Ca2+ solutions were found to be 67%, 68%, and 74% of 
the maximum segmental length. The resting tension at various lengths is 
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Figure 10.5: 1 Total force-segmental length relations obtained at 1.125 (0), 2.25 (0). 
and 4.50 (.6.) mM Ca2+ concentrations. At all concentrations, auxotonic (contracting 
against feedback control at specified force) data are shown with filled symbols, whereas 
isometric data (segmental length feedback controlled) are shown with open symbols. 
Mean values ± SE are shown (n = 9). Reproduced from Huntsman et al. (1983), with 
permission of the authors and the American Physiological Society. 
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plotted by the solid curve at the bottom, and it is seen that the resting tension 
is a small fraction of the total force for segmental length less than 95% of the 
maximum, SLmax . Since the parallel element ofthe cardiac muscle is viscoelas
tic, the calculation of the force of active contraction (the difference between 
the total force and the force in the parallel element) should follow the equa
tions given in Sec. 9.8, with P viscoelastic. 

The results shown in Fig. 10.5: 1 for the ferret papillary muscle may be 
compared qualitatively with the results shown in Fig. 9.7: 2 for the frog skeletal 
muscle. The segmental length cannot be directly translated to sarcomere 
length, but it is known that the sarcomere length is approximately equal to 
2.4 11m at the maximum segmental length achievable for the experiment. Thus 
the range of sarcomere length in which contractile force can be generated is 
considerably shorter in the cardiac muscle than in the skeletal muscle. 

Martyn et al.'s (1983) results on the shortening of a ferret papillary muscle 
when it was released from an isometric twitch to a light load of 1 mN are 
shown in Fig. 10.5: 2. The segmental length was held constant until the time 
the load clamp was initiated. Load clamps were initiated from 95% of the 
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Figure 10.5: 2 Representative traces of segment length (top) and force (bottom) for a 
series of load releases initiated at various times during a segment isometric twitch at 
a length of 95% SLmax . Dashed line (top) intersects SL traces at 90% SLmax (closed 
circles). Extracellular calcium was 2.25 mM. Reproduced from Martyn et al. (1983), 
with permission of the authors and the American Physiological Society. 
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Figure 10.5: 3 Variation of the segment velocity with the length of the segment and 
the calcium concentration in the Tyrode solution. The symbols for Ca are 1.125 (0), 
2.25 (0), and 4.5 (.6.) mM. Each symbol represents mean value (± SE) of measurements 
taken from 5 (0), 8 (0), and 6 (.6.) muscles. Reproduced from Martyn et al. (1983), by 
permission. 

maximum segment length. Such clamps took 5 ms to complete. Then the 
velocity of shortening was computed electronically at various percentage of 
SLmax (e.g., at 90% SLmax), or at various time after stimulation (e.g., at 100 ms). 
The time at 100 ms line intersects the shortening after release curves of Fig. 
10.5: 2 at a number of points marked by x. At each x, there is a velocity of 
shortening and a length of segment as % SLmax. A plot of this pair of numbers 
is shown in Fig. 10.5: 3 for a calcium concentration of 2.25 mM. Repetition of 
experiments at other calcium concentrations yielded data shown by the other 
two curves in Fig. 10.5: 3. The least squares regression lines are plotted. This 
figure reveals the influence of calcium concentration and length of cardiac 
muscle on the contraction velocity at 100 ms after stimulation. 

Comparison of Figures 10.5:2 and 10.5:3 with Figures 9.7:1 and 9.7:2 
show that the force and velocity levels are lower and twitches are slower in 
the cardiac muscle than in the skeletal muscle. The dependence of the un
loaded velocity on calcium concentration is much stronger in the cardiac 
muscle than in the skeletal muscle. 
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Similar data of high quality have been published by Ter Keurs et al. (1980), 
whose results are stated in terms of sarcomere length. 

10.6 The Behavior of Active Myocardium According to 
Hill's Equation and Its Modification 

For the purpose of analyzing the dynamics ofthe heart, we need to know the 
constitutive equation of the myocardium in systole and diastole and the 
states in between. The constitutive equation describes the force-velocity
length-and-time relationship for the muscle. It contains certain material 
constants. The change of these constants in health and disease, and with the 
muscle's environmental conditions (e.g., ionic composition, presence of ino
tropic agents, and temperature) and neural and humoral controls, will supply 
the information desired for clinical applications. 

It was thought that Hill's three-element model (Sec. 9.8), together with a 
description of the contractile element by Hill's equation, properly modified 
for the active state, would be sufficient to provide a constitutive equation for 
the heart muscle. It was further hoped that the active state function and the 
constants in Hill's equation can be predicted or experimentally determined 
according to the sliding-element theory with a comprehensive knowledge of 
the cross-bridges. Roughly speaking, this idea was confirmed when the muscle 
is tested at a length so small that the resting tension in the parallel element 
(see Sec. 9.8) is negligible compared with the active tension (setting P = 0 in 
the equations of Sec. 9.8). This condition is reviewed in the present section. 

Trouble appeared, however, when experiments were done on muscles at 
such a length that the resting tension is not negligible. To account for the rest 
tension, there are two different but equivalent ways. One is to use the model 
discussed in Sec. 9.8, and shown in Fig. 10.6: 1 (B). The other is shown in Fig. 
10.6: 1 (C). These two models are called the "parallel resting tension" and the 
"series resting tension" models, respectively. By identifying the experimental 
results with these models, one can evaluate the properties of the contractile 
element. It was then found that the contractile element property is model
dependent, the Hill's equation does not apply, the force-velocity relationship 
is complex, and the active state is hard to define. Thus the handling of the 
parallel element has not been successful. This leads one to question the Hill's 
three-element model, and to search for an alternative method of approach, 
which will be discussed in the next two sections. 

10.6.1 Active Muscle at Shorter Length with Negligible 
Resting Tension 

The relative magnitudes of resting tension and active tension in a heart muscle 
are shown in Fig. 10.1: 5. If the muscle length is sufficiently small, the resting 
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Figure 10.6: 1 Mechanical analogs of mammalian papillary muscle. (A) Simple model 
with only a contractile element (CE) and a series elastic element (SE). (B) Parallel resting 
tension model in which a parallel elastic element (PE) bears resting tension. (C) Series 
resting tension model in which a series elastic element (SE) also bears resting tension. 

tension is negligible. Then Hill's model is reduced to the two-element model 
of Fig. 10.6: 1 (A). In this case, if the series element is assumed elastic, then its 
elastic characteristics can be determined by the methods described in Sec. 9.8, 
namely, either by the quick-release or by the isometric-isotonic-change-over 
method. With the series elastic element's property determined, the contractile 
element behavior can be identified with the experimental data in a simple and 
unambiguous manner. 

In the following discussion, we shall summarize the experimental results 
using the mathematical analysis presented in Sec. 9.8. The symbol S denotes 
tension in the series element. P denotes tension in the parallel element, 
which is assumed to be zero in the present section. The total tension T = S + P 
is therefore equal to S. The length of the muscle is denoted by L. The elastic 
extension of the series element is 1]. The "insertion" or summation of the 
overlap between actin and myosin fibers is .1. 

10.6.2 The Series Element 

Extensive work on the series element was reported by Sonnenblick (1964), 
Parmley and Sonnenblick (1967), Edman and Nilsson (1968), and others. 
Their results may be summarized by the equation 

dS 
dl] = ex(S + fJ), (1) 

where ex and fJ are constants. Thus the stiffness dSjdl] is linearly related to the 
tension S. See Fig. 10.6: 2. For the eat's papillary muscle with a cross-sectional 
area Ao = 0.98 mm2 , subjected to preload of 5 mN and an elastic extension 
of 4%-5% of the initial muscle length at a developed tension of 98 mN, 
corresponding to a stress of approximately 100 kPa, the value of ex is 0.4 for 
I] measured in % muscle length, and fJ = 20 mN. 
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Figure 10.6: 2 The straight-line relationship between the elastic modulus and tension 
in the series element. Rabbit papillary muscle. Open symbols: Measurements carried 
out during the rising phase of the isometric twitch. Filled symbols: those measured 
during the decay phase. Contraction frequency, 36 per min. Temp., 31°C. From Edman 
and Nilsson (1972), by permission. 

Equation (1) integrates to 

S = (S* + pea(~-~*») - p, (2) 

where S = S* when 1'/ = 1'/*. The condition S = 0 when 1'/ = 0 implies 

S*e-"'~· 

p = 1 a~·' -e 
(3) 

which requires that the point (S*, 1'/*) be related to p in a specific way. Equa
tions (1) and (2) also apply to many connective tissues (see Secs. 7.5 and 
8.3), as well as to the unstimulated papillary muscle (Sec. 10.2). 

10.6.3 The Contractile Element 

Edman and Nilsson (1968,1972) showed that if the force-velocity relation
ship of a papillary muscle is measured at any specific length of the contractile 
element, reached at a given time after stimulus, then it can be fitted by Hill's 
equation. Their experimental procedure is illustrated in Fig. 10.6: 3. They used 
a small preload of 1 mN on rabbit papillary muscles with diameters in the 
range 0.5-1.0 mm and length in the range 3.8-7.0 mm. Each specimen was 
stimulated at a frequency of 30-48 per min and allowed to contract isometri-
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Figure 10.6: 3 Oscilloscope records of release experiment. (A) Shortening. (B) Velocity 
of shortening (electricical differentiation). (C) Tension. Stimulation signal at zero time. 
Temp., 29.soC. Contraction frequency, 30 per min. From Edman and Nilsson (1968), 
by permission. 

cally. At a selected instant of time after stimulation, the load is suddenly 
released to a lower value [Fig. 10.6: 3(C)], and the isotonic contraction of the 
muscle is recorded [Fig. 10.6: 3 (A)]. The velocity of contraction is obtained 
by differentiating the displacement signal electronically [Fig. 10.6: 3(B)]. The 
velocity of shortening at a fixed sarcomere length (occurring at a fixed time 
interval after stimulation) is plotted against the load in Fig. 10.6: 4, to which 
Hill's equation is fitted by the least squares method. The correlation is better 
than 0.99. Figure 10.6: 4 shows the force-velocity relation at several instants 
after stimulus. It is seen that the hyperbolic relations at different instants of 
time are parallel to each other, indicating that the muscle's ability to shorten 
and ability to generate tension vary with time in the same way. The constants 
a and b in Hill's equation (Eq. (1)) of Sec. 9.7 are listed in the figure. 

In a later paper, Edman and Nilsson (1972) demonstrated the importance 
of "critical damping" in the recording instrument on the shape of the force
velocity curve. They installed a dash pot containing silicone oil to damp 
out the oscillation of the lever. A 1 mm wide by 14 mm long duralumin rod 
extended from the lever to the damping fluid. A thin disk of aluminum (diam. 
3.7 mm, thickness 0.4 mm) was attached perpendicular to the end of the rod. 
The degree of damping was varied by using silicone oils of different viscosity. 
With a 60-stoke silicone fluid, the damping is considered "critical." Figure 
10.6: 5 shows the effect of damping on the force-velocity cur~e. The critically 
damped curve can be fitted with Hill's equation; the substantially under
damped ones cannot. The reason for this is not entirely clear. 
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Figure 10.6:4 Force-velocity curves (lower diagram) defined at different times indi
cated by arrows in the isometric myogram (upper diagram). Curves drawn according 
to Hill's equation for values of a and b listed. The velocity values at a given load refer 
to the same length of the contractile unit (with variations <0.5% of resting muscle 
length) in all curves ofthe same experiment. Contraction frequency, 45 per min. Temp., 
27.5°C. From Edman and Nilsson (1968), by permission. 

We can condense Edman and Nilsson's results by modifying Hill's 
equation: 

b(So - S) 
v=~~-":" 

a+S 
(4) 

to the form (Fung, 1970) 
b[Sof(t) - S] 

V= a+S ' (5) 

where f(t) is a function of time after stimulation. We shall call f(t) the char
acteristic function of time, or the active state function. Edman and Nilsson's 
results suggest that f(t) can be represented by a half-since wave which is 
normalized to a unit amplitude: 

. [n( t + to)] f(t) = sm - . __ .- . 
2 tip + to 

(6) 
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Figure 10.6: 5 Force-velocity curves derived from quick release recordings carried out 
during the rising and falling phases of the isometric twitch. Arrows on top of inserted 
isometric myogram indicate times for collection of experimental data. Filled symbols: 
lever movements were critically damped. Open symbols: lever movements were under
damped. Solid lines (referring to filled symbols) have been fitted according to Hill's 
equation, using the following values ofthe constants a and b: ., a = 11.7 mN, b = 1.68 
lengths/sec; ... , a = 11.7 mN, b = 1.57 lengths/sec. Correlation coefficient between 
experimental points and data predicted from the hyperbolic curve; ., 0.999 ... , 0.998. 
Dashed lines have been fitted by eye to data obtained from underdamped releases. 
From Edman and Nilsson (1968), by permission. 

In Eqs. (5) and (6) the constants a and b are functions of muscle length L 
at the time of stimulation, So is the peak tensile stress arrived at in an isometric 
contraction at length L, t is the time after stimulus, to is a phase shift related 
to the initiation of the active state at stimulation, and tip is the time to reach 
the peak isometric tension after the instant of stimulation. The velocity 
v is the velocity of the contractile element, d,1/dt. The constant a(L) is known 
empirically to be proportional to So, and can be written as 

a(L) = ySo(L). (7) 

The numerical parameter y is of the order of 0.45. 

10.6.4 Brady's Test of the Validity of Hill's Equation 

Brady (1965) plotted the ratio (So - S)/v against S. For Hill's equation 
we have 
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Figure 10.6: 6 Comparison ofBrady's data (1965) on rabbit papillary with the theoreti
cal curve given by Eq. (9). Ordinate, mN/mm per sec. Abscissa, mN. y = 0.45. From 
Fung (1970). In this figure S is written as P. 

So - S a + S 
v b 

(8) 

and Brady's plot should be a straight line. But the experimental data plotted 
in Fig. 10.6: 6 do not fall on such a straight line. 

The deviation is principally caused by the deviation of the force-velocity 
relationship from being a hyperbola in the high tension, low velocity region. 
Such deviations are seen in many other publications. For example, Fig. 10.6: 7 
shows the data of Ross et al. (1966) on the dog's heart. The data near the toe 
(S/So ~ 1) show a sigmoid relationship. 

Fung (1970) showed that Edman and Nilsson's curves (Figs. 10.6: 3 and 
10.6: 4) as well as those of Brady and Ross et al. can be represented by a 
modified Hill's equation: 

B[Sof(t) - sy 
V= a+S ' (9) 

where v is the contractile element velocity, f(t) is the characteristic time 
function given in Eq. (6), and n is a numerical factor. B is, of course, dif
ferent from b both in numerical value and in units. Figures 10.6: 6 and 10.6: 7 
show the fitting ofEq. (8) to the data of Brady and Ross et al. In Fig. 10.4:6, 
Eq. (9) is presented in a dimensionless form: 

where 

v = YVmax 
(1 - 0)" 

1'+0" 

BSZ- 1 S 
Vmax =---, 0' =

So' I' 

and v -+ Vmax when 0' -+ O. 

(10) 

(11) 

(12) 
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Figure 10.6: 7 Comparison of the force-velocity data of a dog's left ventricle obtained 
by Ross et al. (1966) with theoretical curves given by Eq. (9). Y = 0.45, n = 0.6,0.5. From 
Fung (1970). LVEDP = left ventricular end diastolic pressure in mm Hg. (1 mm 
Hg = 133.32 N/m2 ). 

Here v represents dA/dt. In Eq. (10), as well as in Figs. 10.4:5 and 10.4:6, 
we have set the characteristic time function f(t) of Eq. (9) to unity, f(t) = 1, 
because the experiments were done at a time near the peak isometric tension, 
i.e., t -+ tip in Eq. (6). Further, with Eqs. (9) and (10) the right-hand side 
becomes a complex number if S > Sof(t) or S > So and n # 1. In that case, 
we define the right-hand side ofEqs. (9) and (10) as the real part ofthe complex 
number. With these equations, a good fitting of the curves in Figs. 10.6: 3 and 
10.6:4 is demonstrated in Fung (1970). Incidentally, the introduction of the 
exponent n with a value less than 1 removes the difficulty mentioned in 
Sec. 9.8, namely, that the time required for the redevelopment of tension 
after a step shortening in length of an isometric tetanized muscle to reach a 
peak is infinity if Hill's equation holds strictly. See Eq. (22) of Sec. 9.8. The 
exponent n was originally introduced for the purpose to remove this difficulty. 

All the formulas of this section apply only to papillary muscles of shorter 
lengths in which resting tension is negligible. Since they are good empirical 
formulas summarizing experimental data, they should be derivable from 
theories such as sliding elements, cross bridges or their alternatives. Such a 
theoretical derivation has not yet been done. 

10.6.5 Stimulated Papillary Muscle at Lengths at Which Resting 
Tension Is Significant 

For cardiac muscle at such a length that the resting tension must be taken 
into account, the analysis of the experimental data according to the three-
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element model becomes more complex (and nonunique). At such lengths, 
Brady (1965) found no hyperbolic relation between force and the velocity of 
contraction. Hefner and Bowen (1967) and Noble et al. (1969) found bell
shaped force-velocity curves and concluded that the maximum velocity of 
shortening occurs for loads appreciably larger than zero. They found near
hyperbolic behavior, however, for large resting tensions. Pollack et al. (1972) 
observed that the stiffness of the series elastic element depends on the time 
after stimulation. 

When the same experimental data were analyzed by two different but 
equivalent three-element models as shown in Figs. 10.4: l(B) and (C), the 
derived contractile element force-velocity relations were found to be different 
for the two models. Thus the results are model-dependent and are not unique. 
Therefore, it does not represent an intrinsic property of the material. 

There are other complications. When quick stretch experiments were 
done (Brady, 1965), it was found that the modulus of elasticity of the series 
elastic element in quick stretch is different from that in quick release. Thus 
the series spring must be interpreted as viscoelastic or viscoplastic. 

These complications are associated with the inherent inadequacy of Hill's 
model to handle the viscoelastic behavior of the parallel element, and the 
nonuniqueness in the separation of the force into parallel and contractile 
components, and the displacement into contractile and series elements. Are 
the contractile elements stress free when the muscle is unstimulated? In 
smooth muscles a resting state cannot be defined uniquely (see Secs. 11.4 and 
11.6); hence the contractile mechanism is not "free" between twitches. Further
more, the separation of displacements between the series and contractile 
elements depends on the assumption of perfect elasticity of the series element. 
This amounts to a definition, and cannot be tested uniquely by experiment. 

Hence the success of Hill's model is incomplete. The following sections are 
intended for the development of alternatives. 

10.7 Pinto's Method 

Pinto (1987) proposed to retain Hill's three-element model but modify the way 
by which the mechanical properties of the parallel element is measured. He 
proposed the following expression to describe the active contraction of the 
heart muscle: 

(1) 

where S(J", t) represents the Lagrangian stress developed by the muscle through 
active contraction only, .Ie represents the stretch ratio measured relative to a 
reference state at which S is zero (in the passive state), and t is time. The 
parameter v was introduced to account for the contraction delay. The parame
ter () was introduced to account for the inotropic state of the muscle at a given 
physiological condition. A (.Ie) is related to the amplitude of contraction force. 
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Figure 10.7: 1 Schematic of an isometric quick-stretch experiment proposed by Pinto 
and Boe (1991). Reproduced by permission. 

The author shows that this expression can fit the experimental data on a 
length-tension relationship, time course in single twitches, a quick-stretch 
response, and a quick-release response. Extension to isovolumic contraction 
was accomplished by a different set of constants of A, y, and J. 

The total stress is a sum of the stress in the parallel element, P(A), and that 
in the contractile element: 

T(A., t) = P(A., t) + A(A.)tVe-ot. (2) 

For the passive elasticity, Pinto and Boe (1991) proposed a method which 
consists of imposing isometric transients (such as quick-stretch or quick
release) on a muscle bundle during the contraction pahse and observing the 
difference between the developed force level of a normal twitch and that of a 
perturbed twitch. This is shown schematically in Fig. 10.7: 1. The idea is based 
on Eq. (2). The time course of the active tension development is given by the 
second term, which is S(A., t) of Eq. (1). The total tension is measured in the 
experiment. The passive viscoelasticity, P(A, t), is what one wishes to deduce. 
By a sudden small step change of A. at time r, the active tension changes by 
an amount which can be computed from Eq. (1): 

dA 
~LI..1rve-Ot 
dA. • 

at the instant of time t = r, and then after r, by the amount 

(~1 LlA)rVe-Ot. 

(3a) 

(3b) 

The disturbance, Eq. (3b), has a course that is exactly the same as the 
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undisturbed twitch. The parallel element, however, is subjected to a step 
increase of stretch LlA. in a short time interval of LIt, during which the tension 
is increased by an amount LIP. After words, because of the viscoelasticity, the 
tension in the parallel element becomes 

LlPG(t - -r), (4) 

where G(t - -r) is the normalized relaxation function of the tissue. The courses 
of time given by Eqs. (3) and (4) are different. Their difference is the difference 
of the two curves shown in Fig. 10.7: 1. LlP/LlA. gives the Young's modulus. 
G(t - -r) gives a normalized relaxation function. Pinto and Boe (1991) tested 
pig papillaries of the right ventricle and showed that the Young's modulus 
and the relaxation function so determined is independent of the instant of 
time -r (during a twitch) when the perturbation is imposed, suggesting the 
correctness of the scheme. The characters of the length-tension curve and the 
relaxation function are similar to those described in Sec. 10.4. This method is 
based on Hill's model, but does not require testing of an isolated papillary 
muscle in a passive state. Hence it is a better representation of the model. 

10.8 Micromechanical Derivation of the Constitutive Law for 
the Passive Myocardium 

Lanir (1983) has formulated a three-dimensional material law which is based 
on the microstructure and mechanical properties ofthe actual elements of the 
tissue. In Horowitz et al. (1988), Lanir and his colleagues extended the analysis 
to the myocardium with special attention to the collagen fibers. Robinson 
et al. (1983) and Caulfield and Borg (1979) have shown that fine collagen fibers 
tether myocardial cells. Lanir et al. worked out a detailed model as shown in 
Fig. 10.8: 1. The collagen fibers are assumed to have a linear stress-strain 
relationship when they are straight, and to carry no load when they are wavy. 
On assuming a statistical distribution of the waviness (curvature) of the fibers, 
the probability of the number of taut collagen fibers can be computed as a 
function of the strain. On such a basis the authors computed the strain-energy 
function of the myocardium. They showed how to fix the constants so that 
the experimental stress-strain curves can be fitted. There are, however, no 
data available with regard to the waviness of the collagen fibers, nor on the 
mechanical properties of these fibers. The theory provides a framework, but 
more validation is needed. 

Humphrey et al. (1990, 1991) proposed a form of a constitutive equation 
for the passive myocardium not quite on the basis of the microstructure, but 
on the observation that the tissue is transversely isotropic. The restrictions 
imposed by the condition of transverse isotropy on the constitutive equation 
has been determined by Green and Adkins (1960). The conclusion is that the 
strain-energy function may be expressed as a polynomial of the strain compo
nents eij in the form 
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Figure to.8: 1 Schematic representation of the arrangement of muscle fibers and their 
surrounding matrix of collagen fibers assumed by Horowitz et at. (1988). Reproduced 
by permission. 

(1) 

in which 11 , 12 , 13 are the first, second, and third invariants of the strain tensor, 
and K l , K2 are 

(2) 

if the material is transversely isotropic with respect to the X3 axis, and Xl' X 2 

are any pair of rectangular axes in a plane perpendicular to X 3 • Humphrey 
et al. take X3 in the direction of the muscle fiber, and assume that a simplified 
version will suffice for the myocardium: 

(3) 

They say that on the basis of their preliminary experimental data, W can be 
expressed in the form 

W = C l (23 - 1)2 + C2()-3 - 1)3 + C3(l1 - 3) 

+ C4(l1 - 3)(23 - 1) + C5(l1 - W, (4) 

where C l' . . . , C 5 are material constants. Humphrey et al. showed how to 
identify these constants on the basis of experimental data on resting heart 
muscle specimens. 
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If one uses Lanir et al. or Humphrey et aI's results to characterize the 
mechanical properties of the parallel element of Hill's three-element model 
(Sec. 10.6), then one has to answer the criticism named in Sec. 10.6.5. The 
evaluation remains to be done. On theoretical ground, one may anticipate the 
need for some further generalization to take the viscoelastic characteristics of 
the myocardium into account. Furthermore, throughout the thickness of the 
ventricle the fiber directions change significantly. Hence these fibers are not 
necessarily transversely isotropic. If X3 is the direction of the muscle fiber, the 
shear stresses e31' e32 do not vanish in general in the myocardium, as the 
experimental results of Waldman et al. (1985, 1988, 1991) show. These have 
to be accounted for in the theory. 

10.9 Other Topics 

We study the cross bridge theory in order to gain some understanding of the 
actin-myosin interaction. Success in cross bridge theory will enable us to know 
the events in a sarcomere. Then the mechanics of myocardial cells must be 
studied. The sarcomeres have to work with other components of the muscle 
cells. The stress and movement of the sarcomeres must be transmitted to the 
cell membrane, which alone connects the interior of the cell with the exterior. 
The function of the cell depends on its shape, stress, and strain. Is there a 
sufficiently high internal pressure in the cell to keep the cell membrane taut 
(in tension)? Is there other structural members (stress fibers) that help maintain 
the cell shape? Cell shape depends on cell volume. What are the mechanisms 
that regulate the cell volume? How is the cell volume influenced by the stress 
and strain of the tissue? 

Then we must study the interstitial space between the cells. The extra
cellular matrix has a unique structure. It contains molecules such as inte
grins, fibronectin, etc., which are also factors that determine the abhesive prop
erties of the cells and the shapes of the cells. There are also collagen and 
elastin fibers embedded in and supported by ground substances. These fibers 
are believed to provide mechanical strength to the structure. And there are 
fibroblasts. Furthermore, the interstitial space has an interstitial pressure 
which is very important with regard to the movement of fluid in the interstitial 
space and the transport of matter. What determines the interstitial pressure? 
What role does it play in maintaining the integrity of the cells? 

A tissue is a union of cells and extracellular matrix. An organ is made of 
tissues. The mechanics of the heart must deal with all the issues named above. 
Of these, I think the most important topic that is getting little attention is the 
cell pressure. The cell pressure and interstitial pressures are connected with 
swelling. Swelling is a classical subject. It is one of the classical signs of disease. 
Borelli (1608-1679), in his book De Motu Animalium, which was published in 
1680, insisted that muscles work by· swelling. Soft tissues are normally swollen. 
Mow, Lai, Lanir, Bogan, and others have analyzed swelling from the point of 
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view of multiphasic mixture theory. For the heart, however, I believe that a 
cellular theory needs to be developed. 

In heart muscle, perhaps every phase may be considered as incompressible. 
The static pressure in an incompressible material is an arbitrary number in 
the constitutive equation: a number which is not defined by strain. To deter
mine the swelling pressure in the cells, and in the tissue, one has to con
sider the chemical potential of every phase, and the appropriate boundary 
conditions. In other words, the static pressure, which enters the free energy as 
a Lagrange multiplier, can be determined only through the equations of 
motion, continuity, and boundary conditions, together with the constitutive 
equations of every phase. If a cell membrane is involved, then the movement 
of fluid through the membrane constitutes an essential boundary condition. 
The biology of mass transport through the membrane holds the key to the 
pressure story. 

Bogen (1987) introduced an analysis of tissue swelling to cardiac mechanics. 
He has considered both a one-fluid-compartment model and a multiple-fluid
compartment model. The simplest model illustrates his approach. Consider a 
model with incompressible solid elastic elements floating in an incompressible 
fluid. Let the strain energy function per unit volume of the mixture at its zero 
stress state be given by Eqs (9) and (10) of Sec. 7.5, pp. 275, 276: 

(1) 

where A1 , A2, )'3 are the principal stretch ratios, p. and k are elastic constants, 
and p is a Lagrange multiplier interpreted as pressure. The condition of 
incompressibility is )'1 A2 A3 = 1. If a unit cube of the material swells 
isotropically to a volume A: due to an addition to fluid into the elastic matrix, 
then the strain energy for the swollen material, Po W(s) per unit swollen volume 
becomes 

A-3 

Po W(·) = p. k [A~ + A~ + ),n + pA;3(A1 A2 A3 - 1). (2) 

Now, introduce a new symbol 

A.. 
A.=~ 

, As (3) 

to represent the principal extension with respect to the swollen reference 
configuration. The Eq. (2) may be written as 

Ak - 3 
PoW(') = ~[A~ + A~ + A~] + PA:- 3(A 1 A2 A3 - 1). (4) 

Bogen then proceeds to consider various boundary-volume problems such as 
triaxial isotropic swelling, uniaxial stretching, biaxial stretching, etc., to deter
mine the fluid pressure, and gradually adding greater complexity to the model 
by considering the solid phase as springs, membranes, and tubes. 
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The pressure p is calculated from the principle of virtual work. Given a 
volume V of tissue, the work required to inject an extra volume of fluid, iv, 
is pLl V and is equal to the sum of the increment of strain energy and the work 
of the external loads : 

(5) 

in which Ll(po W(S») is the increment in strain-energy density of the swollen 
material (per unit swollen volume), Lll¥" is the increment of external work due 
to forces acting on this boundary of V. When the boundary forces are zero, 
Ll We is zero. Let the expansion be isotropic relative to the swollen volume of 
V= l,sothat 

Al = A2 = A3 = A, 

LlV = AIA2 A3 = A3, 

then Eqs. (5) and (4) yields 

d(po W(S») 
p = d(A 3 ) 

, k-3 
P = 11)·s . 

d(po W(S») dA 
dA d(A 3)' 

(6) 

(7) 

(8) 

Bogen (1987) shows how the swelling pressure is affected by the assumption 
of different types of structure of the solid matrix in the tissue. 

This example shows the role of boundary conditions in determining the 
pressure p. It is clear that the complexities ofthe real biology need to be taken 
into account in order to reach a better understanding. The example given in 
Chapter 12, Sec. 12.10, shows how a triphasic theory can be developed. The 
examples presented in Chapter 9 of Biomechanics: Motion, Flow, Stress, and 
Growth, (Fung 1990) show how important the interstitial pressure is. 

We conclude this section with an entirely different matter: on the contribu
tion of epicardium to cardiac mechanics-to remind us that to see a whole 
picture requires attention to all the corners. 

Humphrey and Yin (1988) called attention to the possible significance of 
the epicardium to cardiac mechanics. Pericardium is a thin serous membrane 
composed of mesothelial cells, a ground substance matrix, and a fibrous 
network of elastin and collagen. The pericardium forms a double-walled sac 
enveloping the heart: a visceral layer, or epicardium, adheres intimately to the 
surface of the heart, a parietal layer encloses the heart, a narrow space 
separates the parietal layer and the visceral layer. The enclosed space is clled 
the pericardial space, which contains a small amount of lubricating fluid. 

The mechanical properties of the parietal pericardium have been measured 
by Lee et al. (1985) and others (see Lee et al. for references), and those of the 
visceral pericardium were measured by Humphrey and Yin (1988). Generally 
speaking, the characteristics are highly nonlinear and anisotropic, in a way 
similar to the skin (Chapter 7). Clearly, the epicardium is capable of carrying 
large in-plane loads. Moreover, atrial epicardium behaves more like parietal 
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pericardium than myocardium. Both parietal and atrial epicardium are com
pliant and seemingly isotropic over large ranges of equibiaxial stretch, but 
stiffen rapidly and anisotropically near the limit of their distensibility. In 
contrast, excised myocardium stiffens, and is anisotropic at all values of 
equibiaxial stretch (Yin et at, 1987). 

The significance of epicardium on cardiac mechanics is obvious when the 
heart dimension increases beyond a certain limit. In Sec. 10.3 it is pointed out 
that there are many reasons to determine heart muscle behavior by testing 
the whole ventricle. It is important not to forget this very thin layer of tissue 
wrapping the heart muscle on the outside. 

Problems 

10.1 Let the left ventricle be approximated by a thick-walled hemispherical shell of 
uniform thickness. The valves and valve ring will be assumed to be infinitely 
compliant. In diastolic condition the left ventricle is subjected to an internal 
pressure Pi and an external pressure Po. Pi is a function of time. Ignoring inertia 
effects, what is the average stress in the wall? 

10.2 Let the inner radius ofthe hemisphere be ao and the wall thickness be ho at the no
load condition, Pi = Po = O. Assume that the average strain is related to the average 
stress in the same way as stress is related to strain in the uniaxial case [see Eq. (8) 
in Sec. 10.4]. Under the assumptions of Problem 10.1, what will the radius a(t) 
and the wall thickness h(t) be as functions of time t in response to Pi(t) and Po? 
Assume the wall mateiral to be incompressible. See Fig. PlO.2. 

Figure PlO.2 A ventricle subjected to internal and external pressures. 

10.3 At time t = 0, the valves are closed and every muscle fiber in the shell begins to 
contract. Assume that the plane ofthe valves remain plane and the volume enclosed 
by the hemispherical shell remains constant. Compute the course of pressure 
change Pi(t) under the assumption that the equations of Sec. 10.6 are applicable. 

10.4 Under the same assumptions of Problems 10.1-10.3, but considering an electric 
event different from that of Problem 10.3, let the wave of depolarization begin at 
the axis of symmetry 0 = 0 (see Fig. PlO.4) and spread with a constant angular 
velocity in the circumferential direction, dO /dt = c, a constant. As the muscle 
fibers shorten, the shell will be distorted. It is necessary to consider bending of the 
shell wall in this case. Develop an approximate theory for the change of shape of 
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the shell as a function of time, assuming that the equation of Secs. 10.4 and 10.6 
are applicable. Make a reasonable assumption about the compliance of the 
valves. 

Figure PlO.4 A wave of depolarization propagating circumferentially. 

10.5 Consider another electric event: the wave of depolarization beginning at the inner 
wall and propagating radially at a constant velocity V. As in Problem 10.4, deter
mine the history of the shape change of the shell. In the real left ventricle the wave 
of depolarization is determined by conduction pathways [see Scher, A. M. and 
Spach, M. S. (1979), Cardiac depolarization and repolarization and the electro
cardiogram. In Handbook of Physiology, Sec. 2., The Cardiovascular System, Vol. 
1, The Heart, R. M. Berne, N. Sperelakis, and S. R. Geiger, (eds.) American 
Physiol. Soc., Bethesda, MD, pp. 357-392]. See Fig. PlO.5. 

Figure PlO.5 A wave of depolarization propagating radially. 

10.6 Discuss the improvements that are necessary in order to bring the idealized 
analyses of preceding problems closer to reality. 

10.7 (a) In what ways do the structure and function of a heart muscle differ from those 
of a skeletal muscle? 

(b) Why must Hill's equation be modified for heart muscle? 
(c) In which way has Hill's equation been successfully modified for the heart 

muscle? Under what circumstance is the modified Hill's equation valid? 

10.8 Design a single purpose instrument to measure the force-velocity-time relation
ship of a muscle, or its electric activity, or its work output. The purpose can be 
one of the following. 
(a) An accurate force-velocity-time relationship in single twitch after stimulation 

for the purpose of fundamental research. 
(b) To measure the work output of a muscle for the purpose of industrial safety 

and health assessment. 
(c) To clarify the relative function of a group of muscles such as those on the 

abdomen or on the back in one particular posture. 
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(d) To determine the fraction of muscle fibers in a skeletal muscle that are 
stimulated in certain motion. 

State your chosen objective. Sketch your design. Explain how it works. Discuss 
its pros and cons. 
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CHAPTER 11 

Smooth Muscles 

11.1 Types of Smooth Muscles 

Muscles in which striations cannot be seen are called smooth muscles. 
Smooth muscles of the blood vessels are called vascular smooth muscles. That 
of the intestine is intestinal smooth muscle. Different organs have different 
smooth muscles: there are sufficient differences among these muscles ana
tomically, functionally, mechanically, and in their responses to drugs to 
justify studying them one by one. But there are also common features. All 
muscles contain actin and myosin. All rely on A TP for energy. Changes in the 
cell membrane induce Na + and K + ion fluxes and action potentials. The Ca + + 

flux furnishes the excitation-contraction coupling. These properties are similar 
in all muscles. 

In analyzing the function of internal organs, we need the constitutive 
equations of the smooth muscles. The constitutive equations are unknown 
at this time. We outline in this chapter some of the basic features that are 
known, and on which constitutive equations will be built. 

11.1.1 Cell Dimensions 

Smooth muscle cells are generally much smaller than skeletal and heart 
muscle cells. Table 11.1 : 1 gives some typical dimensions obtained by electron 
microscopy (see Burnstock, 1970, for original references). 
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TABLE 11.1:1 Size of Smooth Muscle Cells 

Tissue Animal Length (Jlm) 

Intestine Mouse 400 
Taenia coli Guinea pig 200 (relaxed) 
Nictitating membrane Cat 350-400 
Vas deferens Guinea pig 450 
Vascular smooth muscle 

Small arteries Mouse 60 
Arterioles Rabbit 30-40 

11.1.2 Arrangement of Muscle Cells Within Bundles 

Diameter 
in nuclear 
region (JLm) 

2-4 

1.5-2.5 
5 
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There are a variety of patterns of smooth muscle packing. In guinea pig vas 
deferens, the thick middle portion of the cell that contains the nucleus lies 
adjacent to the long tapering ends of surrounding cells. In many blood vessels, 
the muscle cells meet in end-to-end fashion. In the uterus of the pregnant 
female, interdigitation between cells is common. In taenia coli each muscle 
cell is surrounded by 6 others, but there is an irregular longitudinal splicing 
of neighboring cells, so that each muscle cell is surrounded by about 12 others 
over its length. The cells are not straight, but are bent and interwoven with 
each other. The separation of neighboring muscle cells is generally between 
500 and 800 A in most organs. Basement membrane material and sometimes 
scattered collagen filaments fill the narrow spaces between muscle cells within 
bundles. 

In the extracellular space, a variety of materials, including collagen, blood 
vessels, nerves and Schwann cells, macrophages, fibroblasts, mucopoly
saccharides, and elastic tissue. Abundant "micropinocytotic" or "plasma
lemmal" vescicles are seen in the extracellular space, some of which appear 
to be connected with an intracellular endoplasmic tubular system. These fine 
structures are probably important in facilitating ion exchange across the cell 
membrane during depolarization, and in creating excitation-contraction 
coupling. 

The size of extracellular space from various measurements is shown in 
Table 11.1: 2. Again see Burnstock (1970) for references to original papers. 
Note the difference in extracellular space between the visceral and the vascu
lar smooth muscles of large arteries. The latter are often called multi-unit 
smooth muscles, each fiber of which operates independently of the others and 
is often innervated by a single nerve ending, as in the case of skeletal muscle 
fibers. See the sketch in Fig. 11.1 : 1. They do not exhibit spontaneous contrac
tions. Smooth muscle fibers of the ciliary muscle of the eye, the iris of the eye, 
and the piloerector muscles that cause erection of the hairs when stimulated 
by the sympathetic nervous sytem, are also multi-unit smooth muscles. 
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TABLE 11.1:2 Extracellular Space in Smooth Muscles 

Tissue 

Visceral smooth muscle 
Guinea pig taenia coli 
Cat intestine 
Mouse vas deferens 

Cat uterus 
Vascular smooth muscle 

Pig carotid artery 
Mouse femaral artery 
Rat aorta 
Rabbit aorta 
Dog carotid artery 

Extracellular space (% of total) measured by 

Electron microscope 

12 
9 

12 (adult) 
50 (neonatal) 

39 
30 

25 

Uptake of 
solutes (inulin) 

30-39 

31-40 

35 
62 

(a) Visceral (b) Multi-unit 
Smooth muscle Smooth muscle 

Figure 11.1: 1 Sketch of (a) a single-unit and (b) a multi-unit smooth vessel. 

In contrast, the visceral smooth muscle cells are crowded together, and 
behave somewhat like those of the heart muscle. They are usually stimulated 
and act as a unit. Conduction is from muscle fiber to muscle fiber. They are 
usually spontaneously active. A sketch is given in Fig. 11.1: 1. 

11.2 The Contractile Machinery 

Smooth muscles have actin and myosin. Figures 11.2: 1 and 11.2: 2 show the 
electron micrographs of a vascular smooth muscle cell of a rabbit vein. 



Figure 11.2 : 1 An electron micrograph of a vascular smooth muscle cell from the rabbit 
portal-anterior mesenteric vein. Longitudinal section. Two dense bodies (DB) are in
cluded in the section. The arrow near the center of the figure points to thin filaments 
attaching to one of the dense bodies. Many cross-bridges are evident on the thick filament 
(TF), traversing the center of the section. Intermediate size filaments (IF) may be seen 
arranged obliquely to the left of the upper dense body. From Ashton, Somlyo, and 
Somlyo (1975), reproduced by permission. 

Figure 11.2 :2 Transverse section of vascular smooth muscle cell from rabbit portal
anterior mesenteric vein. The thick filament in the center of the figure is surrounded by 
an array ofthin filaments. The arrow points to an area where cross-bridges may be seen 
linking the thick to thin filaments. From Ashton, Somlyo, and Somlyo (1975), repro
duced by permission. 
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The thick filaments shown in Fig. 11.2: 1, comprised of myosin molecules, 
have a transverse dimension of 14.5 nm. Cross-bridges extending from the 
thick filament are evident in these figures. X-ray diffraction suggests that the 
repeat distance for the cross-bridge is 14.4 nm, identical to that of striated 
muscle. The length of the thick filament in vascular smooth muscle is 2.2 p.m, 
which is larger than the 1.6 p.m length of striated muscle by a factor of 
2.2/1.6 = 1.4. The significance of the longer myosin filaments is that, under 
the assumption that the cross-bridge of smooth muscle is the same as that 
in striated muscle, the tension generated per filament in smooth muscle 
is larger than that in striated muscle by about 40%. This is because the cross
bridges are arranged in parallel and at equal spacing; hence the sum of 
forces is proportional to the myosin fiber length. 

The thick filaments of vascular smooth muscle appear to be arranged 
in groups of three to five adjacent filaments that terminate in the same 
transverse serial section. The thin filaments are attached to dense bodies 
throughout the sarcoplasm and are also attached to the plasma membrane in 
numerous areas (dark areas). These are analogs of a sarcomere arrangement. 
The lack of a periodic sarcomere structure is probably responsible for the slow 
action of the smooth muscle. 

In vascular smooth muscle, thin filaments, composed of actin and tropo
myosin, are far more numerous than thick filaments, giving a thin-to-thick 
ratio of 15:1. The thin filaments in vascular smooth muscle have an average 
diameter of 6.4 mm. 

The contractile proteins are thus quite similar to those of striated muscle. 
For the electrophysiology and biochemistry of muscle contraction, the reader 
is referred to the books of Guyton (1976), Bohr et al. (1980), and Burnstock 
(1970). These works, however, do not treat the mechanics of contraction in 
sufficient depth. Hence in the following sections we appeal directly to labora
tory experiments to learn something about the quantitative aspects of muscle 
contraction. 

11.3 Rhythmic Contraction of Smooth Muscle 

Spontaneous contraction is a phenomenon common to many muscular 
organs. Long ago, Engelmann (1869) and Bayliss and Starling (1899) deter
mined that the contractions of the ureter and intestine are myogenic. 
Burnstock and Prosser (1960) have shown that step stretch can alter the cell 
membrane potential (excitability). The length-tension relationship for sponta
neous contraction of taenia coli was studied by Biilbring and Kuriyama (1963) 
and Mashima and Yoshida (1965). Their results do not agree with respect to 
the role of passive tension during a spontaneous contraction. Golenhofen 
(1964) studied sinusoidal length oscillations and found two frequencies for 
maximum tension amplitude. He concluded that a mechanical coupling be
tween muscle units may playa role in synchronization. Golenhofen (1970) 
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also studied the influence of various environmental factors such as tempera
ture, pH, glucose concentration, and CO2 tension on spontaneous contrac
tion. Since the time duration of a single isometric spontaneous contraction is 
on the order of 1 min, Golenhofen has used the term minute rhythm to describe 
these contractions. 

11.3.1 Wave Form of Contraction in Taenia Coli 

Details of the contraction process of the taenia coli muscle from the cecum of 
guinea pigs are presented by Price, Patitucci, and Fung (1977). To avoid the 
effect of drugs, the animals were sacrificed by a sharp blow to the head which 
fractured the spinal cord. The in vivo length, Lph (read the subscript "ph" as 
"physiological"), of 10 mm or more was marked on the specimen before 
dissection. Immediately after dissection the specimen was mounted in a test 
chamber at a length of approximately Lph and 37°C. In a few minutes the 
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Figure 11.3: 1 Computer display of spontaneous contractions in real time for L < Lmax. 
Time increases from left to right. Each point represents a reading of force on muscle. 
Time between points is 2 sec. (A) Contractions for L = 0.64 Lmax. (B) Contractions for 
L = 0.88 Lmax. Reference dimensions for specimen are: Lmax = 13 mm, Amax = 0.36 mm2, 

Lph = 10 mm. For taenia coli of guinea pig. From Price, Patitucci, and Fung (1977), 
by permission. 
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muscle began to contract spontaneously and rhythmically. Testing could 
begin after letting the muscle contract for an hour or more. The solution in 
the bath, environment control, test equipment, and test procedure are similar 
to those used for heart muscle (Sec. 10.2). 

When taenia coli is tested isometrically at various lengths, the tension 
history as shown in Figs. 11.3:1 and 11.3 :2 is obtained. Each dot on the 
photographs represents the level of force that is sampled every 2 sec. Figure 
11.3:1 shows the muscle response when the length is shorter than the 
length for maximum activity. Figure 11.3: 2 shows the muscle response at 
the length for maximum activity (upper) and the response at extremely 
stretched lengths (lower). The maximum tension (107 mN) for a long time 
after stretch is also marked for Fig. 11.3: 2. The transient nature of these 
records arose because the muscle needed time to readjust to a change of 
length. To obtain the traces of these figures the muscle length change was 
accomplished in 100 sec. Then the new length was held constant for 1000 sec; 
and the force history was recorded, part of which is shown in these figures. 
The lower trace of Fig. 11.3: 2 shows a record that began immediately after 
the length change. 
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Figure 11.3: 2 Computer display of spontaneous contractions in real time for L ;;:: Lmax. 
Same specimen as Fig. 11.3: 1. (A) Contractions for L = 1.04 Lmax. (8) Contractions for 
L = 1.28 Lmax . From Price, Patitucci, and Fung (1977), by permission. 
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These figures tell us that the wave form of the tension in taenia coli in 
the isometric condition varies with the muscle length. The values of the 
tension (especially the maximum and minimum) depend on the muscle 
length, as can be seen from the numbers marked on these curves. 

11.3.2 Response to Step Change in Length or Tension 

The stress response of taenia coli to a step stretch in length is shown in 
Fig. 11.3: 3. The ordinate, G(t), is the ratio of the tension in the muscle 
at time t divided by the tension ass immediately following the stretch, which 
ends at time tss (read the subscript "ss" as "step stretch"). The abscissa is 
time on a log scale. The response can be divided into two phases, the latent 
period for t < 1 sec and the minute rhythm for t > 1 sec. During the latent 
phase, the stress decreases monotonically to less than 40% of the peak stress 
(ass) that occured at tss. At 1 sec after stretch, the minute rhythm begins. The 
minute rhythm is capable of decreasing the tension to a negligibly small value 
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Figure 11.3: 3 Stress response to a 10% of Lph step change in length. The response G(t) 
is the ratio a(t)/a", where art) is the stress at time t following the stretch, and ass is 
the stress at the end of ramp (10 ms after beginning of stretch). Time is displayed 
on a logarithmic scale. ass = 133 kPa. For taenia coli of guinea pig. From Price, 
Patitucci, and Fung (1977), by permission. 
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for t > 100 sec. Gradually the minute rhythm tends to a steady state. In Fig. 
11.3: 3 there are eight cycles of contraction from 100 to 1000 sec, with approxi
mately 112 sec per cycle. 

On the other hand, if a taenia coli muscle is tested isotonically at a con
stant tension. it does not generate a large amplitude length oscillation. 
Instead, the length change appears as irregular oscillations of small amplitude 
with periods much less than 1 min. Thus, in the isotonic state, the minute 
rhythm is lost and the contractions are weaker and faster. 

11.3.3 Active Tension 

For a muscle at length L and cross-sectional area A, let the maximum stress 
in a cycle of spontaneous contraction be denoted by CT(L)max and the minimum 
stress by CT(L)min' The stress, CT, is the sum of two parts: the active tension 
produced by the contractile elements of the ~mooth muscle cells and the 
passive stress due to stretching of the connective tissue in the muscle. Although 
it is difficult to evaluate these two parts exactly, an indication can be obtained. 
Following Fung (1970), we define the "active" stress S(L,t) as the difference 
between CT(L, t) and CT(L)min; CT(L, t) being the stress at length L and time t. Then 
the maximum active stress is given by S(L)max = CT(L)max - CT(L)min' 

If the values of S(L)max are plotted as a function of length, then an upper 
bound, Sub, is reached at a certain length, L max' This length is used as the 
referen'ce length because it is characteristic of the contractile element, and 
it is easily measured. The corresponding reference cross-sectional area, Amax, 
is used to compute the stress on the specimen in the Lagrangian sense. The 
results of a typical experiment are shown in Fig. 11.3: 4. This figure shows the 
functional dependence of S(L)max, CT(L)max, and CT(L)min on muscle length. In 
addition to the existence of an optimum length, Lmax, for tension development, 
it shows an almost symmetrical decrease in active tension as the length varies 
in either direction from Lmax. As the length increased from Lmax, the values 
of CT(L)min increase from a relatively small value in a nonlinear fashion. For 
muscle lengths above approximately 110% of Lmax, CT(L)min and CT(L)max 
increase very rapidly. If the length is decreased to about 20% below Lmax, 
the value of CT(L)min falls to zero. The length range for active tension 
production is on the order of ± 50% from Lmax. Some statistical data for 
the five specimens of taenia coli of guinea pig tested over the entire range of 
muscle length are as follows. The mean value of S(L)max at Lmax is 160.1 ± 8.38 
(SE) kPa. The mean value of CT(L)min at Lmax is 9.3 ± 3.36 (SE) kPa. 

11.3.4 Summary 

Spontaneous contraction occurs in taenia coli in the isometric condition 
when the environment is favorable. A step stretch in length produces a 
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Figure 11.3:4 Dependence of a(Llmax , a(Llmin' and S(Llmax on muscle length. Lmax is 
defined as the length at which S(Llmax is maximum. Strain from Lmax is (L - Lmaxl/Lmax. 
Specimen dimensions are Lmax = 18 mm, Amax = 0.32 mm2, and Lph = 10 mm. For 
taenia coli of guinea pig. From Price, Patitucci, and Fung (1977l, by permission. 

period of relaxation in which the muscle behaves as a resting tissue before 
the spontaneous contractions begin. The minute rhythm is abolished if the 
load becomes isotonic, which induces small amplitude oscillations with 
frequencies in the order of 10-20 per min. Other experiments have shown 
that a quick succession of stretches will reduce the tension in minute rhythm, 
and vibrations of appropriate frequency and amplitude will inhibit con
traction tension. 

The spontaneous maximum active tension in each cycle, S(L)max, depends 
on the muscle length, L. There exists an optimal length, Lmax, at which the 
tension S(L)max has an absolute maximum (upper bound). This feature is 
reminiscent of Figs 9.7: 2 and 10.1 :4 for the striated muscles. 

11.4 The Property of a Resting Smooth Muscle: Ureter 

In the striated muscle, it is usually assumed that the contractile element offers 
no resistance to elongation or shortening when the muscle is in the resting 
state. This is the basic reason for separating the muscle force into "passive" 
and "active" components, or, in the terminology of Hill's three-element model 
discussed in Chapters 9 and 10, the "parallel" and "series" elements and the 
"contractile" element. Usually implied in this definition is the uniqueness of 
the passive elements, that they have constitutive equations independent of the 
active state of the contractile element. This assumption might be acceptable 
for skeletal muscle, but is sometimes questioned for the heart (see Sec. 10.5). 
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For smooth muscles it seems to be entirely doubtful. For example, in the taenia 
coli smooth muscle, spontaneous contractions can be arrested by several 
methods, but different methods lead to somewhat different mechanical be
havior of the muscle. Therefore the contractile element cannot be assumed to 
be freed up completely when the spontaneous contraction is arrested. 

The lack of a unique resting state of a smooth muscle means that the 
constitutive equation may not be considered as the sum of two components: 
passive and active. One would have to experiment on the active muscle and 
deduce its constitutive equation directly. Nevertheless, it is still interesting 
to study the properties of smooth muscle in the resting states, not only be
cause they are physiological, but also because they furnish a base upon whIch 
the active state can be better understood. 

11.4.1 The Relative Magnitude of Active and Resting Stresses 
in Ureter 

The relative importance of the resting and active forces in a smooth muscle 
may be illustrated by Fig. 11.4: 1, from data obtained on the dog's ureter. 
The test specimen was stimulated electrically in an isometric condition at 
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Figure 11.4: 1 Graph showing typical relationships between total tension, resting ten
sion, and active tenSIon in the dog's ureter for both loading and unloading. Optimal 
stimulus: square-wave dc pulse, 9 V. 500 ms, 1 pulse/twitch. Temp.: 37°C. Stretching 
rate, 2% of La min -1. Releasing rate, same, For each twitch, time from stimulation to 
peak tension: 1.195 ± 0.097 sec, time of 90% relaxation from peak tension to 10% of 
peak: about 1.35 sec. Delay time between stimulation and onset of mechanical contrac
tion 297 ± 105 ms. From Yin and Fung (1971). 
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various levels of stretch. When unstimulated and quiescent the ureter does 
not contract spontaneously, and hence is resting. A resting ureteral muscle 
is viscoelastic, hence it is necessary to distinguish loading (increasing stretch) 
and unloading (decreasing stretch) processes. It was found that each twitch 
requires one stimulus for most animals, except for the rabbit, for which two 
consecutive pulses are required to elicit the maximal response. The maxi
mum tension or Lagrangian stress developed in a twitch at specific lengths of 
the ureter is plotted as the ordinate in Fig. 11.4: 1. Solid lines refer to the 
resting state and broken lines refer to the stimulated state, whereas the 
triangular and square symbols represent the active tension (total tension 
minus resting tension). The open circle represents the in situ value of stretch. 
It is seen that the ureter developes the maximum active tension at such a 
muscle length that there is a considerable amount of resting tension. The 
magnitude of the maximum active tension is about equal to the resting 
tension at such a muscle length. This is in sharp contrast with skeletal muscle 
(see Sec. 9.1) and heart muscle (see Fig. 10.1 :4), in which the resting stress 
is either insignificant or relatively minor compared with the maximum active 
tension in a normal physiological condition. 

11.4.2 Cyclically Stretched Ureteral Smooth Muscle 

The ureter is a thick-walled cylindrical tube. In the normal relaxed condition 
it contracts to such an extent that its lumen becomes practically zero. In the 
animal the lumen is increased with the passage of urine, and the stretching 
of the ureteral wall induces active response in the form of peristalsis. Electric 
events accompany the ureteral contraction, which in turn can be elicited by 
electric stimulation. In the pelvis of the kidney and in the ureter, there are 
pacemakers; but specimens that are segments taken from the ureter appar
ently do not have pacemakers strong enough to make them spontaneously 
contracting. Ureteral segment specimens remain resting until stimulated. 

The mechanical properties of ureter in the longitudinal direction can 
be determined by using isolated segments of intact ureters subjected to simple 
elongation. Properties in the circumferential direction can be determined by 
using slit ring segments subjected to simple elongation. The test equipment, 
specimen preparation, preconditioning, experimental procedure, and bath 
composition are similar to those described in Sec. 10.2. 

For simple elongation tests the specimen is first loaded at a given strain 
rate to some final stress level and then unloaded at the same rate. Figure 
11.4: 2 shows some typical results. The stress-strain curves are quite similar 
to those discussed in Chapters 7 -10 for other soft tissues. If the rate of change 
of stress with respect to stretch is plotted against the stress, we obtain the 
results shown in Fig. 11.4: 3. Over a range of stretch ratios this appears to be 
representable as a straight line, so that as in Sec. 7.5, we can write the rela
tionship between the Lagrangian stress T (tension divided by the initial 
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Figure 11.4: 2 Typical ureteral stress-strain curves in loading and unloading for 
species studied. Open circles denote the ill situ stretch value. Temp.: 22°C. From Yin 
and Fung (1971), by permission. 
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unloading processes, respectively. Two different straight line segments are used to fit 
the data in the lower (1.0-1.37) and higher (1.37-1.5) ranges of;, in each case. From 
Yin and Fung (1971), by permission. 
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cross-sectional area), and the stretch ratio, }o, by the equation 

T = (T* + (3)ea(l-l*) - {3 (1) 

where (J(, {3, T*, and A* are experimentally determined constants. T* and A* 
are a pair of specified stress and strain constants, and (J( and {3 are the elasticity 
parameters in the range of A tested. (J( represents the slope of the curve of 
dTjd)o vs. T; {3 represents (approximately) the intercept on the Taxis, (J( is 
dimensionless, and {3 has the units of stress. In Fig. 11.4: 3 the finite difference 
LJT, instead of dTjdA, is plotted against T. According to Eq. (1), 

(2) 

where Ti represents the ith tabular value of T listed at equal intervals of }o, 

and LJA is the size of the A interval chosen. It can be easily proved that the 
slope of the curve, LJ 7; vs. 7;, or tan (), is given by 

tan () = ea.1l - 1, (3) 

from which (J( can be easily calculated. 
Tabulated results for (J( and (3 for the ureters of the dog, rabbit, guinea pig, 

and man are given in Yin and Fung (1971). It is shown for the rabbit ureter 
that the in situ value of A falls into the range in which the data can be fitted 
by an exponential curve of the form of Eq. (1). The hysteresis, as revealed by 
the difference in the values of (J( for loading and unloading, is small. Paired 
statistical analysis of the results in the higher ranges of A obtained by using 
the student t test (P = 0.05) showed the following: (a) the distal segments 
have a significantly higher value of (J( than the proximal segments; (b) varying 
the strain rate from 0.03 to· 3 muscle lengths per min produces no significant 
differences in the elasticity parameters during either loading or unloading 
in dog's ureter; and (c) an obstructed-dilated ureteral segment has a signifi
cantly lower value of (J( than a normal segment. 

The strain rate effect on (J(, however, depends on the ammal. In the range 
of A and dAjdt tested, (J( of the guinea pig ureter depends on the strain rate, 
but (J( of the dog ureter does not. 

11.4.3 Stress Relaxation in Ureter 

The relaxation test is done by stretching a specimen to a desired strain level, 
then holding the strain constant and measuring the change of force with time. 
Typical relaxation curves for circumferential segments of the dog's ureter 
are shown in Fig. 11.4:4, where the abscissa represents the time elapsed from 
the end of stretch, and the ordinate represents the ratio of the stress at time t 
to that at 0.1 sec after the end of stretch. Note how fast and thoroughly the 
tissue relaxed! At 10 sec, 50% to 65% of initial stress is lost; at 1000 sec (not 
shown in this figure) 70% to 80% of the stress is gone. Such thorough relaxa
tion is not seen in other connective tissues such as the skin and mesentery. 
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Figure 11.4:4 Stress relaxation of circumferential segments of a dog's ureter, showing 
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From Yin and Fung (1971), by permission. 
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Figure 11.4: 5 (Continued) 

11.4.4 Creep of Ureter 

The counterpart of relaxation is creep, the continued elongation under a 
fixed load. Typical creep characteristics of the ureter are illustrated in 
Fig. 11.4:5. The creep rate depends clearly on the stress level. 

Additional data on the resting and active properties of the pig ureter are 
given by Mastrigt (1985). 

11.5 Active Contraction of Ureteral Segments 

A ureter will respond to a suitable electric stimulation by a single twitch. 
During the twitch the length or tension of the ureter can be disturbed in 
various controlled manners to reveal the intrinsic behavior of the muscle. The 
methods discussed in Sees. 9.8 and 10.6 can be applied to the ureter. The results 
obtained from these experiments, the force-velocity relationship of a ureteral 
segment released from an isometric twitch, is discussed below. It will be seen 
that A. V. Hill's equation (Eq. (9.7: 13)} 

S 1 - (vivo) 
So 1 + c(vlvo} 

(1) 

applies quite well. Here v is the velocity of contraction, S is the active tension 
in the muscle after release, So is the active tension in the muscle immediately 
prior to release, va is the velocity of the contraction if S were zero, and c is a 
dimensionless constant. The experimental results show that va is the largest 
if the release took place early in the rise portion of the contraction cycle. 
Further, if tension is released from an isometric contraction at a fixed time in 
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the rise portion ofthe twitch, the largest Vo is obtained when the muscle length 
is in the range of 0.85-0.90 Lmax, where Lmax is the muscle length which yields 
the largest active tension in isometric contraction. Interestingly, the in vivo 
length of the ureter also lies in this range: 0.85-0.90 Lmax. 

Some details of the experiments reported by Zupkas and Fung (1985) are 
outlined below. Dog ureter from an anesthetized animal was excised and 
tested in a modified Krebs' solution using the "Biodyne" machine referred to 
by Pinto and Fung (1973), see p. 464. The tissue was precondifioned, and 
periodically stimulated electrically at an interval of 40 sec between pulses, a 
voltage of 30 V, and a duration of 0.50 sec. The difference between the maxi
mum total tension in the twitch and the minimum (the "resting") total tension 
is defined as the "active" tension. 

11.5.1 Single Twitch Characteristics 

The "tension curve" of Fig. 11.5: 1 shows the course of the tension develop
ment after stimulation when the length of the ureter was held constant. The 
"displacement curve" of Fig. 11.5: 1 shows the course of shortening of the 
ureter after stimulation when the tension was held constant. It is seen that in 
the isometric case the tension development has a delay of about half a sec, 
then rises to a peak in about 3 sec, and then relaxes gradually to its original 
level of resting tension. In the isotonic case, the shortening has no latent 
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Figure 11.5: 1 Typical isometric and isotomic twitches of dog ureter segments. The 
tension curve shows total tension, the minimum of which is the resting tension, or 
tension in the parallel element ofthe ureter, at a length chosen for the experiment. The 
difference between the total tension and the resting tension is the active tension, S. The 
displacement curve shows the shortening of the ureteral segment. From Zupkas and 
Fung (1985), reproduced by permission. 
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Figure 11.5: 2 The length-tension relationship of the dog ureter. The active tension 
reaches the maximum, Smax, when the length of the ureter segment is Lmax. Tension is 
normalized by dividing with Smax. Length is normalized by dividing with Lmax. The 
magnitude of the resting tension exceeds Smax beyond the place where the two curves 
cross. From Zupkas and Fung (1985), by permission. 

period, reaches the peak within 2 sec, then relaxes and completes the cycle in 
about 7 sec. 

11.5.2 Length-Tension Relationship in Isometric Twitch 

Figure 11.5: 2 shows the active tension developed in isometric twitch when 
the length was varied. The active tension is the difference between the total 
tension (not shown) and the resting tension; and it reaches its maximum when 
the length is Lmax. It is seen that the active tension in an isometric twitch 
increases almost linearly with increasing length until L/Lmax is about 0.85, and 
that in this region the active tension is considerably larger than the resting 
tension. However, as the stretch in the ureter segment approaches Lma .. the 
rate of increase of the maximum active tension slows, and reaches a peak 
value of Smax. No appreciable decrease in the level of active tension exists 
for stretches past Lmax. The resting tension exceeds the active tension when 
L/Lmax > 0.95. 

11.5.3 F orce-Velocity Relationships of Quick Release at 
Different Times During an Isometric Twitch 

The quick release results shown in Fig. 11.5: 3 are very similar to those shown 
in Secs. 9.8 and 10.6. Hill's equation (Eq. (1)) fits the data quite well. Typical 
values of the constants So, vo, and c are listed in Table 11.5: 1. The maximum 
velocity of shortening occurred at 75-100 ms after release. The greatest values 
of v were obtained for releases made in the rising portion of the contraction 
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Figure 11.5: 3 Force-velocity relationships obtained by quick release of tension during 
a twitch of a dog ureter specimen no. 11780. Each release was made at a certain time 
after stimulation as indicated by the various symbols. The active tension in the 
specimen was So immediately before the release, and was a constant S immediately 
afterwards. The maximum velocity of contraction was obtained immediately after 
release; and was plotted vs. S/So. Curves are those of Hill's equation with constants 
listed in Table 11.5: 1 for specimen no. 11780. From Zupkas and Fung (1985), by 
permission. 

TABLE 11.5: 1 Force-Velocity Data from Quick Release of 
Tension in Dog Ureter No. 11780, Preloaded 0.29 g to a 
Testing Length of 15.50 mm, Clamped, Stimulated, then 
Released at Various Times Shown in the Table 

Experiment Release To Vo 
no. time (sec) (mN) (L/Lo/sec) c 

011780 0.80 5.3 0.370 1.07 
1.19 12.3 0.440 5.78 
1.42 12.9 0.450 6.16 
2.62 13.3 0.360 8.19 
4.00 11.3 0.280 8.02 
4.80 10.8 0.170 9.47 
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cycle, at times varying from 37% to 60% of the time to peak isometric tension 
at different ureter segment lengths. Releases made before or after this period 
attain reduced levels of Vo. In particular, Vo was lower for release made exactly 
at the instant of time of the peak tension development than for releases made 
in the rise portion of the twitch. 

11.5.4 Force-Velocity Relationship as a Function of Muscle Length 
or Preload 

The ability of a ureter to contract can be measured by two quantities: the 
maximum achievable active tension and the maximum achievable velocity of 
contraction. Figures 11.5: 1 and 11.5: 2 tell us that the active tension is a 
function of two variables: the length of the muscle and the time after stimula
tion; the maximum is obtained when the length is Lmax and the time is that of 
the peak twitch. Additional data in Zupkas and Fung (1985) show that Lmax 
is, on the average, 1.147 ± 0.102 times longer than the in situ length of the 
ureter. The velocity of contraction achieved by quick release of tension in an 
isometric twitch should also be a function of two variables: the length of the 
muscle being stimulated isometrically and the time after stimulation. The 
results reported in Fig. 11.5: 3 tell us that at fixed length the time of release 
for higher velocity of contraction lies in the rise portion of the twitch. Hence 
by fixing a time of release after stimulation in the rise portion of the twitch 
we can examine the effect of muscle length on the velocity of contraction. Our 
results are shown in Fig. 11.5: 4. The length, or the stretch level of the ureter 
before release, is shown in the inset of Fig. 11.5: 4 by its relative position on 
a typical length-tension relationship. The maximum velocity, vo, is listed in 
Table 11.5: 2 as a function of the ureteral segment length, Lo, at the instant 
of release. The values of Vo reached a peak for L/Lmax in the range of 0.85 to 
0.90. The correlation coefficient between Vo and Lo/Lmax was 0.75 for Lo < 
0.875Lmax, and -0.85 for Lo > 0.875Lmax. The in vivo length of the ureter 
segments was also in this range: L = 0.85Lmax to 0.90Lmax. 

Summarizing, we see that the active contraction of the ureter has features 
in common with those of the heart muscle. Both respond to a pacemaker. 
Both can be represented by A. V. Hill's three-element model under suitable 
interpretation. The total tension is the sum of the tension in the parallel 
element, P, and that in the series element, S. Analysis of the active tension in 
the contractile element and the velocity of contraction upon release to a lower 
tension on the basis of Hill's model shows that the Hill's equation, modified 
and interpreted as in Sec. 10.6, fits the data pretty well, provided that the 
parallel element is taken to be elastic. However, at the muscle length for 
maximum active tension generation, the tension in the parallel element of 
ureter far exceeds the active tension, whereas the parallel element tension of 
the heart muscle is far less than the muscle active tension. The skeletal muscle 
has negligible parallel element tensions at lengths yielding the maximum 
active tension. 
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Figure 11.5:4 Force-velocity relations of a dog ureter specimen no. 121379 released 
at a given time after stimulation. The specimen was first stretched to various lengths 
marked by the symbols indicated on the curve shown in the inset at the upper right 
corner, then stimulated and released. The measured velocity of shortening was plotted 
vs. the tension ratio S/So, i.e., released tension/tension before release. Solid curves are 
Hill's equations with constants listed in Table 11.5: 1 for specimen 121379. From 
Zupkas and Fung (1985), by permission. 

TABLE 11.5:2 Force-Velocity Data from Quick Release of Tension in Dog 
Ureter No. 121379, Preloaded (i.e., stretched) to Various Length, Clamped, 
Stimulated, then Released (at 1.58 sec after stimulation), from So to S 

Testing Preload To Vo 
length (mm) Lo/Lmax (mN) (mN) (LILo/sec) c 

14.3 0.773 2.4 7.2 0.310 2.20 
15.2 0.822 4.9 12.2 0.460 4.57 
16.5 0.892 6.2 13.7 0.440 5.78 
17.6 0.951 10.9 20.0 0.300 7.57 
18.3 0.990 16.5 28.1 0.220 23.57 
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These data are in agreement with those of Yin and Fung (1971) on a dog 
ureter and Weiss et al. (1972) on a cat ureter. 

11.6 Resting Smooth Muscle: Taenia Coli 

Taenia coli muscle of the intestine differs from the ureter in that normally it 
contracts spontaneously. To test taenia coli in a resting state it is necessary to 
suppress its spontaneous activity. The suppressed state depends on the 
method of suppression, and is not unique. 

Three convenient methods can be used to suppress the spontaneous 
activity in taenia coli: (a) use calcium-free EGT A solution; (b) use epinephrine; 
and (c) lowering the temperature to less than 20°e. The first two methods 
consist of a change in the bathing fluid for the muscle. In normal experiments, 
the specimen is bathed in a physiological solution that has the following 
composition (mM): NaCl, 122; KCI, 4.7; CaCI2 , 2.5; MgCI2 , 1.2; KH 2 P04 , 

1.2; NaHC03 , 15.5; and glucose, 11.5; bubbled with O 2 (95%) and CO2 (5%). 
The calcium-free EGT A solution is obtained by replacing CaCl2 with 2 mM 
EGTA (disodium ethylene glycol-bis-(f1-aminoethylether)-N, N'-tetraacetic 
acid). The epinephrine treated solution is obtained by injecting adrenalin 
chloride solution directly into the bath to obtain an initial concentration of 
0.1 mg/ml. 

These methods have different ways of acting on the actin-myosin coupling. 
Removal of calcium ion can depolarize the cell membrane, and this action is 
temprature dependent. Biilbring and Kuriyama (1963) have shown that 20°C 
is a critical temperature for spontaneous electric activity in taenia coli. They 
also showed that inactivation of taenia coli by epinephrine is associated with 
an increased membrane potential and a block of action potential; epinephrine 
increases the amount of creatine phosphate and ATP, and the utilization of 
these substances in hyperpolarization of the cell membrane. 

11.6.1 Relaxation After a Step Stretch 

We have already described the step-stretch test in Sec. 11.3 to study the 
spontaneous contraction oftaenia coli. We now use the same method to study 
the resting state of taenia coli. The tissue was stretched at a constant strain 
rate from time t = 0 to time tss = 10 ms (the subscript "ss" stands for the time 
to "step stretch"), and the length was maintained constant thereafter. The 
stress at tss is denoted as ass. The stress a(t) at time t > tss divided by ass is 
defined as the normalized relaxation junction, G(t). 

On a spontaneously contracting specimen, the step-stretch test begins at 
the end of a contraction cycle when the tension was zero. G(t) for various 
degrees of stretch of a spontaneously contracting specimen is shown in Fig. 
11.6: 1. A latent period occurs immediately following stretch, in which the 
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Figure 11.6: 1 Step-stretch response of spontaneous taenia coli for various amounts of 
stretch. Reference dimensions: Lo = 6.17 mm and Ao = 0.198 mm2 . From Price, Pati
tucci, and Fung (1979), by permission. 

response is a monotonically decreasing function of time. During the latent 
period the membrane action potential is absent. The latent period ends 
approximately I sec after the initiation of stretch due to the resumption of 
membrane electric activity and the onset of contraction. Although the contrac
tile response varies with the amount of stretch, G(t) in the latent period appears 
to be independent of stretch. The delay time, or the time to the onset of 
contraction, increases with increasing stretch. The strain 8ss in Fig. 11.6: 1 is 
defined as the change of length divided by Lo, the longest length of the speci
men under a preload of 1 mN, while the muscle contracted spontaneously. 

When the bath was replaced by the calcium-free EGT A solution, the 
normalized relaxation functions became those shown in Fig. 11.6: 2. The step 
size for all the curves in this figure was 10% ofthe initial length Lo (arbitrarily 
defined as the length of the tissue in the bath under a load of 1 mN). The 
relaxation function G(t) is now seen to be monotonically decreasing, with no 
resumption of spontaneous contraction. The effect of decreasing temperature 
after calcium removal is shown by the curves 3 and 4 in the figure. It is seen 
that removal of calcium ions suppresses spontaneous activity, increases the 
stiffness of the taenia coli (as reflected in the higher values of ass), and decreases 
the rate of relaxation. 

When the temperature is lowered from 37°C, the stiffness and the relaxa
tion rate both decrease. If temperature is lowered while the specimen is 
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ENTRY EGTA TEMP ass (kPa) 

1 NONE 3rC 270. 
2 . 76mGlcc 3rC 641 . 
3 . 76mGlcc 25° C 613 . 
4 . 76mGlcc 15° C 553. 

.001 .01 .1 10 100 1000 

TIME (SEC) 

Figure 11.6: 2 Step-stretch response of guinea pig taenia coli before (curve No. I) and 
after (curves No.2, 3, 4) calcium removal. Each response is for a stretch of 10% La. 
Entries 3 and 4 show effect of lower temperature after calcium removal. Reference 
dimensions for entry I, La = 7.35 mm and Ao = 0.34 mm 2 ; for entry 2, Lo = 8.10 mm 
and Aa = 0.31 mm 2 ; for entry 3, La = 9.19 mm and Ao = 0.27 mm2 ; and for entry 4, 
La = 9.25 mm and Aa = 0.27 mm 2 • From Price, Patitucci, and Fung (1979), by 
permission. 

bathed in normal physiological saline, then ass decreases. For Bss = 0.10 
(a 10% stretch), ITss at 37,25, and 15°C is 133, 136, and 59 kPa, respectively. 
Spontaneous contractions remain at 25°C, but are abolished at 15°C. 

The response before and after injection of epinephrine into the bath is 
shown in Fig. 11.6: 3. Curve no. 5 refers to a spontaneously contracting 
specimen subjected to a step stretch of 10% of Lo in a bath without epineph
rine injection. Entries 1 through 4 refer to specimens in a bath after the 
injection of epinephrine. At the same strain step £ss, the values of IT ss are lower 
after epinephrine injection, whereas the relaxation function G(t} continues 
to be monotonically decreasing. Note that in this case G(t} becomes less than 
5% at 100 sec. It seems that at large time the stress will be relaxed to almost 
zero. Such a behavior is seen in ureteral smooth muscle (see Fig. 11.4:4), but 
is not seen in other tissues such as the arteries, veins, skin, mesentery, and 
striated muscles. 
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Figure 11.6: 3 Step-stretch respone before and after treatment with epinephrine. Entry 
5 is the response to a stretch of 10% Lo with no epinephrine. Entries 1-4 are responses to 
step stretch in 0.1 mg mt epinephrine. Reference dimensions for entry 5, Lo = 4.75 mm 
and Ao = 0.338 mm 2 ; for entries 1-4, Lo = 5.65 mm and Ao = 0.283 mm2 . Taenia coli 
of guinea pig. From Price, Patitucci, and Fung (1979), by permission. 

Response of a tissue to a step change in length may be represented by 
the simplified formula 

K(8, t) = G(t)T(e)(8), (1) 

as discussed in Secs. 7.6, 8.3, and 10.4. Here G(t) is the normalized relaxation 
function, which is assumed to be a function of time, and is independent of 
the strain. T(e)(8) is a function of strain alone. This assumption is supported 
by the experimental data shown in Fig. 11.6: 3. Resting taenia coli seems to 
obey such a relation. The mathematical form for G(t) has been discussed in 
Sec. 7.6. Although curves as shown in Fig. 11.6: 3 can be represented by a sum 
of a few exponential functions, the simultaneous requirement of the rate
insensitivity feature shown in Fig. 11.6: 4 for cyclic loading suggests the use 
of a continuous spectrum. The form proposed by the author (Fung, 1972) is 

G(t) = ~ f1 + C It2 !e-(l/t)dr 1, (2) 
A Jtl r 

where c, r 1, and r 2 are constants and A is the value of the quantity in the 
brackets at t = 0: 
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Figure 11.6: 4 Stress-strain relationship of taenia coli in epinephrine solution at 
various strain rates. Peak strain is 0.205 for each test. Reference dimensions are 
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permission. 
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Jt21 (T2) A = 1 + c - dT = 1 + cloge - . 
t1 TTl (2a) 

A comparison of the values of G(t) predicted by Eq. (2) with those by 
experiments is shown in Fig. 11.6: 5, and is seen to be satisfactory. 

11.6.2 Cyclic Loading and Unloading Tests 

The specimen is stretched at a constant rate (dL/dt) to a specified length and 
immediately reversed at the same strain rate, resulting in a cyclic triangular 
strain history. The reslting stress-strain relationship of taenia coli in 
epinephrine treated solution is illustrated in Fig. 11.6: 4. Here the stress is 
Lagrangian (force divided by initial cross-sectional area), and the strain is 
JL/Lo, Lo being the length of muscle in epinephrine at 1 mN preload. The 
features shown in Fig. 11.6: 4 are similar to those of other soft tissues dis
cussed in Chapter 7. The stress is a nonlinear function of strain and depends 
on the strain rate. The relationship is different in loading from that in the 
unloading process. At higher strain rates (above 0.2 Hz), the loops are almost 
independent of the frequency. This last mentioned property is decisive in 
selecting the relaxation spectrum presented in Eq. (2). 

Information on the "elastic response" T(e)(t:) can be extracted from ex
perimental results as shown in Fig. 11.6: 4. Assuming that at sufficiently high 
rates of stretching the stress-strain relationship is essentially independent 
of the strain rate, then the stress corresponding to the strain on the loading 
curve (increasing strain) can be considered to approximate T(e)(t:). Under 
such an assumption our problem is to find a mathematical expression for 
T(e)(t:). A replot of the loading curves shown in Fig. 11.6: 4 on a log-log scale 
yields the results shown in Fig. 11.6: 6. Each curve in Fig. 11.6: 6 can be 
represented by two straight line segments. Because a straight line on a log-log 
plot represents a power law, we see that the data in Fig. 11.6:6 can be 
expressed by the equations 

T = f3t:~ for 0 < t: < t:*, (3) 
and 

for t: > e*, (4) 

where rJ. and rJ.' are the respective slopes of the log-log plot, and f3 and f3' 
are constants determined by a known point on the curve. Let the intersection 
of the two straight lines be the point T = T*, t: = t:*, then 

f3' = T* /(t:*y'. (5) 

Experimental values of rJ. for guinea pig taenia coli range from 1.77 to 5.21, 
which may be compared with the values of rJ. found for the aorta, i.e., 1.23-3.05 
(Tanaka and Fung, 1974). 
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Figure 11.6: 6 Log-log graph of stress vs. increasing strain for epinephrine treated 
taenia coli specimens from guinea pigs. Experimental points are shown for the same 
specimen as in Fig. 11.5: 5. The computed curves are based on Eqs. (3) and (4) with the 
following constants and standard errors: At 0.02 Hz, ex = 1.77 ± 0.213, P = 0.193 ± 
0.043, ex' = 5.21 ± 0.29, P' = 534.0 ± 28.0, s* = 0.1006, T* = 0.0033. At 20 Hz, 
ex = 2.04 ± 0.041, P = 5.31 ± 0.389, ex' = 2.80 ± 0.108, P' = 27.50 ± 0.53, s* = 0.117, 
T* = 0.065. The units of p, p', and T* are MPa. From Price, Patitucci, and Fung 
(1979), by permission. 

11.6.3 Relative Magnitude of Active and Passive Stresses in 
Taenia Coli 

If the tension in an epinephrine treated resting taenia coli at various lengths 
is compared with the minimum tension of spontaneously contracting muscle 
at the same lengths, it is found that they are approximately equal. This is 
shown in FIg. 11.6: 7. If the resting tension is compared with the active 
tension shown in Fig. 11.3 :4, it is seen that the resting tension is not large 
at Lmax , the length at which the maximum active tension is generated. Unlike 
the ureter, taenia coli operates normally in a range of length in which the 
resting tension is negligible compared with the active tension. 

11.6.4 Summary 

The main lesson we have learned from the study of resting smooth muscles 
is that the passive state may depend on the method by which the spontaneous 
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Figure 11.6: 7 Comparison of stress in epinephrine relaxed muscle and a(L)min' Length 
changes are shown as percent strain from Lmax. A length-tension test was first 
performed on a spontaneous specimen; then a stress-strain test (0.01 Hz) was done 
after the addition of epinephrine (0.1 mg/ml). Taenia coli of guinea pig. From Price, 
Patitucci, and Fung (1979), by permission. 

activity is suppressed. This implies that the contractile mechanism is not 
entirely freed up when the electric activity is arrested. This is the case with 
taenia coli, but not with ureter. The point is, however, that the conventional 
concept of separating the mechanical action of a muscle to "parallel", 
"series", and "contractile" elements (see Sec. 9.8) may fail with smooth 
muscles, because the parallel element is inseparable from the contractile 
element in the resting condition. 

Of the properties of resting ureter and taenia coli, the most remarkable is 
the thorough stress relaxation under a constant strain. After a long time fol
lowing a step change in length, the stress may relax to almost zero. This 
implies that the geometry of these organs whose structure is dominated 
by smooth muscles could be quite plastic in its behavior, and moldable by 
environmental forces and constraints. 

Although the constitutive equation that mathematically describes the 
contraction process of smooth muscles is still unknown, a vast amount of 
information has been accumulated with respect to the fine structure of the 
muscles, as well as their electrical activity, metabolic characteristics, phar
macological responses, innervation, growth, and proliferation. The reader 
may be referred to the books by Huddart (1975), Huddart and Hunt (1975), 
Wolf and Werth essen (1973), and Aidley (1971), as well as those mentioned 
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in Secs. 11.1 and 11.2. The recent volume of Handbook of Physiology, Sec. 2, 
Vol. 2, Vascular Smooth Muscle (ed. by Bohr et aI., 1980) contains a wealth 
of material and should be consulted. 

11.7 Other Smooth Muscle Organs 

In quick release 'experiments on the portal vein segments, Hellstrand and 
Johannson (1975) found a peak plateau of velocity of contraction late in the 
rise portion of the contrction cycle, similar to the ureteral behavior. 

The mechanical properties of the urinary bladder have been studied by van 
Mastrigt (1979), Uvelius (1979), and Ekstrom and Uvelius (1981). 

The intestinal smooth muscles have been studied exhaustively from the 
point of view of nervous control and phamacology. For the mechanical 
aspects, see Aberg and Axelsson (1965). 

The vascular smooth muscle has a huge literature (see Chapter 8), but a 
constitutive equation describing its mechanical property does not exist. 
Mulvaney (1979), Murphy et al. (1974), and Peiper et al. (1975) have presented 
useful data. 

Problems 

11.1 Describe the similarities and differences between the skeletal muscle, heart mus
cle, and smooth muscles. 

11.2 Write down and explain Hill's equation for muscle contraction. Explain the 
meaning of the symbols, under what conditions is the equation derived, under 
what conditions does it fail? How could it be applicable to smooth muscles? With 
what kind of modification? To which smooth muscle has it been shown to apply? 

11.3 Consider an approximate theory of ureteral peristalsis. The urine is a Newtonian 
fluid and the Reynolds number of flow is much less than one. The ureteral wall is 
incompressible; its mechanical properties in the resting state have been described 
in Sec. 11.4. By a wave of contraction of the ureteral muscle the urine is sent 
through the ureter from the kidney to bladder. Under normal conditions urine 
is moved one bolus at a time; the muscle contraction is strong enough to completely 
close the lumen of the ureter at the ends of the bolus. In the diseased condition of 
hydroureter, the ureter is dilated, and the force of contraction is not enough to 
close the lumen. 

Interaction of fluid pressure and muscle tension must be considered. The 
course of contraction is quite similar to a single twitch of the heart papillary 
muscle, hence, as an approximation we may use the equations presented in Sec. 
10.4 to describe the active ureteral muscle contraction. Assume that the fluid bolus 
is axisymmetric and is so slender that its diameter is much smaller than its length. 
Let the geometry of the fluid bolus and the ureter be as shown in Fig. PI 1.3. Use 
polar coordinates (r, 0, x) with the x axis coinciding with the axis of the ureter, 
write down the equation of equilibrium ofthe tube wall (the Laplace equation given 
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Figure Pl1.3(a) and (b): Notations and coordinates for the analysis of ureteral peristal
sis. (c) and (d): Fluid velocity distribution as demanded by the equation of continuity. 

in Sec. 1.9 of Chapter 1, p. 14), the equation of motion of the fluid, the equation of 
continuity for the conservation of mass, and the appropriate boundary conditions. 
Solve the equations to obtain the velocity profile, and the radial velocity at the 
wall. Let U(x, t) be the axial velocity on the centerline and r i the radius of the 
inner wall. The velocity components are shown in Figs. Pl1.3(a) and (b). Show 
that 

cri(X, t) ri eU(x, t) 
-----ct 4 ex 

(1) 

In a steady peristaltic motion for which the whole pattern moves in the x direction 
at a constant velocity, c, r i , and U are functions of the single variable x - ct = (, 
and Eq. (1) can be integrated to 

r.(l,") I 
I ' - U(") og--- I" 

A 4c 
(2) 

with an integration constant A. Thus the velocity U is positive (agreeing with the 
direction of propagation of the peristaltic wave) when ri > A; it is negative when 
ri < A. Backward flow (U negative) occurs if the tube is open with a radius less 



References 497 

than A; it does not occur if the ureter is closed both at the front and rear as shown 
in Figs. PI 1.3 (c) and (d). 

To determine the shape of the bolus we must consider the action of the muscle. 
Formulate the mathematical problem and work out the details (cf. Fung, Y. c., 
1971a and 1971 b, and laffrin and Shapiro, 1971). 
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CHAPTER 12 

Bone and Cartilage 

12.1 Introduction 

Bone works in the small strain range; yet its biology is very sensitive to the 
strain level. Its constitutive equation is linear with respect to the strain, and 
the strain-displacement relationship is also linear; but the relationship is 
anisotropic. In this chapter the mechanical properties of bone are described 
with an emphasis on biology. 

Cartilage is related to bone. Bone is calcified cartilage. The articular carti
lage has a unique quality of having a very small coefficient of friction for 
relative motion between two pieces of cartilage. In arthroidal joints, cartilage 
has a unique superior quality of lubrication and shock absorption. These 
qualities are due largely to the multiphasic structure of the cartilage. The 
structure is a composite of fluids, ions, and solids. Biological tissues are all 
multiphasic: and articular cartilage has been studied more thoroughly. This 
gives us an opportunity to learn about Mow, Lai, and Hou's triphasic theory 
of such tissues. 

The presentation below is aimed at the basic features of the mechanics of 
bone and cartilage. References are selected from a very extensive literature. 
As an introduction, a sketch of bone anatomy and material composition is 
gIVen. 

12.1.1 The Anatomy of a Long Bone 

Figure 12.1: 1 shows a sketch of a long bone. It consists of a shaft (diaphysis) 
with an expansion (metaphysis) at each end. In an immature animal, each 
metaphysis is surmounted by an epiphysis, which is united to its metaphysis 
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Figure 12.1 : 1 The parts of a long bone. From Rhinelander (1972). Reproduced by 
permission. 

by a cartilaginous growth plate (epiphyseal plate). At the extremity of each 
epiphysis, a specialized covering of articular cartilage forms the gliding surface 
of the joint (articulation). The coefficient of dry friction between the articulate 
cartilages of ajoint is very low (can be as low as 0.0026, see Sec. 12.9, probably 
the lowest of any known solid material); hence the cartilage covering makes 
an efficient joint. 

The growth plate, as its name indicates, is the place where calcification 
of cartilage takes place. At the cessation of growth, the epiphyses, composed 
of cancellous bone, become fused with the adjacent metaphyses. The outer 
shell of the metaphyses and epiphyses is a thin layer of cortical bone 
continuous with the compactum of the diaphysis. 

The diaphysis is a hollow tube. Its walls are composed of dense cortex 
(compactum), which is thick throughout the extent of the diaphysis but 
tapers off to become the thin shell of each metaphysis. The central space 
(medulla or medullary cavity) within the diaphysis contains the bone marrow. 

Covering the entire external surface of a mature long bone, except for 
the articulation, is the periosteum. The inner layer ofthe periosteum contains 
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the highly active cells that produce circumferential enlargement and re
modeling of the growing long bone; hence it is called the osteogenic layer. 
After maturity, this layer consists chiefly of a capillary blood vessel network. 
The outer layer of the periosteum is fibrous and comprises almost the entire 
periosteum of a mature bone. In the event of injury to a mature bone, some 
of the resting cells of the inner periosteal layer become osteogenic. 

Over most of the diaphysis, the periosteum is tenuous and loosely attached, 
and the blood vessels therein are capillary vessels. At the expanded ends of 
long bones, however, ligaments are attached firmly and can convey blood 
vessels of larger size. The same is true at the ridges along the diaphyses, 
where heavy fascial septa are attached. 

Thus when we speak about the mechanical properties of bone, we must 
specify which part of the bone we are talking about. The figures quoted in 
Table 12.1: 1 refer to the cortical region of the diaphysis, measured from 
specimens machined from the compact urn, with a cross-sectional area of at 
least several mm2. Thus they represent the average mechanical properties 
of that part of the bone. 
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Figure 12.1: 2 The basic structure of compact bone. From Ham (1969), Reproduced 

by permission. 



12.1 Introduction 503 

When examined microscopically, the bone material is seen to be a com
posite. Figure 12.1:2 shows Ham's (1969) sketch of the basic structure of 
compact bone. The basic unit is the Haversian system or osteon. In the 
center of an osteon is an artery or vein. These blood vessels are connected 
by transverse channels called Volkmann's canals. The rectangular pattern 
shown in Fig. 12.1: 2 is an idealization; in actual bone they are more or 
less oblique. 

About two-thirds of the weight of bone, or half of its volume, is inorganic 
material with a composition that corresponds fairly closely to the formula 
of hydroxyapatite, 3Ca3(P04h . Ca(OHh, with small quantities of other 
ions. It is present as tiny crystals, often about 200 A long, and with an average 
cross section of 2500 A.2 (about 50 x 50 A.) (Bourne, 1972). The rest of the 
bone is organic material, mainly collagen. The hydroxyapatite crystals are 
arranged along the length of the collagen fibrils. 

Groups of collagen fibrils run parallel to each other to form fibers in the 
usual way. The arrangements of fibers differ in different types of bone. In 
woven-fibered bone the fibers are tangled. In other types of bone the fibers 
are laid down neatly in lamellae. The fibers in anyone lamella are parallel 
to each other, but the fibers in successive lamellae are almost perpendicular 
to each other. As is seen in Fig. 12.1: 2, the lamallae in osteones are arranged 
in concentric (nearly circular) cylindrical layers, whereas those near the 
surface of the bone are parallel to the surface (e.g., the outer circumferential 
lamellae). 

12.1.2 Bone as a Composite Material 

Bone material is a composite of collagen and hydroxyapatite. Apatite crystals 
are very stiff and strong. The Young's modulus of fluorapatite along the axis 
is about 165 GPa. This may be compared with the Young's modulus of steel, 
200 GPa, Aluminum, 6061 alloy, 70 GPa. Collagen does not obey Hooke's 
law exactly, but its tangent modulus is about 1.24 GPa. The Young's modulus 
of bone (18 GPa in tension in human femur) is intermediate between that of 
apatite and collagen. But as a good composite material, the bone's strength 
is higher than that of either apatite or collagen, because the softer component 
prevents the stiff one from brittle cracking, while the stiff component prevents 
the soft one from yielding. 

The mechanical properties of a composite material (Young's modulus, 
shear modulus, viscoelastic properties, and especially the ultimate stress and 
strain at failure) depend not only on the composition, but also on the struc
ture of the bone (geometric shape of the components, bond between fibers 
and matrix, and bonds at points of contact of the fibers). To explain its 
mechanical properties, a detailed mathematical model of bone would be 
very interesting and useful for practical purposes (see Problems 12.1-12.3). 
That such a model cannot be very simple can be seen from the fact that the 
strength of bone does correlate with the mass density of the bone; but only 
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loosely. Amtmann (1968, 1971), using Schmitt's (1968) extensive data on 
the distribution of strength of bone in the human femur, and Amtmann 
and Schmitt's (1968) data on the distribution of mass density in the same 
bone (determined by radiography), found that the correlation coefficient of 
strength and density is only 0.40-0.42. Thus one would have to consider the 
structural factors to obtain a full understanding of the strength of bone. 
Incidentally, Amtmann and Schmitt's data show that both density and 
strength are nonuniformly distributed in the human femur: the average 
density varies from 2.20 to 2.94 from the lightest to the heaviest spot, while 
the strength varies over a factor of 1.35 from the weakest place to the 
strongest place. 

12.2 Bone as a Living Organ 

The most remarkable fact about living bone is that it is living, and this is 
made most evident by the blood circulation. Blood transports materials to 
and from bone, and bone can change, grow, or be removed by resorption; 
and these processes are stress dependent. 

That mechanical stresses modulate the change, growth, and resorption 
of bone has been known for a long time. An understressed bone can become 
weaker. An overstressed bone can also become weakened. There is a proper 
range of stresses that is optimal for the bone. Evidence for these biological 
effects of stresses are prevalent in orthopedic surgery and rehabilitation. 
Local stress concentration imposed by improper tightening of screws, nuts, 
and bolts in bone surgery, for example, may cause resorption, and result in 
loosening of these fasteners in the course of time. 

Many authors, looking toward nature, feel that the evolution process has 
resulted in an optimum design of bone: optimum in the sense familiar to 
engineers designing light weight structures such as airplanes and space 
craft. This includes (a) the general shaping of the structure to minimize 
stresses while transmitting prescribed forces acting at specified points, 
(b) distribution of material to achieve a minimum weight (or volume, or 
some other pertinent criteria). Some well-known theories of optimum design 
include (a) the theory of uniform strength, that every part of the material be 
subjected to the same maximum stress (maximum normal stress if the mate
rial is brittle, maximum shear stress ifthe material is ductile) under a specific 
set of loading conditions, and (b) the theory of trajectorial architecture, 
which would put material only in the paths of transmission of forces, and 
leave voids elsewhere. 

The idea of optimum design may be illustrated by a few examples. Let us 
consider the design of a thin-walled submarine container to enclose a volume 
V and to resist an external pressure p while maintaining the internal pressure 
at atmospheric. Anyone of the shells sketched in Fig. 12.2: l(a) can be de
signed to meet this objective. If the same material is used for the construction 
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Figure 12.2: I Examples of optimal design. (a) Shells resisting an external pressure. (b) 
Equally strong beams supporting a load P over a span L. 

of these shells, the spherical shell will be the lightest and most economical 
in the use of the material. The cylindrical shell will be at least twice as heavy. 
The egg-shaped shell lies in between, while the biconcave shell will be the 
heaviest. Hence if the weight of the structure is the criterion, then the 
spherical shell is the optimal. 

Next consider the design of a beam to support a load P over a span 
L; Fig. 12.2:1(b). To design such a beam, we first compute the bending 
moment in the beam. Let the moment at station x be M(x). Then the maxi
mum bending stress at any station x can be computed from the formula 
(J = Mell, where e is the distance between the neutral axis and the outer 
fiber of the beam, and I is the area moment of inertia of the cross section. 
For a specific material of construction, (J must be smaller than the permissible 
design stress (yield stress or ultimate failure stress). If the beam cross section 
is uniform, the critical condition is reached only at one point: under the 
load P. Greater economy of material can be obtained by designing a beam 
of variable cross section, with lie varying with x in the same manner as M(x). 
Then the stress will reach the critical condition in every cross section 
simultaneously. The latter design is optimal in the sense of economy of 
material. Next, we can compare different shapes of beam cross section. We 
see that for the same value of lie, it is most economical to concentrate the 
material at the outer flanges, as sketched in Fig. 12.2: 1 (b). In this sense, then, 
the last entry is the minimum weight design. 
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The design illustrated in the last drawing of part (b) of Fig. 12.2:1 is an 
example of "load trajectory" design. As illustrated in this figure, the upper 
flange is subjected to compression while the lower flange is subjected to 
tension. The compressive and tensile forces are transmitted along these 
"trajectories" (flanges). The significance of this remark will become evident 
when we consider bone structure below. 

Note that it is imperative to state clearly the conditions under which an 
optimal design is sought. An optimal design for one set of design conditions 
may not be optimal under another set of design conditions. 

For bone, Roux (1895, p. 157) formulated the principle of functional 
adaptation, which means the "adaptation of an organ to its function by 
practicing the latter," and the principle of maximum-minimum design, which 
means that a maximum strength is to be achieved with a minimum of 
constructional material. He assumes that through the mechanism of hyper
trophy and atrophy, bone has functionally adapted to the living conditions 
of animals and has achieved the maximum-minimum design. Considerable 
studies have been done since Roux's formulation to show that this is true 

Figure 12.2: 2 Theoretical construction of the three-dimensional trajectorial system in 
a femur model. From Kummer (1972), by permission. 
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(see, for example, Pauwels, 1965, Kummer, 1972). This has resulted in many 
beautiful illustrations that tell us how wonderful our bones are. 

Let us quote one example. Roux (1895) suggests that spongy bone rep
resents a trajectorial structure. Pauwels (1948) demonstrated that the 
architecture of substantia spongiosa is indeed trajectorial. Kummer's (1972) 
theoretical construction of a three-dimensional trajectorial system in a femur 
model is shown in Fig. 12.2:2, and it resembles the real bone structure quite 
closely. 

12.3 Blood Circulation in Bone 

The discussions of the preceding sections suggest the importance of blood 
circulation on the stress-dependent changes that take place in bone. Let us 
review the vascular system in bone in this section. Because ,of its hardness 
and opaqueness, it is not easy to investigate blood flow in bone. But by 
methods of injection (with ink, polymer, dye, radio-opaque or radioactive 
material), thin sectioning, calcium dissolution, microradiography, and elec
tron microscopy, much has been learned about the vasculature in bone. A rich 
collection of interesting photographs can be found in Brookes (1971) and 
Rhinelander (1972). Figure 12.3: 1 shows the vascular patterns in bone cortex 
sketched by Brookes (1971). Starting from the bottom of the figure, it is seen 
that the principal artery enters the bone through a distinct foramen. Within 
the medulla the artery branches into ascending and descending medullary 
arteries. These subdivide into arterioles that penetrate the endosteal surface 
to supply the diaphyseal cortex. 

At the top of Fig. 12.3: 1 can be seen the articular cartilage. Beneath it are 
the epiphyseal arteries. Then there is the growth cartilage, below which are 
three types of bone: the endochondral bone, the endosteal bone, and the 
periosteal bone. The orientations of vessels in these three types of bone are 
different (according to Brookes, 1971). In the endochondral bone the vessels 
point upward and outward; at mid-diaphyseal levels the vessels are trans
verse, while inferiorly they point downward and outward; that is, the cortical 
vessels have a radiate, fan-shaped disposition when viewed as a whole. This 
vascular pattern is evident in bone formed by periosteal apposition. The 
center of radiation of the vessels in periosteal bone corresponds with the site 
of primary ossification of the shaft. The center of radiation of the vessels in 
endosteal bone lies outside of the shaft. It is emphasized that communicating 
canals are frequent, but these are by no means wholly transverse, nor so 
numerous as to obliterate the three primary patterns observed in the cortex 
of long bones. 

A fuller view of the blood supply to a long bone is shown in Fig. 12.3: 2. 
The top half is similar to Fig. 12.3: 1, except that the venous sinusoids are 
added. The principal nutrient vein and its branches are shown more fully 
in Fig. 12.3: 2. The numerous metaphyseal arteries are shown here to arise 
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Figure 12.3 : 1 The three vascular patterns in bone cortex, corresponding to the three 
types of bone present. The left-hand side shows vessels. The right-hand side sketch 
shows an idealized pattern. From Brookes (1971), by permission. 

from periarticular plexuses, and to anastomose with terminal branches of the 
ascending and descending medullary arteries. In the middle part of the figure 
are shown the periosteal capillaries, which are present on all smooth dia
physeal surfaces where muscles are not firmly attached. 

Anatomical variations are great between mammalian species and long 
bones in the same species. These sketches illustrate only the general concepts. 
The vascular patterns shown in Figs. 12.3 : 1 and 12.3: 2 do not conform to the 
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Figure 12.3:2 Vascular organization of a long bone in longitudinal section. From 
Brookes (1971), by permission. 

sketch shown in Fig. 12.1 : 2, which is a stylized traditional view that has to be 
modified in its details as far as blood vessel pattern is concerned. 

Hemodynamics of bone is difficult to study because of the smallness of 
the blood vessels and their inaccessibility for direct observation. Measure
ments have been made on the temperature distribution and temperature 
changes in bone; and indirect estimates of blood flow rate have been made 
under the assumption that heat transfer is proportional to blood flow. 
Perfusion with radioactive material and measurement of retained radio
activity in bone is another indirect approach. Some data are given in Brookes 
(1971). Direct measurements of flow and pressure are obviously needed. 
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Figure 12.4: 1 Stress-strain curves of human femoral bone. Adapted from Evans 
(1969). 

12.4 Elasticity and Strength of Bone 

Bone is hard and has a stress-strain relationship similar to many engineering 
materials. Hence stress analysis in bone can be made in a way similar to the 
usual engineering structural analysis. Figure 12.4.1 shows the stress-strain 
relationship of a human femur subjected to uniaxial tension. It is seen that 
dry bone is brittle and fails at a strain of 0.4%; but wet bone is less so, and 
fails at a strain of 1.2%. Since the range of strain is so small, it suffices to use 
the infinitesimal strain measure (the strain defined in the sense of Cauchy): 

(1) 

where xl> X2, X3 are rectangular cartesian coordinates, UI, U2, U3 are dis
placements referred to Xl, X2, X3, and eij represents the strain components. 
Figure 12.4: 1 suggests that Hooke's law is applicable for a limited range of 
strains. For uniaxial loading below the proportional limit, the stress (J is 
related to the strain e by 

(J = Ee, (2) 

where E is the Young's modulus. 
Table 12.4: 1 gives the mechanical properties of wet compact bones of 

some animals and man. It is seen that the ultimate strength and ultimate 
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TABLE 12.4: 1 Mechanical Properties of Wet Compact Bone in Tension, Com
pression, and Torsion Parallel to Axis. Data Adopted from Yamada (1970) 
1970 

Bone Horses Cattle Pigs Human (20-39 yrs.) 

Ultimate Tensile Strength (MPa) 

Femur 121 ± 1.8 113 ± 2.1 88 :!: 1.5 124 ± 1.1 
Tibia 113 132 ± 2.8 108 ± 3.9 174 ± 1.2 
Humerus 102 ± 1.3 101 ± 0.7 88 ± 7,'!- 125 ± 0.8 
Radius 120 135 ± 1.6 100 ± 3.4 152 ± 1.4 

Ultimate Percentage Elongation 

Femur 0.75 ± 0.008 0.88 ± 0.020 0.68 ± 0.010 1.41 
Tibia 0.70 0.78 ± 0.008 0.76 ± 0.028 1.50 
Humerus 0.65 ± 0.005 0.76 ± 0.006 0.70 ± 0.033 1.43 
Radius 0.71 0.79 ± 0.009 0.73 ± 0.032 1.50 

Modulus of Elasticity in Tension (GPa) 

Femur 25.5 25.0 14.9 17.6 
Tibia 23.8 24.5 17.2 18.4 
Humerus 17.8 18.3 14.6 17.5 
Radius 22.8 25.9 15.8 18.9 

Ultimate Compressive Strength (MPa) 

Femur 145 ± 1.6 147 ± 1.1 100 ± 0.7 170 ± 4.3 
Tibia 163 159 ± 1.4 106 ± 1.1 
Humerus 154 144 ± 1.3 102 ± 1.6 
Radius 156 152 ± 1.5 107 ± 1.6 

Ultimate Percentage Contraction 

Femur 2.4 1.7 ± 0.Q2 1.9 ± 0.Q2 1.85 ± 0.04 
Tibia 2.2 1.8 ± 0.02 1.9 ± 0.02 
Humerus 2.0 ± 0.03 1.8 ± 0.02 1.9 ± 0.02 
Radius 2.3 1.8 ± 0.02 1.9 ± 0.02 

Modulus of Elasticity in Compression (GPa) 

Femur 9.4 ± 0.47 8.7 4.9 
Tibia 8.5 5.1 
Humerus 9.0 5.0 
Radius 8.4 5.3 

Ultimate Shear Strength (MPa) 

Femur 99 ± 1.5 91 :::t: 1.6 65 ± 1.9 54 ± 0.6 
Tibia 89 ± 2.7 95 ± 2.0 71 ± 2.8 
Humerus 90 ± 1.7 86 + 1.1 59 ± 2.0 
Radius 94 ± 3.3 93 ± 1.8 64 ± 3.2 

Torsional Modulus of Elasticity (GPa) 

Femur 16.3 16.8 13.5 3,2 
Tibia 19.1 17.1 15.7 
Humerus 23.5 14.9 15.0 
Radius 15.8 14.3 8.4 
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strain in compression are larger than the corresponding values in tension for 
all the bones, whereas the modulus of elasticity in tension is larger than that 
in compression. The difference in the mechanical properties in tension and 
compression is caused by the nonhomogeneous anisotropic composite 
structure of bone, which also causes different ultimate strength values when 
a bone is tested in other loading conditions. Thus, for adult human femoral 
compact bone, the ultimate bending strength is 160 MPa, and the ultimate 
shear strength in torsion is 54.1 ± 0.6 MPa, whereas the modulus of elasticity 
in torsion is 3.2 GPa. 

It is also well known that the strength of bone varies with the age and sex 
of the animal, the location of the bone, the orientation of the load, the strain 
rate, and the test condition (whether it is dry or wet). The strain rate effect 
may be especially significant, with higher ultimate strength being obtained 
at higher strain rate (see Schmitt, 1968). Yamada (1970), Evans (1973), 
Crowningshield and Pope (1974), and Reilly and Burstein (1974) have 
presented extensive collections of data. 

The strength and modulus of elasticity of spongy bone are much smaller 
than those of compact bone. Again, see Yamada (1970) for extensive data 
on human vertebrae. 

12.4.1 Anisotropy of Bone 

Lotz et al. (1991) analyzed the anisotropic mechanical properties of the meta
physeal bone. Cowin (1988), Lipson and Katz (1984), and Reilly and Burstein 
(1975) analyzed these properties of the diaphyseal bone. Both used the trans
verse isotropic model. Major differences exist: 

E'Ongiludina,(MPa) 
Etransverse(M Pal 
p density (g cm- 3 ) 

Reference 

Diaphyseal 
cortical shell 

17000 
11500 
1.95 
Reilly et al. 

Metaphyseal 
cortical shell 

9650 
5470 
1.62 
Lotz et al. 

Here E is the Young's modulus, p is the mass density, and the subscripts refer 
to directions. 

12.4.2 Failure Criteria of Bone 

Lotz et al. (1991) used von Mises' yield criterion for cortical bone, and von 
Mises and Hoffman's yield criterion for trabecular bone. The Hoffman (1967) 
failure theory assumes linear terms to account for different tensile and com
pressive strengths, and has been demonstrated to fit experimental trabecular 
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bone data well (Stone et al., 1983). Assuming isotropy, the criterion is given by 

C1(0"2 - 0"3)2 + C2 (0"3 - O"d2 + C3 (0"1 - O"z)2 + C4 0"1 + CsO"z + C 6 0"3 = 1, 
(3) 

where 

1 
C1 = Cz = C3 = -'--, 

2SrSc 

1 1 
C4 = Cs = C6 = - - --. 

Sr Sc 

(4) 

(5) 

Here 0"1' 0"2' 0"3 are the principal stresses, and Sr and Sc are the ultimate 
strengths in tension and compression, respectively. If Sr and Sc are equal, then 
Eq. (I) reduces to the von Mises yield criterion. These criteria will overestimate 
the strength under hydrostatic compression. Lotz et al. (1991) found that the 
strains at failure prediced by the von Mises criterion do not correspond well 
with measured values, but yield and fracture were accurately predicted for two 
femora tested. 

12.5 Viscoelastic Properties of Bone 

Probably beginning with Wertheim (1847), many authors have written about 
the viscoelastic properties of the bone. The list includes at least the names of 
A. A. Rauber, R. Smith, R. Walmsley, W. T. Dempster, R. T. Liddicoat, S. B. 
Lang, H. S. Yo on, J. L. Katz, F. Bird, H. Becker, J. Healer, M. Messer, A. A. 
Lugassy, E. Korostoff, D. Keiper, J. D. Curry, J. H. McElhaney, J. Black, W. 
Bonfield, C. H. Li, A. Ascenzi, E. Bonucci, P. Frasca, F. A. Meyers, S. S. 
Sternstein, and F. C. Cama. See Lakes and Katz (1979), Evans (1973), Katz 
and Mow (1973), Cowin et al. (1987), and Johnson and Katz (1987) for reviews, 
summaries, references, and data. In the following, let us focus on the constitu
tive equations. 

Lakes, Katz, and Stern stein (1979) presented the details of a testing equip
ment and examples of results. Lakes and Katz (1979, part II) discussed various 
physical processes contributing to viscoelasticity of bone, including thermo
elastic coupling, piezoelectric coupling, motion of fluid in canals in bone, 
inhomogeneous deformation in osteons, cement lines, lamellae, interstitium, 
and fibers, and molecular modes in collagen. They then proposed a constitu
tive equation for wet human compact bone measured in tori son at body 
temperature. 

Let G(t) be the relaxation function as defined in Sec. 7.6, and S('t") be the 
relaxation spectrum defined by Eq. (7.6:28), Lakes and Katz (1979, part III), 
after synthesizing all the mechanisms participating in bone viscoelasticity, 
proposed the following "triangle spectrum" for the wet cortical bone: 
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S(t) = H(t), 
t 

H(t)=logt for t1 ~t~t2 

= 0 for t < t 1, t > t 2. 

12 Bone and Cartilage 

(1) 

H(t) is the notation used by Lakes and Katz (1979) who did not normalize 
the relaxation function (i.e., the condition G(O) = 1 is not imposed). As a 
practical generalization, Lakes and Katz considered H(t) to be a sum of 
several terms proportional to log t with a different range of t 1, t 2 for each term. 

Certain nonlinearity exists in the viscoelasticity of bone. Lakes and Katz 
(1979) approached the nonlinearity three ways: (1) The quasi-linear viscoelas
ticity as described in Sec. 7.6 is used, in which the "elastic" stress is a nonlinear 
function of the strain, but the memory (the relaxation function) is linear. (2) 
The multi-integral method of Green and Rivlin (1956) is used, in which the 
stress at time t is expressed as a function of strain history e(t) in the form 

II de 
a(t) = Go(t - s)-d ds 

-00 s 

+ .... (2) 

(3) The multi-integral method of Pipkin and Rogers (1968) is used, in which 
the first term represents the stress response to a single step increase in strain, 
the second term represents the stress response to two steps of strain increase 
at different times, etc. The first approach was illustrated in Chapter 7, Sec. 7.6. 
A limited application of the third approach to tendons and ligaments was 
done by Wineman, Ragajapol, Dai, Johnson, and Woo, see Sec. 7.6. When a 
single term is used, the result is equivalent to the quasi-linear approach. Some 
experiments were done by Young, Vaishnav, and Patel (1977) on a dog aorta 
to identify the second term of the Green-Rivlin approach. No sufficiently 
detailed experiment is known to have identified the higher order integrals in 
the Green-Rivlin and Pipkin-Rogers approach. 

12.6 Functional Adaptation of Bone 

The most frequently used method to verify whether hypertrophy or atrophy 
has occurred in a bone due to its use or disuse is by means of x ray, which 
measures the opacity of bone, which in turn is proportional to the mineral 
content of the bone. Another way is to measure wave transmission velocity 
and vibration modes of the bone as a means to determine the density of the 
bone. Results obtained by these methods have generally supported the idea 
of functional adaptation. 
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APPOSITION 

EXCHANGE OF CALCIUM 

". 
ARTERY 

Figure 12.6: 1 Conceptual drawing of the remodeling of bone by apposition, resorp
tion, and calcium exchange. From Kummer (1972), by permission. 

Changes in bone may take place slowly (in months or years) due to the 
action of bone cells (osteoclasts for resorption; osteoblasts for apposition), 
or rapidly (in days) due to the uptake or output of mineral salts. These pro
cesses are illustrated in a sketch made by Kummer (1972); see Fig. 12.6: 1. 

Julius Wolff (1884) first advanced the idea that living bones change ac
cording to the stress and strain acting in them. Change in the external shape 
of bone is called external or surface remodeling. Changes in porosity, mineral 
content, x-ray opacity, and mass density of bone are called internal remod
eling. Both types occur during normal growth. But they also occur in mature 
bone. 

After Wolff, the phenomenon of stress-controlled bone development was 
described by Gliicksmann (1938, 1939, 1942) and Frost (1964). Evans (1957) 
reviewed the literature and concluded that clinical and experimental evidence 
indicated that compressive stress stimulates the formation of new bone and 
is an important factor in fracture healing. Dietrick et al. (1948) conducted an 
experiment on remodeling in humans by immobilizing some volunteers from 
the waist down in plaster casts for periods of from 6 to 8 weeks. During this 
study their urine, feces, and blood were analyzed for organics such as creatine 
and inorganics such as calcium and phosphorous. Four days after the plaster 
casts were removed the subjects resumed normal activity. The chemical 
analysis indicated that during the immobilization, their bodies suffered a net 
loss of bone calcium and phosphorous. After normal activity had been re-
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sum ed, the mineral loss phenomenon was reversed and the body regained 
calcium and phosphorous. 

A similar net loss of calcium was reported by Mack et al. (1967) for 
astronauts subjected to weightlessness. Kazarian and von Gierke (1969) re
ported on immobilization studies with rhesus monkeys. Wonder et al. (1960) 
studied the mouse and the chicken in hypergravity. Hert et al. (1971) studied 
intermittent loading on rabbits. The results are the same: subnormal stresses 
cause loss of bone strength, radiographic opacity, and size. Hert et al. con
cluded further that intermittent stress is a morphogenetic stimulus to func
tional adaptation of bone, and that the effect of compressive stress is the same 
as that of tensile stress. 

Pauwels (1948) and Amtmann (1968) observed the bone structure of 
humans and showed that the distribution of material and strength is related 
to the severity of stresses in normal activity. Woo et al. (1976) and Torino 
et al. (1976) showed that remodeling due to rigid plate fixation in dogs occurs 
by thinning of the femoral diaphysis cortex rather than by induced osteo
porosis in the cortex. In other words, it is primarily surface remodeling. 

How can we put these concepts into a mathematical form so that bone 
modeling can be studied and predicted? Cowin and Hegedus (1976) expressed 
the ideas as follows. Bone is considered to be constituted of three basic 
materials: the bone cells, the extracellular fluid, and the solid extracellular 
material called bone matrix. The bone matrix is porous. The extracellular fluid 
is in contact with blood plasma, which supplies the material necessary for the 
synthesis of bone matrix. Let e be the matrix volume fraction and y be the 
local mass density of the bone matrix. Let Eij be the strain tensor. Then at a 
constant temperature, one assumes the existence of constitutive equations of 
the form 

. 1 e = - c(e,Eij) (1) 
y 

and 
(Iij = eCijde)Ekl, (2) 

where the superposed dot indicates the material time rate, (Iij is the stress 
tensor, c( e, 8i) represents the rate at which bone matrix is generated by chem
ical reaction, and eCijk/(e) is a tensor of rank four representing the elastic 
constants ofthe bone matrix. The elastic constants are assumed to depend on 
the volume fraction of the bone matrix. These equations may represent 
internal remodeling of the bone when the functions C(e,8ij) and Cijk/(e) are 
determined. 

For external remodeling, one needs to describe the rate at which bone 
material is added or taken away from the bone surface. Cowin and Hegedus 
(1976) suggested the following form. Let Xl> X2, X3 be a set oflocal coordinate 
axes with an origin located on the bone surface, with X3 normal to the surface 
of the bone and Xl' X2 tangent to it. Let the strains in the XlX2 plane be 8ll> 

822,812' If external modeling is linearly proportional to the strain variation, 
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then one might express the rate of increase of the surface in the X3 direction 
in the form 

U = k ll (ell - e?l) + kzz(ezz - egz) + ku(e12 - e?z), (3) 

where kll' kzz, k12 and e?t. egz, e?z are constants. Ifthe right-hand side is 
positive, the surface grows by deposition of material. If the right-hand side 
is negative, the surface resorbs. But this equation is untenable, because it 
does not incorporate the idea that tensile stress and compressive stress have 
the same effect with regard to bone remodeling (Hert et aI., 1971). Nor does 
it include remodeling due to surface traction (normal and shear stress acting 
on the surface) as is often found under orthopedic prosthesis (Woo et aI., 
1976). To include these effects we may assume 

(4) 

where the indexes range over 1, 2, 3. The summation convention is used. 
With these constitutive equations, the stress and strain distribution in a 

bone can be determined by the methods of continuum mechanics, and the 
remodeling can be predicted. However, a more complete theory is given below. 

12.6.1 Tensorial Wolff's Law 

Cowin et al. (1992) reasoned that the equations governing the temporal 
changes in the architecture of bone must be nonlinear tensor equations in 
order to take into account the feedback nature between stress and growth. 
Their analysis puts the tensorial character of remodeling in the clearest 
perspective. Without explaining the background, derivation, and meaning, 
we present Cowin et al.'s mathematical constitutive equations below: 

T = 131 1+ f32E + f33K + f34K2 + f35(KE + EK) + f36(K 2E + EK2), (5) 

K = (XII + (X2K + (X3K2 + (X4E + (X5(KE + EK) + (X6K2E + EK2), (6) 

trK = 0, where K = ° when E = Eo, 

li - Vo = function of (tr E, tr K2, tr K3, tr EK, tr EK2, v - vo), 

where v - Vo = ° when E = Eo. 

(7) 

(8) 

In these equations, T is the stress tensor, K is the deviatoric part of the 
normalized faerie tensor (see Biomechanics, Fung, 1990, p. 510, for definition 
and references) which describes the geometric pattern of the trabecular bone, 
E is the strain tensor, Eo is a specific strain characterizing the homeostatic 
state, v is the solid volume fraction of the trabecular bone, Vo is a reference 
value, and all the (X's and f3's are functions of v - vo, tr K2, and tr K3, but 0: 1 , 

(X2' ('.(3' and 13 are also functions of tr E, tr EK, and tr EK2. These equations 
look formidable, but they actually state the evolution of remodeling in the 
simplest way. 
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12.6.2 The Mechanism for the Control of Remodeling 

Piezoelectricity has been proposed as a mechanism for bone to sense stress 
and cause remodeling. Fukada (1957, 1968) discovered piezoelectricity in 
bone and later identified it as due to collagen. Becker and Murray (1970) 
reported that an electric field is capable of activating the protein-synthesizing 
organelles in osteogenic cells of frogs. It is also known that the presence of an 
electric field near polymerizing tropocollagen will cause the fibers to orient 
themselves perpendicular to the line of force. Bassett and Pawlick (1964) 
reported that if a metal plate is implanted adjacent to a living bone, a negative 
charge on the plate will induce the deposition of new bone material on the 
electrode. Thus it is possible that piezoelectricity lies behind the remodeling 
activities. 

Biochemical activity of calcium is another possible mechanism. Justus 
and Luft (1970) have shown that straining the bone increases calcium con
centration in the interstitial fluid. They showed that this is due to a change 
in the solubility of the hydroxyapatite crystals in response to stresses. 

This discussion would be woefully amiss if we did not recall also that 
growth in general is modulated by endocrine. The endocrine STH (somato
tropic or growth hormone) affects all growing tissues; it increases all cell 
division and all subsidiary processes, such as total protein synthesis, net 
protein synthesis, total turnover (likewise for lipid and carbohydrate metab
olism), and tissue growth. The endocrine ACH (adrenal-cortical hormone) 
has the opposite effect; it affects all tissues and it decreases all cell division 
and subsidiary processes. The endocrine T 4 (thyroxine) also affects all tissues. 
Estrogens selectively decrease cell division and subsidiary processes; they 
affect cartilage and lamellar bone. Furthemore, the normality of bone is 
significantly influenced by vitamins A, C, and D, and calcitonin. Thus, bone 
is a complex biochemical entity. Yet the importance of the mechanical aspects 
is 0 bvious: not only to intellectual speculation, but also to clinical applications 
in orthopedics. If we know the mechanical aspects well, then we can control 
bone remodeling through mechanical stresses that can be applied through 
exercises, either voluntarily or with the help of mechanical devices. Exercise 
is man's most basic approach to health. 

12.6.3 Osseointegration in Skeletal Reconstruction 

Bnlnemark et al. (1977) first used titanium fixtures to support fixed dental 
prostheses and over the years have achieved a long term success rate of stable, 
useful prostheses well over 95% and a demonstrated useful life of 25 years 
(Rydevik et aI., 1990). In recent years, titanium screw fixtures have been used 
in head and neck, eye and ear, hearing aids, hand, knee, etc. Bnlnemark 
discovered bone integration with titanium in 1959 in his research on bone 
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marrow microcirculation using a titanium device which is a modification of 
the so-called rabbit ear chamber. He exploited this discovery in many surgical 
procedures. In practice, the cleanliness of the surface of the metal before 
contact with tissue is extremely important. 

12.7 Cartilage 

Cartilage and bone have the same three tissue elements: cells, intercellular 
matrix, and a system of fibers. In man during early fetal life, the greater part 
ofthe skeleton is cartilaginous. In adult life, cartilage persists on the articulat
ing surfaces of synovial joints, in the walls of the thorax, larynx, trachea, 
bronchi, nose, and ears, and as isolated small masses in the skull base. 

The matrix in which the cartilage cells (chondrocytes) are embedded varies 
in appearance and nature. Acordingly, there are hyaline cartilage (from hyalos, 
meaning glass), white fibrocartilage (containing much collagen), and yellow 
elastic fibrocartilage (containing a rich elastin network). A cellular cartilage, 
with only fine partitions of matrix separating the cells, is normal in the fetus. 

Costal, nasal, tracheo-bronchial and all temporary cartilages, as well as 
most articular cartilages, are of the hyaline variety. It has long been known 
that if the surface of articular cartilage is pierced by a pin, then after with
drawal, a longitudinal "split-line" remains, and that on any particular joint 
surface, the pattern of the split-lines follows the predominant direction of the 
collagen bundles in the cartilage. The proportion of collagen in the matrix 
increases with age. 

White fibrocartilage is found in intervertebral disks, articular disks, and 
the lining of bony grooves that lodge tendons. Yellow elastic fibrocartilage 
is found in the external ears, larynx, epiglottis, and the apices ofthe arytenoids. 

The location of these cartilages suggests their function. The intervertebral 
disk bears the load imposed by the spine; it is elastic and makes the spine 
flexible. The cartilage at the ends ofthe ribs gives the ribs the desired mobility. 
The articular cartilage at the ends oflong bones provides lubrication for the 
surfaces of the joints, and serves as a shock absorber to impact loads and as 
a load bearing surface in normal function. Sometimes it is its elasticity and 
rigidity that seems to be needed. In the bronchioles of man there is very 
little cartilage; but in diving animals such as the seal there is a considerable 
amount of cartilage in the bronchioles: its function seems to keep the bron
chioles from collapsing too soon when the animals dive into deep water. By 
this mechanism these animals avoid nitrogen sickness. If man dives too deeply 
into the water, the bronchioles collapse before the alveoli do, so gas is trapped 
in the lung, and nitrogen has to be absorbed into the bloodstream, causing 
bends. For a seal the alveoli can empty first, and nirogen trapping is avoided. 

Thus, cartilage is biologically active, and rheologically unique. 
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12.8 Viscoelastic Properties of Articular Cartilage 

Cartilage is rather porous, and the interstitium is filled with fluid. Under stress, 
fluid moves in and out of the tissue, and the mechanical properties of cartilage 
change with the fluid movement. 

A simple method of demonstrating the viscoelasticity of cartilage is the 
indentation test, which can be done in situ to mimic physiological conditions. 
Upon unloading, an instantaneous recovery is followed by a time-dependent 
one. The recovery will not be complete if the test is done with the tissue 
exposed to air; but ifthe specimen is completely immersed in a bath, complete 
recovery can be achieved by fluid resorption during unloading. 

For a rigorous theoretical analysis of the indentation test, it is better to 
begin with a uniaxial loading on a flat, plate-like specimen. (However, the 
preparation of test specimens is then quite difficult.) In the following we 
shall quote a report by Woo et al. (1979), which also contains references to 
vibration tests and theoretical analyses by other authors. 

Articular cartilage specimens were taken from the humeral heads of 
bovine animals. This joint surface is large (about 9-10 cm in diameter) and 
is relatively flat, so that cartilage-bone plugs, 1.25 cm in diameter, can be 
cored. A die cutter with sharp razor blades formed into a standardized 
dumbbell shape was used to stamp each plug perpendicularly through the 
articular cartilage surface to the subchondral bone along the split line, or 
the zero-degree (0°) direction. The cartilage-bone plug was then placed on a 
sledge microtome to obtain slices 250-325 J1m thick. The specimen's test 
section has dimensions 1 x 4.25 x 0.25 - 0.325 mm. 

An Instron testing machine coupled with a video dimensional analyzer 
(VDA) system was used for strain rate dependent and cyclic tests. A special 
solenoid device provided rapid stretch (up to 30 mm/sec) for relaxation tests. 
This test equipment was not entirely satisfactory because it was found that 
stress relaxation in articular cartilage is very rapid. For example, comparing 
the load values recorded using a storage oscilloscope and that of a strip 
chart recorder, the differences in peak forces could be as much as 25%, 
although the time lag for the strip chart recorder was less than 250 ms. 
However, the mechanical vibration of the test system prevented the authors 
from using the oscilloscope data. 

Test results are stated in terms of the stretch ratio, A, 

the Green's strain, E, 

A = deformed gage length 
initial gage length ' 

the Lagrangian stress, T, 

force 
T = initial undeformed cross-sectional area' 
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o 2 4 6 8 TIME (Sec.) 

Figure 12.8: 1 Stress response of bovine femural articular cartilage subjected to cyclic 
stretching between A = 1.07-1.10. Temp.: 37°C. Specimen immersed in saline. From 
Woo et al. (1979), by permission. 

and the Kirchhoff stress, S, 
T 

S=-X-. 

Test specimens were immersed in normal saline solution at 37°C. Four speci
mens were subjected to cyclic tests at different strain rates varying from 
0.04%/sec to 4%/sec, and it was found that the hysteresis loops and the peak 
stresses increased slightly with increased strain rates. Thus articular cartilage 
is moderately strain rate sensitive. Figure 12.8 : 1 shows the preconditioning 
behavior of a cartilage subjected to a cyclic stretching between A. = 1.07 and 
1.10. It is seen that after 10 cycles of stretching the stress-time curve tends 
asymptotically to a steady state cyclic response. 

The results of uniaxial tensile stress relaxation studies are summarized 
in Fig. 12.8 : 2. The experimental reduced relaxation function is defined as 
G(t) = T(t) / T (t - 250 ms). The true reduced relaxation function T(t) / T(t = 0) 
cannot be obtained experimentally. At a small extension (A. = 1.05), the 
stress reached its relaxed state within 15 min. However, for higher extensions 
(A. between 1.16 and 1.29), the stress relaxation did not level after 100 min. 
These characteristics are similar to that which are shown in Fig. 7.5: 4 in 
Chapter 7 for the mesentery. Different reduced relaxation functions are 
needed for the small stretch and moderate stretch regimes. However, as 
shown in Fig. 12.6:2, in each regime the reduced relaxation function depends 
on A. only to a small degree. By ignoring this dependence, Woo et al. (1979) 
used the quasi-linear model of viscoelasticity (Chapter 7, Sec. 7.6) to char
acterize the articular cartilage. In brief, this model assumes that the relaxa
tion function, K, is dependent on both strain and time and can be written as 

K(t) = G(t) * se[E(t)], (1) 
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RELAXATION TEST 
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Figure 12.8: 2 The reduced relaxation function of articular cartilage at a lower stretch 
(2 = 1.05) and at higher stretches, 2 = 1.16-1.29. From Woo et al. (1979), by permission. 
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Figure 12.8: 3 The experimental reduced relaxation function of articular cartilage 
compared with a theoretical expression given in Eq. (3) with the constants c, '1, '2 
determined empirically. From Woo et al. (1979), by permission. 

where se is the "elastic response" and G(t) is the "reduced relaxation function" 
with G(O) = 1. The stress-strain-history integral takes the forms 
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S(t) = roo G(t - 1:)se(r) d1: 

= se[E(t)] - f; aG(~1:- 1:) se(1:)d1:. 
(2) 

Once the mechanical property functions in this model, G(t) and seE E(t)], 
are determined, the time dependent stress, S(t), with known history of strain, 
E(t), can be determined by Eq. (2). 

Relaxation test data for a 0° mid-zone cartilage specimen are shown in 
Fig. 12.8: 3, in which the experimental values for G(t) were calculated using 
stress data normalized by an extrapolated value for the stress at t = O. The 
form for G(t) used in the model was taken to be Eq. (36) of Sec. 7.6: 

where E 1 is the exponential integral function, and C, 1: 1, and 1:2 are material 
constants. C, 1: 1, and 1: 2 were determined in the least square sense using a 
computer program based on the method of Powell (1965); the values found 
were 1: 1 = 0.006 sec, 1:2 = 8.38 sec, and C = 2.02. 

The cyclic stress data (Fig. 12.8: 1) corresponding to a saw-tooth series 
of ramp extensions for the same specimen was used to determine the elastic 
response, se{E}. Here se was assumed to be a power series in E of the form 
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Figure 12.8: 4 Comparison of experimental data on stress response to the first three 
cycles ofJoading and unloading as given in Fig. 12.8: 1 with theoretical expressions 
given in Eqs. (1)-(4) with the constants c, '1. '2. a1. a2 determined empirically. From 
Woo et al. (1979), by permission. 
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n 

se = se{E} = L aiEi. (4) 
i=l 

Substitution of Eq. (4) into Eq. (2) with G(t) now known in the form of 
Eq. (3) yields a linear set of equations that can be solved for the constants, 
ai. By numerical integration and least squares procedure, the constants 
found for n = 2 are a l = 30 MN/m2 and a2 = 56 MN/m2. Figure 12.8:4 
compares Kirchhoff stress-time curves measured experimentally and com
puted from the quasi-linear viscoelastic model. Similar agreement was 
obtained for a higher order of n. 

The se so computed is considerably higher than the measured stress 
level at 250 ms when the specimen is subjected to a ramp stretching, indi-
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Figure 12.8:5 Top: Displacement, strain, and fluid movement in the cartilage in the 
free-draining confined-compression stress-relaxation experment. 0, A, B defines the 
compressive phase and B, C, D, E defines the stress-relaxation phase. Bottom: The 
corresponding stress history. Middle diagrams: Horizontal lines depict the compres
sive strain field, and arrows indicate the fluid velocity. Stress relaxation times of the 
order of 1-5 sec are usually observed. From Mow et al. (1980), by permission. 
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cating that a significant amount of stress relaxation has taken place in the 
first 250 ms. This method of determining the elastic response from cyclic 
stretching data is quite effective. The rapid relaxation of articular cartilage 
at very small time is believed to be caused by the fluid movement from the 
tissue when it is first subjected to stress. 

A similar rapid stress relaxation was found by Mow et al. (1977), who 
tested articular cartilage plugs in compression. They attributed the rapid 
relaxation to the ease of extrusion of fluid in the tissue. Figure 12.8: 5 shows 
the result of Mow et al. (1980) on the stress response to a ramp-step strain 
history in compression and their concept of dynamic strain distribution 
and fluid movement. A detailed theoretical analysis is given in their 1980 
paper. 

12.9 The Lubrication Quality of Articular Cartilage Surfaces 

Articular cartilage, which is the bearing material lining the bone in synovial 
joints, exhibits unique and extraordinary lubricating properties. It possesses 
a "coefficient of friction" (the resistance to sliding between two surfaces 
divided by the normal force between the surfaces) that is many times less 
than man's best artificial material. It exhibits almost two orders of magnitude 
less friction than most oil lubricated metal on metal. Mature cartilage in 
man, with little or no regenerative ability, maintains a wear life of many 
decades. 

Earlier experiments on the synovial joint tribology have usually taken 
either of two forms. One approach has sought to experimentally simulate 
intact synovial joint conditions in vitro by preserving the natural cartilage 
geometry, kinematics, and chemical environment. This approach is exempli
fied by Linn (1967) and is shown schematically in Fig. 12.9: 1, where an excised 

w 

D C::>F 

Figure 12.9: 1 Schematic diagram of a joint friction experiment using an isolated 
animal synovial joint. 
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glass sheet 

Figure 12.9: 2 Concept of an experiment to measure the coefficient of friction between 
articular cartilage and glass. 

intact joint, devoid of surrounding connective tissue, capsule, or restraining 
ligaments, is tested in vitro. Figure 12.9: 2 shows a diagrammatic sketch of 
another approach, in this case representative of the work of McCutchen 
(1959), where excised segments of articular cartilage are tested upon planar 
surfaces of another (man-made) material (usually glass). These experimental 
approaches tend to complement one another, the intact joint tests being 
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scapular __ ......... 
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SECTION ~ 
Figure 12.9:3 Sketch ofthe test specimen used by Malcom to measure the coefficient 
of friction between articular cartilage surfaces. From Malcom (1976), by permission. 
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more physiologically representative of the in vivo situation, while the planar 
sliding studies are more tribologically definitive. They each have their limita
tions, however: the geometric and kinematic complexity of the intact tests 
inhibit parameter isolation, making analysis difficult, while the geometrically 
more tractable planar sliding studies lack the cartilage against cartilage 
interfacial contact condition. 

Malcom (1976) presented an alternative approach that is much easier 
to analyze. Figure 12.9: 3 shows a schematic diagram of the experimental 
specimen configuration used by Malcom. It consists essentially of an axi
symmetric cylindrical cartilage annulus tested in contact with another con
formationally matching layer of cartilage. The articular cartilage specimens 
are obtained from opposing, geometrically matched regions of bovine scapu
lar and humeral joint surfaces. A specially designed electromechanical instru
ment generated specified mechanical and kinematic conditions by loading 
and rotating the cylindrical specimen and measuring the resultant cartilage 
frictional and deformational responses. Experimental monitoring and data 
recording were done on-line via a PDP 8/E computer. The specimen envi
ronment was regulated throughout the experiment by maintaining the car
tilage in a thermally controlled bath of whole bovine synovial fluid or buffered 
normal saline. 

Figure 12.9: 4 shows the experimentally obtained shear stress history on 
nine cartilage specimen pairs after they were suddenly loaded to a static 
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Figure 12.9: 4 History of variation of the shear stress between two articular cartilage 
surfaces when they are subjected to a step loading and rotation, and at a later instant of 
time a step unloading to a lower level of normal stress and continued rotation. From 
Malcom (1976), by permission. 
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normal stress of 200 kPa and were continuously rotated at 0.7 rad/sec. The 
shear stress approached asymptotically a value lying in the range 1.5-2.8 kPa 
after 1000 sec of loading. Upon a sudden unloading to a normal stress of 
52 kPa, the shear stress decreased and reached asymptotically a value in the 
range 0.4- 0.8 kPa. The curves show the typical specimen response diversity 
when a group of different biological specimens are tested under identical 
conditions. 

The gradual increase in friction after a step loading and rotation is accom
panied by compression of the specimen and extrusion of interstitial fluid 
from the cartilage, as one could have predicted according to the results 
shown in Fig. 12.8: 5 and discussed in the preceding section. Figure 12.9: 5 
shows the cartilage normal compression histories for the nine specimens, 
which were obtained simultaneously with the data in Fig. 12.9: 4. The com
pressive strain is seen to be directly related to the increase in frictional shear 
between the cartilage surfaces. 

When tested in different rates of rotation, it was found that the asymptotic 
values of the shear stress (and therefore the coefficients of friction) are rela
tively insensitive to the sliding velocity within the range 1-400 mm/sec. When 
the sliding velocity further decreases, the friction coefficient increases. At 
the static condition, a considerably larger coefficient offriction was measured. 
A summary of results for four of the loading conditions and lubricating 
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Figure 12.9: 5 History of the change of thickness of articular cartilage specimens taken 
simultaneously with the shear stress record shown in Fig. 12.7 :4. From Malcom (1976), 
by permission. 
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Figure 12.9: 6 The mean values of the coefficient of friction between two articular car
tilage surfaces as a function of the normal stress between the surfaces. The coefficient of 
friction depends on whether the measurements were made in a static or dynamic condi
tion, and on the bathing fluid, whether it is buffered saline or synovial fluid. From 
Malcom (1976), by permission. 

bath combinations is shown in Fig. 12.9:6. The y axis represents the steady 
state friction coefficient, IJ.OC) = LOC)/U, where U is the value of the static or 
dynamic (1 cycle/sec square wave) normal stress, and LOC) is the asymptotic 
frictional shear stress. The actual curves shown are nonlinear regression 
line fits to the resultant experimental data (57 to 112 observations per curve). 
Note particularly the low magnitude of the friction coefficients that were 
obtained. For the least efficient lubrication mode of statically loaded cartilage 
in buffered isotonic saline lubricant, the mean friction coefficient ranged 
from 0.0065 to 0.030 at normal stresses of 70-370 kPa, respectively. The most 
efficient lubrication combination was cyclic dynamic loading in a whole 
bovine synovial fluid lubricating both. Under these conditions, the data show 
a mean minimum friction coefficient of 0.0026 at a normal stress of 500 kPa 
and a maximum coefficient of 0.0038 at a maximum normal stress of 2 MPa. 
These values may be compared with other typical engineering values of IJ. of 
0.5-2.0 or higher for clean metal surfaces, 0.3-0.5 for oil lubricated metal, and 
0.05-0.1 for teflon coated surfaces. The superiority of the synovial joint is truly 
striking. 
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A change of environmental factor can significantly change the coefficient 
of friction between articular cartilage surfaces. Especially noteworthy is the 
effect of hydrogen ion concentration in the bath. The cartilage's compress
ibility (for specimens with a porous boundary without impediment to fluid 
extrusion) suddenly increases when pH values become less than 5, and 
correspondingly the coefficient offriction between cartilage surfaces increases 
at pH less than 5. This finding is in conflict with the results of Linn and Radin 
(1968), which showed that deformation increased for pH '" 5.5 and below, 
but the Jl is maximum at pH 5.0. Malcom explained this difference in terms 
of a "ploughing" effect in Linn and Radin's experiments and its absence in his. 

Malcom's experimental results are essentially in agreement with those 
of McCutchen (1959) and the synovial joint pendulum studies by Unsworth 
et al. (1975); but his control of experimental condition was unsurpassed. 

Why is articular joint so efficient in lubrication? There have been several 
theories which we now list: 

Fluid Transport Effects. There is no doubt that cartilage supports load 
imposed on it by hydrostatic pressure of the fluid in the composite material, 
rather than by elastic recoil of the solid matrix material. Friction is low when 
the cartilage is filled with a normal amount of fluid. Friction increases when 
fluid is squeezed out. McCutchen (1959) advocates that the synovial joint 
is so effective because the time required for the fluid to be squeezed out is 
long, and as soon as the load is removed the compressed cartilage rebounds 
quickly to absorb synovial fluid back into it. Analyses of fluid movement in 
squeezed film have been given by Fein (1967), Mow (1969),and Kwan(1984). 

Fluid Mechanical (Lubrication Layer) Effects. The synovial fluid is drawn 
between sliding surfaces by virtue of its viscosity, and the high pressure 
generated within it would support the load (MacConaill, 1932). By a reason 
which we have elaborated earlier in Chapter 5, Sec. 5.5, in connection with 
the lubrication layer theory for the red blood cells, the fluid layer in the syn
ovial joint will have a lubrication effect. This effect is caused by the change in 
velocity profile in the lubrication layer. In addition, the rheological properties 
due to the high concentration of hyaluronic acid may also contribute to this 
mechanism by providing a high viscosity when the shear rate drops to zero 
and by shear thinning at higher shear rates (see Chapter 6, Sec. 6.7). Finally, 
the normal stress effects generated by the long chain polymer molecules will 
also help support the load (Ogston and Stanier, 1953). 

Boosted Lubrication Effect. Walker et al. (1968) and Maroudas (1967) hypo
thesize that as the articulating surfaces approach each other, water passes into 
the cartilage, leaving a concentrated pool of proteins to support the load and 
lubricate the surface. A theoretical analysis of this was done by Lai and Mow 
(1978). 
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Articular Cartilage Effects. There are two kinds. First, the cartilage de
forms under loading so that it can redistribute the load as mechanical 
contact stresses and fluid pressure dictate (Dowson, 1967). Second, there 
could be a lubricating molecular species that interacts with the cartilage 
and acts as a boundary lubricant insulating and coating the surfaces (Radin 
et aI., 1970). 

Some of these theories overlap, or are, at times, contradictory. The final 
resolution awaits further research. 

In diseased states, the lubrication quality of cartilage deteriorates. An 
experiment on sliding friction between a normal bovine cartilage annulus 
and a pathological human tibial plateau specimen showed a significant in
crease in the measured interfacial friction force. For the osteoarthritic case 
an average friction coefficient 11 of 0.01-0.09 was measured across the normal 
force range for static and dynamic loading in a buffered saline environment. 

12.10 Constitutive Equations of Cartilage According to 
a Triphasic Theory 

Lai, Hou, and Mow (1991) derived the constitutive equations for the swelling 
and deformation of articular cartilage, meniscus, and intervertebral disk on 
the basis of a triphasic theory. A brief presentation of the salient features of 
the theory is given below. As an introduction to their theory, the reader may 
find it helpful to read about the general equations of mass transport in a 
structure consisting of a solid immobile matrix and a fluid mixture phase 
presented in terms of chemical potential in Biomechanics: Motion, Flow, Stress, 
and Growth (Fung 1990), Sec. 8.9. The chemical potential and activity of gases, 
liquids, solutions, and mixtures are discussed in that reference, Sec. 8.4, and 
can be extended to solids, ions, and fixed charges. 

The three phases in cartilage identified by Lai et al. (1991) are: (1) a solid 
phase of collagen and proteoglycan extracellular matrix; (2) the interstitial 
water; and (3) the Na + and C!- ions of NaC!. All phases are assumed 
incompressible. Let r denote the volume fraction of the phase oc, with oc 
identified with s, w, +, - named above; i.e., solid, water, Na+ ions, and C!
ions, respectively. The volume fraction is defined by the equations 

(1) 

where d~ is the true mass density ofthe phase no. oc, and p~ is the phase density 
in the tissue (equal to the mass of phase oc divided by the tissue volume). Then, 
since there is no void, 

(2) 
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The equation of continuity of the phase IX (IX stands for s, or W, or +, or -) 
is, in a rectangular cartesian frame of reference with coordinates Xl' X 2 , X 3 , 

op~ o(p~vn_ 
-+----0, ot OXj 

(3) 

where Vja is the jth velocity component of the phase IX. The repetition of index 
j means summation over j = 1, 2, 3. Since every phase is incompressible and 
da are constant, one can substitute Eqs. (1) into (3), adding, and using Eq. (2) 
to obtain an equation which is, in vector notation, 

(4) 

12.10.1 The Electric Charges 

The existence of fixed negative charges on the glycosaminoglycan chains of 
the proteoglycan molecules is recognized. Let c+, c-, and cF represent the 
charge density (charges expressed in Avogadro numbers of electrons per unit 
tissue volume) for the cations, anions, and fixed charges, respectively. Then 
the electroneutrality condition is expressed by the equation 

(5) 

With M+ and M- denoting the atomic weights ofNa+ and Cl-, respectively, 
the charges per unit tissue volume and the mass densities are related by 

(6) 

Thus, from the equations of continuity for p+ and p-, one obtains 

a-+ ;t + div(c+v+) = 0 (7a) 

and 

(7b) 

In Lai et al.'s model, the fixed charges are assumed to be unchanged during 
deformation of the tissue. Hence 

a-F ;t + div(cFuS ) = O. (8) 

Combination of Eqs. (5)-(8) yields 

div[c+(u+ - US) - c-(u- - US)] = O. (9) 

The quantity in [ ] multiplied by the Faraday constant is the electric current 
density. 
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12.10.2 The Equations of Motion 

The vector equation of motion of any phase is of the form 

(mass density)(acceleration) = divergence of stress tensor 

+ external body force 
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+ momentum per unit volume supplied to 
the phase by other phases. 

Hence Lai et al. write, in tensor notation for the ith component of the 
vectors, the following equation of motion for the phase oc: 

~ (CVi a OVi) OUi] ~ IZ ~ P -+Vj- =-+pbi +ni , ct CXj OXj 
(10) 

in which the stress of phase 0( is defined for that phase with respect to the tissue 
as a whole, bIZ is the external body force per unit mass of phase 0(, and nlZ is 
the momentum supplied to phase 0( by other phases. The external body forces 
for the solid and water phases are zero, that for the ions may be finite if an 
external electric field acts. By the conservation of linear momentum for the 
mixture, they obtain 

(11) 

12.10.3 Derivation of Constitutive Equations 

The rest ofthe theoretical development is similar to the general theory of mass 
transport according to irreversible thermodynamics, of which a succinct de
scription and a list of references are given in Chapter 8 of Biomechanics: 
Motion, Flow, Stress, and Growth, by Fung (1990). One begins with the first 
law of thermodynamics which relates the internal energy of the system with 
the mechanism of doing work on and transporting heat to the system. Then 
the entropy change in a given piece of material is examined, and is separated 
into two parts, one part is due to the flux of entropy through the boundary, 
another part is due to internal entropy production. The second law of thermo
dynamics asserts that the entropy production is non-negative. Next, the 
entropy production is identified as a sum of the products of fluxes and the 
conjugate generalized forces. Then one assumes that the fluxes and forces are 
related by phenomenological laws which are restricted by the non-negative 
requirement of the entropy production. These phenomenological laws are the 
constitutive equations of the material. Linearity is often assumed for simplic
ity. In Chapter 8 of Fung (1990), it is shown how Fick's law of diffusion, 
Starling's law of membrane filtration, and Darcy's law of porous media are 
derived this way. In every case, it was found that the derivatives of chemical 
potential are the driving forces of the conjugate fluxes. Lai, Hou, and Mow 
(1991) have shown that in applying the triphasic theory to the articular 
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cartilage, meniscus, and intervertebral disk, they can derive the constitutive 
equations, and clarify the change of dimension in equilibrium free-swelling, 
the change of stress in equilibrium confined-swelling, the Donnon osmotic 
pressure, the cartilage stiffness, the chemical-expansion stress, and the isomet
ric transient swelling. 

Because of the limitation of space, the long and numerous equations of Lai 
et al. will not be reproduced here. Only a few key' equations are given below. 
The energy equation for the phase Ct reads, in the notations used in this book: 

IZDIZUIZ _ IZ IZ' IZ 
P -- - (f •• v,. - dlVl + B Dt IJ IJ q (12) 

in which U is the internal energy, Vij is the strain rate tensor, lq is the heat 
flux vector, and BIZ is the part of energy supplied to the Ct component from the 
other components which contributes to the increase of internal energy of phase 
Ct. The "material derivative" DIZ/Dt and the strain rate tensor are defined by 

DIZ a a -=-+v9'-
Dt at J ax/ 

1 (av9' av9') 
Vij = 2: a:j + a~i . 

The entropy production rate is 

DiS,. = L [pIZD_IZ_S •. + div(l:)] ~ 0 
Dr 2=S.W.+.- Dr T 

(13) 

(14) 

(15) 

in which St. is the entropy per unit volume. The internal energy and entropy 
are related to the Helmholtz free energy F by the following equation for each 
phase :x: 

(16) 

The free energy isa function of the temperature T, strain eij , the phase densities 
of water p w, and ions p + , p - ; and the density of the fixed charge cF• With these 
relations, and with a great deal of work, the entropy production rate DiSv/Dt 
given by Eq. (15) can be reduced to the following form 

DiS.. " _." = L...1kXk· 
Dt k 

(17) 

in which lk' (k = 1,2 ... K) are the generalizedjluxes, and Xk the generalized 
forces. If lk is unrestricted then the non-negative requirement of the entropy 
production can be satisfied by requiring 

Xk = 0 (18) 

If the generalized fluxes are related to the generalized forces, then the linear 
phenomenological laws may take the form 

K 

lk = L LkmXm· (19) 
m=l 
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where L km are constants. The constants L km are subjected to Onsager's princi
ple that L km = L mk , and the non-negative entropy production restriction. 
Equations (18) and (19) are the desired constitutive equations. 

12.10.4 Other Theories 

An extensive new mathematical development of the multiphasic tissue sub
jected to finite deformation is given by Holmes (1986) and Kwan et al. (1990). 
Many practical and theoretical problems in physiology and medicine have 
been studied by the biphasic and triphasic theory, see papers by Holmes, Lai, 
Mow, and their associates in the list of references. A thorough analysis of the 
viscoelastic behavior of articular cartilage is given by Mak (1986) on the basis 
of bi-phasic theory, in which the viscoelasticity of the solid matrix is taken 
into account, whereas the interstitial fluid is considered as incompressible and 
inviscid. 

12.11 Tendons and Ligaments 

In the musculoskeletal system, the function of tendons is to transmit forces 
from muscles to bones in order to move the bones, whereas that of the ligaments 
it to join bones togther to form joints. A functional unit of a skeletal muscle 
is bone-tendon-muscle-tendon-another bone. A functional unit of a ligament 
is bone-ligament-another bone. Tendons and ligaments serve in this capacity 
by their tensile strength. This strength is derived from collagen. The collagen 
molecules, fibrils, and fibers have been discussed in Chapter 7. Collagen in 
blood vessels is discussed in Chapter 8. Theories that aim at deriving the 
constitutive equations of tendons and ligaments from their microstructures 
are mentioned in Sec. 7.12. Theories that originate in rational mechanics are 
discussed in Sect. 7.6. Hence, as far as the representation of mechanical 
properties by constitutive equations is concerned, tendons and ligaments fall 
in line with other soft tissues as discussed in Chapter 7. 

Research on ligaments, tendons, and menisci is advancing vigorously be
cause of its clinical importance. 

An excellent general reference is the Handbook of Bioengineering, edited by 
Skalak and Chien (1987), which contains an article by Viidik on the properties 
of tendons and ligaments. Another general reference is the book Biomechanics 
of Diarthrodial Joints, edited by Mow, Ratcliffe, and Woo (1990). This book 
contains an article by Viidik on the structure and function of normal and 
healing tendons and ligaments, a paper by Frank and Hart on the biology of 
tendons and ligaments, and a paper by Woo, Weiss, and MacKenna on 
biomechanics and morphology of the medial collateral and anterior cruciate 
ligaments. The anterior cruciate ligament and its replacements are discussed 
further by Butler and Guan, and Markolf, Gorek, Kabo, Shapiro, and Finer
man. Meniscus are discussed by Arnoczky, and Kelly, Fithian, Chern, and 
Mow. You will see that the biology and clinical problems are made clear by 
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biomechanics. See also Basic Orthopaedic Biomechanics, edited by Mow and 
Hayes (1991). 

The book Injury and Repair of Musculoskeletal Soft Tissues, edited by Woo 
and Buckwalter (1988), is a remarkable first exposition of the biology and 
clinical problems of ligaments and tendons. It is not yet bolstered by bio
mechanics. One could anticipate a deepened and enlarged role of bio
mechanics in future treatment of injury and repair. 

Concerning the engineering of living tissues, there is a book Tissue Engi
neering, edited by Skalak and Fox (1988), and another book by the same name 
edited by Woo and Seguchi (1989). But, newer results are coming out fast. 
Tissue engineering has a lot to do with the reaction of cells to stresses. Some 
references to cell mechanics are given in Chapter 4, Sec. 4.11. 

Tissue remodeling in bone, blood vessels, the heart, and other organs is 
discussed in Fung (1990). The effect of immobilization and exercise on tissue 
remodeling of tendons and ligaments is discussed in Woo et al. (1982). 

These references are mostly reviews with comprehensive lists of references. 

Problems 

12.1 Assume that in a piece of bone the collagen fibrils and 'apatite crystals are 
perfectly bonded parallel to each other. Derive the Young's modulus of the bone 
in uniaxial tension or compression in a direction parallel to the fibrils. Derive 
also the Young's modulus in the direction perpendicular to the fibrils, as well 
as the shear modulus parallel and perpendicular to the fibrils. Express the results 
in terms of the elastic moduli of the individual components and the ratio of the 
volumes of the collagen and apatite (see Currey, 1964). 

12.2 Relax the perfect bond hypothesis of the previous problem. Introduce some 
model of bonding between the collagen and apatite to explore the effect of 
bonding on the mechanical properties of the composite material. 

12.3 Use the results of Problems 12.1 and 12.2 to establish a model of an osteon. 
Then build up a model of a bone by a proper organization of the osteons. What 
additional experiments should be done to verify whether the model is satisfactory 
or not? A successful model will then be able to correlate the mechanical prop
erties of the bone with the mass density and structure and composition of the 
bone, and will be useful in applications to surgery, medicine, nutrition, sports, 
etc. For some early attempts, which are not quite successful, see Currey (1964), 
Young (1957), and Knese (1958). 

12.4 Consider a long bone of hollow circular cylindrical cross section with inner 
radius R; and outer radius Ro. Let the bone be subjected to an axial compressive 
load P. Assume that Eq. (3) of Sec. 12.6 applies. Show that the inner and outer 
radii will change according to 

Ro(t) = Ro(O) + koa(1 - e-bt ), 

R;(t) = R;(O) + k;a(1 - e-bt ), 
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where a and b are constants; 

The constants k; and ko are the values of kll on the inner and outer radii, respec
tively. The limits are 

Ro( (0) = Ro(O) + koa, R;( (0) = Ro(O) - k;a. 

12.5 Discuss the preceding problem if the constitutive Eq. (4) of Sec. 12.6 applies. 

12.6 A steel plate is attached to a bone by means of screws, thus inducing a compres
sive stress between the plate and the bone. Discuss the remodeling of the bone 
under the plate if (a) the screws are tightened uniformly so that compressive 
stress under the plate is uniform, or (b) one screw is given an extra turn or two 
so that a nonuniform compressive stress results. 

12.7 Consider the interaction of the screw threads with the bone in the situations 
named in Problem 12.6. Discuss the remodeling of the bone around the screws. 

12.8 A long bone is subject to a bending moment M. Discuss the remodeling of the 
bone under bending in the context of Eqs. (1), (2), and (4) of Sec. 12.6. 

12.9 Describe the structure of bone, including the blood circulation system therein. 
Discuss the relevance of blood microcirculation to the healing of a fractured 
bone. 

12.10 Many people have suggested that some tissues are porous media, i.e., they are 
solids containing some fluids and that the movement of the fluids obeys Darcy's 
law. Darcy invented the law to describe the movement of water in soil, see 
Biomechanics: Motion, Flow, Stress, and Growth (Fung, 1990), Chapter 8, Sec. 
8.6. In order to obtain some idea as to how such a material may function under 
an external load, consider the following idealized problem. Let a flat layer of 
the porous medium be of uniform thickness ho initially, and infinite in extent in 
the x, z plane, free on one surface (y = ho), and attached to an infinite rigid base 
on the other surface (y = 0). Let this porous layer be loaded suddenly by a large 
rigid cylinder, parallel to y, of radius a (a » ho), and with a total of force of W 
acting in the y direction. Under the load the porous layer will deform and fluid 
in the pores will move. Assume that the solid matrix material of the porous layer 
is linearly elastic and obeys Hooke's law. Assume that the fluid movement in 
the porous medium obeys Darcy's law: 

K 
<VI) = --(V<p) - Pig), 

J1. 

where <vI) is the macroscopic velocity ofthe fluid, PI is the density ofthe fluid, 
J1. is the shear viscosity of the fluid, <p) is the macroscopic fluid pressure, g is the 
gravitational acceleration, 17 is the gradient operator, and K is a constant called 
the permeability of the porous medium. The cylinder and the base are assumed 
impermeable. The normal stress acting on the cylinder at the interface with the 
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porous layer is equal to the sum of the stress in the matrix material and the fluid 
pressure. On the free surface of the layer there is nothing to prevent the fluid 
from moving in or out of the surface. 

Write down the equations of conservation of mass and momentum. Assuming 
a » ho, and derive an approximate equation that governs the thickness distri
bution h as a function of location x and time t. If the load W is applied as a step 
function, determine h(x,t). 

12.11 Generalize the investigation proposed in the preceding problem along the fol
lowing lines. (a) The force imposed by the cylinder consists of a normal force W 
parallel to y and a shear force S parallel to x. (b) The matrix solid behaves like 
most biological solids with an elastic modulus proportional to the normal stress. 
See Sec. 7.5, Eq. (3), p. 274. (c) The cylinder is replaced by a sphere. 

12.12 Tissues of brain, liver, kidney are rich in capillary blood vessels. If the stress of 
the tissue is nonuniform, the blood flow in the capillaries is going to be affected. 
Formulate a theory of the mechanical properties of the tissue affected by the 
fluid movement. A nalyze and compare the following alternatives: (1) A biphasic 
mixture theory. (2) A Darcy porous medium. (3) A system composed of a viscous 
fluid in tubular pores in an anisotropic deformable body advocated by H. S. 
Lew and Y. C. Fung (1970). 
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